


jStttttj tf InHa. 


PBOITESSIOlirAX PAPEE-No. 16. 


THE 


EARTH’S AXES 

AND 

TRIANGULATION 


BY 

J. BB GBAAPF HTJNTEB, M.A., 

MATHBMATIOAIi advisee to the SXJEVBY OE INDIA 


PUBLISHED BY ORDER OF THE GOVERNMENT OF INDIA. 



Pe^ca Bun: 

PEINTBD AT THE OFFICE OF THE TEIGONOMBTBIOAL BtJBVBT. 


1918. 


Price Rs. 4 or 5s, 44. 




TABLE OF CONTENTS. 


Pagb 

Errata BT Addenda ... ... ... ... ... v 

Introduction ... ... ... ... ... ... to 

Chapter I. First method of finding the changes of coordinates of triangulated points 

due to changes in axes of the terrestrial spheroid and coordinates of origin 1 

Chapter II. Geodesics on a spheroid ... ... ... ... ... 40 

Chapter III, Changes of coordinates of triangulated points, due to changes in axes of the 

terrestrial spheroid, calculated along geodesics ... ... ... 5S 

Chapter IV. Geometrical change from one Spheroid of Reference to another ... 69 

Chapter V. Laplace’s Equation and the Choice of a Spheroid of Reference ... 76 

Chapter VI. Strength and Adjustment of Triangulation. Mechanical Analogy ... 89 

Chapter VII, Probable errors of triangulation before and after adjustment ... 105 

Chapter VIII. Numerical values of the probable and actual errors in the Indian triangu- 
lation. Note on the solution of linear equations ... ... l&O 

Chapter IX. Deflections of the Plumb-line and values of derived from observations 

of the Survey of India ... ... ... ... 16& 

Chapter X. Deflections of the Plumb-line and values of derived in Turkistan 

(Ferghana) by the Russian observations .*• ••• 211 

Appendix. Various determinations of the Axes of the Earth... ... ... 217 

Chaut No. I. Index of G. T. operations ... ... ..."^ 

Chabts Nos. II, III, IV, V. Diagrammatic charts of the triangulation of India 

and Burma. ... ... ... ... C 

Grapitj and Deflection stations in Turkistan (Ferghana). J 


Chaet No. VI. 




r 


ERRATA ET ADDENDA. 


Rige 

S 

3~-. 

n 

IS 

15 

16 
SO 
S9 

it 

40 


52 

54 


64 


55 

69 

68 


line 4 from top, column (Old value) (=6, S77, 276 metres) after 20,922,840*96 feet 

„ 5 „ „ „ „ ( = 6,856,075 metres) „ 20,858,284*03 feet 

„ 28 „ for known read know. 


After equation Nos. (18), (19), ( 20 ) aid A. 

line 7 from top for (20.) read (20) A 

For value of « under Long. 82* „ 0*977 „ 0*997 

In equation (47) „ 6 cos 4X. „ 6 cos^X, 

At the bottom add a footnote In equations (42) to (47) dh, d\ are expressed in radians. 
At the bottom add an alternative proof of ( 2 ) : — 

For the curve whose osculating plane is normal to the spheroid we have for a small element 

d\ = — — COB A 
P 

ds 


dA— sin A tan \ 

V 


Hence 

X-iX = faun-ax 

where 17 = sin^X. 

( 1 \ 1 — 

1 ^ yi:~= "*4 ^ ^^8 cos® 0 = — rflog cos ^ 

**• sin ^ cos ^ constant on a geodesic. 

line 5 from top for 0 read Q 


For equation ( 6 ) read 

^ — av/1 — d* j^X(l + _ A ^ sill 2% ^ ^ X sin^X 

For equation (la) add a note — The complete term to next power of c* is — 

- [( 2 X_sin 2 X) ( 1 - + j sin 2 X sin^xj 

In equations (16) and (17) for sin 2 sin 2 ip' read sin 2 X, sin 2 X’ 

Against 10®X, in the table in col. for + v read + v 

At the end add a para — The values found from tables XXIX — ^XXXIV for the central 
meridian (L= 7 7“ 40' approximately) differ slightly from those found in CJhapter I, 
This is due to an approximation in Chapter I {vide footnote on page 4 ). 




E R,B ATA BT ADDEND Ar—{Cfmtvmed), 




Page 


ro 

line 6 from top 

aft^ 

d ^ssUi 

insert 

(wie p. 54). 

84 

„ 13 from bottom 

for 

about 

read 

above. 

96 

M 9 from top 

» 

te?r— 

99 


» 

» I’® » » 

91 

Eo 

99 

E 

lOS 

„ 18 from bottom 

91 

10? 

99 

10"? 

116 

M 7 from bottom, col. 12 

99 

+2-20 

99 

+2-02 

120 

» 1-7 ,, „ 

99 

whence 

99 

where 

148 

Against r=10, ii=20, in col. jk. 

99 

1 

o 

O' 

99 

-•0041. 

149 

In table IiXXI agfainst r =16, in col. 23 

99 

-•2399 

99 

- *0399. 





INTRODUCTION, 


Vll 


The preparation of this work has extended over some four years and has been delayed by 
press of other work resulting mainly from a shortage of oflS.cers in the department due to the war. 
Its final completion has been very hurried as the author has been ordered to Mesopotamia. The end of 
Chapter VIII has been much abbreviated owing to there not being time to work out a suflScient 
number of cases to form the basis for a proper discussion. It has been decided however to publish tho 
work at the stage it has reached rather than to wait an indefinite period for its amplification. 

The origin of the research was the need which had arisen of converting geodetic results, obtained 
in India and referred to the now obsolete Everest spheroid, into terms of the best determined spheroid* 
The work soon showed that certain inconsistencies arose and that multiple values of the changes were* 
found according to the route followed. The reason of this. is that the observations of triangu- 
lation in India have been adjusted to fit the Everest spheroid and will not fit any other without readjust^ 
ment. Had the spheroid of Everest been regarded merely as a reference figure and not, for purposes- 
of triangulation, as identical wdth the geoid this difficulty would not have arisen: but I believe a 
similar method of treatment has been followed in all other countries. It would generally be 
impossible to avoid this* treatment, as in the early stages of survey work values of deflections ai*e not 
usually available. There is little reason why these deflections should not be determined roughly as the 
triangulation proceeds : and were this done all computations could be made quite correctly, and the 
deflection results would also be useful. The discrepancies involved, however, are not as large as the 
probable errors and ofEer what is more of a computation difficulty than a practical difficulty : and it 
is believed that the conclusions reached in the first four chapters overcome the difficulty quite satis-* 
factorily for all practical geodetic purposes. The explanation of the discrepancy was by no means 
discovered at once and it is in Chapter V that the fundamental inconsistency is discussed. 

Meanwhile other related subjects come under consideration and in Chapter VI reference ia 
made to some of these. Here a complete analogy between adjustment of errors and small strains in 
a mechanical framework is shown to exist. This has led to the idea of strength^’ of triangulation 
and gives a less absti’act view of the adjustments by the method of least squares than was hitherto- 
available. It enables one to picture in a tangible way the changes necessary, which will also be those- 
most probable. A new method of adjustment of chains of triangulation has been developed, and 
applied to a number of Indian series. 

In this connection a quantity M has been introduced as a criterion of the strength of triangu- 
lation* It is based on General Ferrero^s quantity m ”, but also takes cognisance of the length of 
sides and general formation of a series of triangulation. This quantity has been taken out numerically 
for all the Indian series. 

The quantity M permits of probable errors not only of side and azimuth but also of latitude and 
longitude being expressed at any point of the triangulation. Application has been made to all the 
circuits of India and the closing errors actually met with are found in good accordance with the 
theoretical probable errors based on M. 

The case of probable errors after adjustment has also been considered. This is much more 
troublesome and involves very heavy work in the form of solution of numerous equations. The 
value of the enquiry, however, will be considerable, as an answer can be found to questions such as> 
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tow often should extra base Knes or Laplace stations be introduced ? It appears that Laplace station# 
should be just as numerous as extra bases : and that the observation of extra bases alone is only a 
half measure not likely to improve matteip much. It may be roughly compared to closing a traverse 
•circuit for northing and omitting to do so for easting. The improvement due to adjustment is but 
briefly considered owing to force of circumstances ; but the necessary equations have been solved for 
the cases of the N.W, Quadrilateral of the Indian triangulation and this question will be resumed 
when it is possible to do so. As has been mentioned the process involves the solution of a large 
number of simultaneous linear equations ; and this has to be done for a large number of values of fihe 
absolute term in these equations. It is believed that several novelties have been introduced in this 
connection which may be of general interest. This question is treated on pages 126-153. 

In Chapter IX the results of all the deflection observations are expressed in terms of Helmert’s 
spheroid ; the azimuth observations all having been adjusted on the Laplace conditions, none of which 
had been made use of during the simultaneous adjustment of the triangulation. The quantities given 
also permit of easy reference to any other spheroid which may at any future time be adopted. 
Certain observations in Russian Turkistan have also been added, as by means of the recent Indo- 
Russian connection these can now be stated in terms of the Indian survey. It has also been coiiBi- 
dered convenient to give a tabular statement of all determinations of so as to make a com])Iete 
statement of gravity, not only its direction, but also its intensity. Full details of the i^ndulum 
operations are to be found in Professional Papers Nos. 10 , 15 . 

These quantities are of immediate interest when the question of the form of the geoid and 
the underlying reasons for that form are considered. A start had been made with this question, 
which I had hoped to include in this work, but which must now be held over. An approximate 
method of finding the underground density anomalies by means of Poisson's equations seems possible. 
Thm is independent of the usual isostatic hypotheses, and may throw light on the whole question 
•of isostasy. 

For convenience of reference a certain number of various determinations of the figure of the 
earth have been included. 


The computations incidental to the preparation of this work have been very heavy. Those 
of the earlier chapters I to IV have been performed mostl7 by Babu Mukundananda Acharya and 
Babu Hem Chandra Banerji, BA.. The solution of equations in Chapter VIII has been entirely 
earned oat by Babu Diwan Chand Nanda, to whom I am especially indebted for his industry and 
aceur^y in a troublesome and monotonous piece of work. The data in Chapter IX have been 
compiled by Babu Surendranath Mitra, M.E.A.S. 

. Mr. Sarat Kumar Mukerji has been responsible for the printing of the whole letter press. 


Dehba Dun, 
15th SepU 1917, 


J . DE Graafp Huntbe. 



CHAPTER 1. 


First method of finding the changes of coordinates of 
triangulated points due to changes in axes of the terrestrial 
spheroid and coordinates of origin. 


1. The subject of the first 16 sections of this chapter ■was printed in abstracted form in 
1912 to draw attention to some of the difficulties of tbeproblem^ and Trith the hope that some 
light might be thro'wn on it at the Triennial Geodetic Conference held at Hamburg in that year. 

The spheroid on 'which the triangulation of India has been adjusted is now belie'ved to be 
considerably in error, as from the nature of the case was inevitable. Owing to possible deflec- 
tion of the plumb line at the origin of the survey at Ealianpur, the values of latitude and 
Mimuth at that point are somewhat in doubt. The problem for solution was to find the changes 
in latitude, longitude and azimuth of all triangulated points in India due to changes in the 
adopted values of the axes of the terrestrial spheroid and in the adopted coordinates of the 
origin of the Survey. 


by 


3. The new spheroid which is adopted in the first 16 sections of this chapter is defined 
a = semi major axis = 6878300 metres 


€ = compression or fiattening = ~ ~- 

These values are given on page 178 of “'Me Figure of ihe EaHh and Isostasy from 
Measmements in U.S.A” Washington 1909, where they are said to be Dr. Helmert's latest 
values. 


Heretofore the axes used in the Survey of India are those due to Everest, known as 
“ Everest's constants, first set”. The numerical values are— 

a = 30,922,931 -80 feet 
I 

® 300-8 

All base lines of the Survey of India have been expressed in terms of the Indian ten-foot 
standard, known as bar J. The base lines were not reduced to standard British feet but were 
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given as soone number of times feet. In making use of Everest's constants we have accord- 
ingly been taking the semi major axis as 

20,922,981 -80 ^ British feet. 

The value of A is given* as 3 *333,3 18,86 Y, Y being the British standard yard. 

A 

We accordingly have = 1 ~ *000,004,342 from which it follows that the semi major 
axis which has actually been used in India is 

a = 20,922,84*0*95 British feet. 

.Similarly 6 = 20,853,284*03 „ „ 

8. Converting 6,378,200 metres into feet by means of the relation 
1 metre = 39*370113 inches 

deduced by Benoit {.Bee ^‘Raport du Yard a% Paris 1896) we get as our new semi major axis 

20,925,871-23 British feet, and denoting by Sa and Bb the corrections which have to be applied 
to the values used in the Survey of India 3 we have 

Ba =r +3080*28 feet = 923*63 metres 
36 = + 2436 * 78 feet = 742*78 metres 

Also since e (2-6) and 8e = = *000,027,86 it follows that, 

8(j» = •000,055,54t 

where e is the eccentricity. 

4. It is now considered that the coordinates of the origin of the survey at Kalianpur require 
modification. Captaan G. P. Lenox Conyngham R. E. observed a group of azimuths and latitudes 
round Kalianpur. His results gave the mean value reduced to Kalianpur 

Latitude 24° 7' 11"* 57 Azimuth of Snrantal 190° 27' 6" *39. 

The values heretofore adopted in the triangulation are. 

Latitude 24° 7' ll'''*26 Azimuth of Snrantal 190° 27' 5"* 10. 

We have to apply corrections to the origin of 40"*31 in latitude and +1*"29 in 
azimuth. As reg-a^s the old value of azimuth a correction of -I"*! was applied to the observed 
value by General Walker in order to make azimuths observed at other parts of the triangulation 

agree with geodetic values. We are now annulling this by reverting to an observed value of 
azimuth. 


5* Accordmgly it is necessary to investigate equations giving the change in coordinates due 
to the changes of both axes of the spheroid and of the latitude of the origin and of the azimuth 
of a ray through it, as exhibited in the following table 


* Aoocnnt of the Operations of the G.T. Surrey of India Tol. I. p. 28 

t This corresponds to . = Brerest’s actual value was^g^i^ and the corresponding value of Se» is 

•OO0.OS3.68. 
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TABLE I. 


• 

Old value 

New value 

Longitude of Kalianpur 


77° 39' 17''-57 

Latitude of Kalianpur 

24,0 y/ 11" -26 

24° 7' ll"-57 

Azimuth at Kalianpur of Surantal ... 

190° 27' 5" -10 

190° 27' 6*' -39 

Length of semi major axis 

20,922,840 -95 feet ' 

20,925,871*23 feet 
( = 6,378,200 metres) 

Length of semi minor axis 

20,858,284-03 feet 

\ 

20,855,720-81 feet 
(=6,356,818, metres) 

Compression 

1 

300 • 8027 

298-3 


The latest value of longitude* is merely given for convenience of reference. Any change 
in longitude of origin is of course immediately applicable to the -whole of the triangulation by 
simple addition (or subtraction) . 


6. The old triangulation was adjusted, that is to say its apparent errors were distributed, by 
a process following the method of least squares as closely as was thought to be practicable in 
view of the great number of observed angles involved. Owing to the eiTors in the chosen values 
of the axes, the equations which the errors were made to satisfy were not quite coiTCct. In the 
first place the spherical excesses of the several triangles were computed with uncorrect values of 
the axes: but, owing to the smallness of these spherical excesses, the change on this account 
is not appreciable to 0."01 — ^the accuracy to which they were computed. None the less the error 
on this account being of a systematic kind — always of the same sign— will have had some small 
effect. With the “circuit equations” the case is less favourable. Iii following series of 
triangulation, which embrace much larger areas, the spherical excess becomes much more appre- 
ciable, and its value on the new spheroid differs from the old value by about one second in an 
area of 75 square degrees in Indian latitudes. This difference modifies the circuit equations. 
It is a smaller error than the errors generated in the triangulation, but is systematic. 

The only theoretically accurate course would be to readjust all the triangulation. This 
would be a very large piece of work, and one object of tbe present paper is to avoid this labour 
by putting forward alternative methods, which will give the desired changes, with a departure 
from strict theoretical accuracy smaller than the errors due to fallible observations. The methods 
will also be applicable to any further changes that may be found desirable at any subsequent date. 

7. The following notation is used 

a = semi major axis 
b = semi minor axis 
e = ellipticity or compression 
e = eccentricity 

p = radius of curvature to meridian = a (1— e®) (1— Ain-\) ~f 
V = normal terminated by the minor axis = « (1 — e® sin® X)~2 
which is the other principal radius of curvature 


* Acconnt of the Operations of the G.T. Sarvey of India Vol. XVII p. xv. 
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^ = vIp 
X s latitude 
L = longitude 

^ S 3 aziiuutli, Doeasured from Soutli by W est 
« =s change in latitude due to change of origin and axea 
ti as „ longitude ,, t, » 

to ~ ,, azinanth >> » » tat 

e ar distance between points whose coordinates are X, L and x + A X, L + A L. 

As only very small values of a will be considered it is unnecessary to specify whether this 
distance is measured along a normal plain section or a geodesic line. 

8. For small values of o 

A A. cos A 

P. 

^ - c sm A 

A L = — — 

V cos X 

€ 

A A = sin A tan X 



Differentiating* these equations with respect to A, X, p, v the corresponding changes of A X, A L, 
A A are obtained; and remembering that S AX = Su and S \ — u etc., we obtain 


3u = 

it? =s 


— cos A.-^-^ 4 

P . P. 

c sin A 01 / 

V cos X * V 


~ sin A.w 
0 

e cos A 
V cos \ 


c sin A . . 

.w 5^ siu X.U 

V cos* \ 


sin A tan — — — cos A tan X,m?— — ■ sin A sec® X.i 

V V V V 



. . . (2) 


These are three simultaneous partial equatious from vrhich t?, w are to be determined. 
They express the small changes in u, v, w developed along a short (elementary) line in 
direction o£ azimuth A, Before they can be integrated it is necessary to define the route along 
which to travel. It might be supposed at first that the only important matter was the terminal 
points of the route : but it will he seen later that a different result is found from each route 
followed. The equations are not integrable in finite terms for all routes, and two special cases 
are now considered, firstly along a parallel of latitude and secondly along a meridian. These cases 
correspond to A ^ 90® and -4 = 0 respectively. A means of dealing with the general case of 
an oblique curvilinear ray is given later, §13 et seq. 


9. Case I, when A = 90®, In the case of a route along a parallel of latitude it is clear 

that — = dL and equations (2) can accordingly be written 
3/ cos X 


d'u 

dL 

dv 

'dL 

dw 

dL 


— cos X. w 
9 

tan X. u 

V 

. Sv 

smX. secX. u 

V 


(3) 


The quantities-^, were neglected as they contain the factor e®. 
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Puttiag yS® = — it follows at once from (3) that 
P 

V ^ dw 
dL^ p dL 

Cv 

^ j8^ sin X cos X.. — — >0® u 


d^% 

ID- 

The solution of this is 


“ di?-^ 


u = A. sin 2 X — 

V 


Bv 


u = 4 sin 2 X — + P cos {/5L) + Q sin (^L) , 

'where P and Q are constants. Using (3) and difEerentiating (5) it follows that 

— cos X. w = = y8 — P sin ()8i) + Q cos (jSL) j- 

1 


w = 


^ cos X 

To determine P and Q put L = 0 in (5) and (6) 

Uq i sin 2X — H- P 

V 


^ P sin {/3L) — Q cos (/SL) ^ . 




(4) 


(5) 


( 6 ) 


17) 


^ cos X 

where the suffix zero indicates values at the beginning of the line. 

Further, using (3) and (5) 

— ^ ^ — tan X i sin 2 X. ^ + P cos (jSL) + Q sin {/STj) |* 

whence 

V— Vo — “" ”• cos^X-Z- 4- — ^ P sin (/3L) + Q ^1 — cos (jSL)^^ (8) 

longitude being measured from the starting point. 

Expressing these equations in terms of seconds — they are at present in radian units — 
we write 


and 


R" = 4 sin 2X.— cosec 1* 

Q" = —$w‘'ffCoa\ 

u" = R"-{-P''eos (i8L) + Q" sin OL) 


(9) 


v" =v\-R"cotX. 


57-3 


tan X 

T“ 


{P" sin (j8P) + Q" (l -cos (fiZ ) ) } I 


. (10) 
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Since V = o (1— e® sin^ X) it follows from logaritlimic differentiation that 

sin^X 


81/ ^Sa 
V ^ a _1— sin® X 2 


Putting in the values of a, e, 8a, 8e^ from §§8, 4 and expanding 

ft 

— =: -000, 144, 83 + -000, 027, 77 sin^X + -000, 000, 18 sin^X + 


( 11 ) 


c 

P 


10. Case, II, when A — 0. In the case of a route along a meridian it is clear that 
— dX and equation (2) can accordingly be written 


du _ _ Sp 

d\ p 

dv p ^ \ 

57 = — sec X. w 

dA V I 

dw p j. ^ 

^ = — tanX. w 

d\ V 


( 12 ) 


Differentiating 


p = (1— c^sin^) T logarithmically 

^ ggS /_]_ _ i 

p a \1— e® ®*1 — e® sm*X,/ 

-vlifince, expauding and putting in numerical values 

= *000,144,88 - -000,055,64 ^1-00668 - I sin®X - fe® sin^X . . . 


. 

P 


= *000,088,92 + *000,088,31 sin®X + *000,000,65 sin^X 
= *000,130,78 — *000,041,98 cos 2X + 000,000,07 cos4X . . . 
Integrating the first equation of (12) 

« — «o = — dX 

= - *000,130,78 (X-Xo) + [ -000,020,97 sin 2X -*000,000,02 8in4X 
From last equation of (12) ■" 


. . (18) 


■] 


X 

^0 


(14) 


I dw p . . 

— . tanX = ^ ^ ^ 

'lo d\ V 1 — sin^ 

Put y — sin®X and dy — % sinX cosX dX 

Then 

l_e3 

a log w = 5 — 3- tan X 


1 -e® 


. tanX 


= \ . 


\—^y "" 2 sinX cosX 

1— e® dy 


Integrating 


1 -e*y ’1- 

= *( t ^ 

log® = - I log (1— y) + i (l-«®jr) + constant 
w = K a/ if— ^ where E is a constant 

X — y 
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K v/l-cSsmSX Ka 

tv = r = 

COS A. V COS \ 


?(; = Wq 


Vq cos Xq 
V cos \ 


A$:ain 


Puttings 


dv 1— -e^sm^X 

^rr = T — — r sec X. K— 

dK 1— (TsinX cos X 




e® sin® X 


X = sin \ then dx = cos X d\ and 


(1-af®)^ v/l-c*af® “ (l-a7®)^v^l-e® + c* (l_a?S) 

= { 1-^ (1 -^) + MMl } 

where = y ~ gi ~ O’ 006,682,2 


V = K VI- 


(l-a;®) 




= K — i /i: sin + I v^l— a?® + | sin 

= jff v^l — j^tan X — i A X + -^ ^sin X cos X + X ^ 

Collecting results and expressing them in terms of seconds we get 
= — *000,130^78 {X '^ — Xq'^) +4’825 (sin2X — sin2XQ) — *0035 (sin 4X— sin 4 Xq) 

V^-Vg" = Wo*'- -^^®-^j^-v/r^[tan X - •00S,382,7X" sin I" + -000,004,2 sin 2 X I 


W" = Wn". 

^ z/cosX 


The value of log ^ l is 1 *9985538. 

11. With the equations (10) and (17) we can now deduce the values ai u^v^tv 
for any point P. Starting from the origin O, we may compute 
along the parallel OM and find the values at M. Using these as 

initial values we can then proceed along the meridian MP and j — 

get values for P. 

Or we may first proceed along meridian ON and then 
along the parallel NP. 

The values arrived at by the two routes are not identical. p ^ 

This is inevitable. The discrepancy in azimuth is the change in 
spherical excess on the given area from the old to the new 

spheroid. We shall proceed to consider the discrepancies which occur. To study these 
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discrepancies the values o£ the changes were computed to five places of decimals. lu th<^ iitBt 
place it was considered convenient to take as origin for this computation the point whose latitude 
and longitude were 24°, 78° on the old spheroid. The double values of w, v, w, for this point 
differ by a small amount and in view of what follows the following mean value of ir was 
taken : — 


r y _ ywx-^xwjf 


The suflSx a? indicates the value found by route ONP 
and the suffix ,, ,, ,, „ ,, OMP 

and X = PN, y = PM, but a? and y are always treated as positive. The values of % an<l 
Vxi Vy were practically identical. 

Starting from this origin by means of our equations the values exhibited in the followinj^ 
three tables are obtained : — 


TABLE IL 

LATITUDE K). 


Lat. 

Long. 

58° 

63° 

68° 

78° 

78“ 

88“ 

88° 

93° 

98 


Ux 

-2-07723 

-2' 65069 

09166 

-3-39675 






34® 

% 

-2-50858 

-2*89432 

-3-20019 

-3-42385 

-3-56361 






Wy 

+ 0*43135 

+ 0-24368 

+ 0*10853 

-I- 0-02710 

0-00000 






Us 


-0-7575S 

-1-13306 

-1-39881 






29° 

“y 

-0-49756 

-0*88329 

-1-18916 

-1-41282 

-1-55258 






Us — iiy 

+ 0*22293 

+ 0-12591 

+ 0-05610 

+ 0-01401 

0-00000 





24° 

Us 1 

% i 

■t-l-402il 

+ 1-0166? 

+ 0-71080 

+ 0-48714 

+0-3473S 

+ 0-29261 

-fO-32S23 

+ 0-43903 

+ 0’imu 


Us—Uy 

0-00000 

0-00000 

0-00000 

0-00000 

0- 00000 

0-00000 

0-00000 

0-00000 

0-00000 

19° 

Us 

Uij 

^2 97072 

+ 3*20512 

+ 2-68699 

+ 2-81988 

+2-45452 

+ 2-51861 

+2-mio 

2- 28986 

2- 16009 

+ 2-08045 

+ 2° 09532 

-H2-06S72 

2- 12694 

+ 2-10900 

2 -24174 

+ 2-20097 

2 -44182 


Us — Uy 

-0*23440 

-0*18239 

-0-05899 

-0-01476 

-0-00000 

-0*01487 

-0-05922 

-0-13274 

-0-23485 

14° 

Us 

+4-44968 

-)-4-92732 

+ 4-27179 

•h4- 54168 

+ 4-11549 

+ 4-28671 

+ 3-98199 

+ 4-01206 

+ 3-87299 

+ 3-78724 

+ 3*81752 

+ 3-72751 

-<-3-84814 

+ 3-69353 

+ 3*96394 

*3-68567 

-^4- 16402 


Ux—Uy 

-0-47764 

-0-26979 

-0*12022 

-0-03006 

-0-00000 

-0*03028 

-0-12068 

“0*27041 

-0-47846 





OHANGBS ALONG MBBIDIAN8 AND PARALLELS. 


9 


TABLE III. 

LONGITUDE (v). 


■ 


68® 

63- 

68- 

0 

00 

78° 

83° 

00 


98° 

34® 

Vs 

Vx Ty 

-hll-SSiiSe 

+ 0-27078 

+ a-9m2 

+ 8-70716 

+ 0-31427 

+ 5-98821 

+ 6-84003 

+ 0-14818 

+ 3-03302 

+ 2*95734 

+ 0-07568 

+0-06397 

0-00000 





29 ° 

Vx 

Vy 

Vx — Vy 

+ 11 03498 

+ 10 •97621 

+ 0-06977 

+ 8-28493 

+ 8-23535 

+ 0*04958 

+ 5-51411 

+ 5-47878 

+ 0-03538 

+ 2-72776 

+ 2-70942 

+ 0*01834 

-0-06874 

0-00000 





24® 

'1 

Vx — Vy 

+ 10-45012 

+ 7-80729 

+ 5-13103 

+ 2-48448 

-0-18914 

-2-86654 

-5-54441 

-8-21943 

-10-88833 


0-00000 

0-00000 

0-00000 

0 00000 

0-00000 

0-00000 

0-00000 

0-00000 


19® 

Vy 

Vj—Vy 

+ 10-03969 

+ 9 -96461 

+ 0-07518 

+ 7-m70 

+ 7-41142 

+ 0-05328 

+ 4-88195 

+ 4-84792 

+ 0*03408 

+2-29303 

+ 2-27645 

+ 0-01658 

-0-30049 

0* 00000 

^2-89693 

-2-88086 

-0-01667 

-5-49462 

-5.46060 

-0-03402 

-8-09189 

-8*08863 

-0-06826 

-10-68705 

-10-61192 

- 0-07518 

14® 

Vy 

•Ox- Vy 

+ 9-78031 

+ 9*60738 

+ 0-27293 

+ 7-23887 

+ 7.03876 

+ 0*20011 

+ 4-69380 

+ 4*56259 

+ 0-13121 

+ 2-14557 

+ 2-08063 

+ 0-06494 

-0-40581 

+ 0-00000 

-2-95831 

-2-89337 

-0-06494 

-5-51288 

-6-38170 

-0-13118 

-8-06847 

-7*86848 

-0-20004 

-10-62452 

-10-35171 

- 0-27281 


TABLE ir. 

AZIMUTH (w). 




6'B8r75 

4.76699 

2-23076 



tOx 

+ 6-97639 

tOy 

+ 5-53262 

Wx-^VJy 

+ 1-44277 

Wx') 


[ 

+ 5-29810 

IVy) 

tOx^Wy 

0-00000 

Wx 

+ 3-71867 

Wy 

+ 5-11995 

VJx—tOy\ 

-1-40128 1 



3*2o090 

2-49978 

0-75117 


+ -^ 2.73775 

+ 3-45836 +2-37006 
+ 0-73257 + 0.36769 0.00000 



«/y 

trx—tbv 


+ 1‘96855 
+ 4-06789 
-2-10434 


+ 3-30698 +2-26960 ^1-21485 +0.jr50S0 ’-0-9X440 ^1-97260 -3-01574 

O-OOOOO 0 00000 0-00000 0-00000 0-00000 0.00000 0-00000 

+ 2-48428 +1-S3619 +0’o0282 -0 17217 -0-84588 -1-51311 

+ 3-19679 +2-19329 +0*14573 -0*88366 -1*90627 -2-91483 

-0-71151 -0-35710 0 00000 + 0-35709 + 0-71148 +1-06039 +1*40122 

+ 1-70277 +1-42897 '^^'^^068 + 0-53065 + 0-24640 - 0-03974 

+ 3-11467 + 2-13762 + 0-14203 - 0*86122 -1-85789 - 2-84036 

-1-41190 - 0-70865 0-00000 + 0*70865 +1-41187 + 2-10429 + 2*78062 
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THE BABTH’S AXES AKD TBI ANGULATION. 


12 . 

then. 


Denote the distances PN, PM (in any linear unit, not in angular units) by x and jjf 

X (^““Lq) vcosX* 


By inspection of the numbers shown in tables J/, J/7, IV the following equations are found 
to be approximately true : 


Ux = Aw^y 

-Vy = Baf 

--Wy = Cxy 


( 1 «) 


where A, B, C are quantities varying slightly with the latitude, but which may be treated 
as constants with their naean values over any area vrith which we shall need to deal. The last 
equation simply expresses that the closing error in azimuth is equal to the change in spherical 
excess. 


Now is what we will call the closing error in latitude in proceeding round the 
circuit OMPN; Vas—Vy and w^^Wy being corresponding quantities for longitude and azimuth. 
Over any elementary area 

iV = d (ug — Uy) 2A X dxdy 
dV = d — i?y) s=i dxdy 
dW = d — C dxdy 

By integrating over any area the closing error of the circuit enclosing that area is found. 

To find the values of «, v, w then which would be obtained by proceeding along any route 
rt IS only newssary to find the values of «„ (or Vg, w,) and apply the closing error with 
the correct sign. Integrating (18) it follows for moderate areat, 



U = 2Axa 
V = 2Bya 
W = Ca 


( 20 ) 


where a is the area of the circuit and r y are the coordinates of its centre of gravity. 
We say for moderate areas because the coordinates « and y are curvilinear ; hut for the areas we 
shall require to apply the formulas to, ® and y may be treated as rectilinear coordinates. 

18. By means of the above equations it is possible to find the result of the chantre of 
axes an as computed along any line of any curvature or along any route whatever bv 

computing &8t a ong a parallel and then along a meridian (or in the reverse order) and the! 

mS^al ® “d the parallel and 

This, then, would solve the problem as for as solitary lines were concerned When 
come to a network of lines the case is different, for several values of the chan«rP« wV u 
at a point can be found corresponding to the several possible routes by wLh thf nSre ‘"‘'T 
reached. In view of the feet that most of the triangulation of India iLTonfmlndirf 

(see tnangnlation chart at end), the following procedure is suggested ^ " parallel 

£) . Select central meridian and parallel for India (Burma will he 

The selected meridUn is 78“ and the selected paraUel 24»N separately). 
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(2) . Assume the values of found by the forumlm on these lines^ which we will 

call axes, to be correct. We have then to distribute the closing errors in PM and PN, 
(see fig. §11). 

(3) . If PM is a meridional series the computations fixing the PM depend only 

in a small measure on the size of the earth^s axes. The way in which these axes have 
come in is through the spherical excess. In nearly all triangulation in the Survey 
of India, the spherical excess is such a small quantity that the change of axes proposed 
will not appreciably affect it (to 0"‘01), There is reason then for assuming that the 
length PM is correct. In the same way the length PN may be regarded as correct. 
If then Uy and are taken for the changes in coordinates of P there should be no error 
to the first order ; and as the values of w, v are so small the second order quantities may 
surely be neglected. 


(4). This process would hold for the corners of circuits formed by meridian and longi- 
tudinal series, though some modification would be more correct for oblique series. In the 
Indian triangulation meridional and longitudinal series are the rule. Oblique scries 
occur practically only along the coast of the Bay of Bengal and along the first range of 
the Himalayas. (See index chart of triangulation at end). As far as latitude and 
longitude are concerned we should not be committing much error in accepting the 
values of latitude and longitude, Hy and t?-p. 


(5). Now consider the azimuth change. This can be found from the change iu 
position of two contiguous points. If we take two points originally on the same 

latitude whose changes are Wy and Wy + the azimuth change on the line joining 

them is 



V cos \».dL 


9 ^ 

V cos X 8A 


Wy 


whereas the azimuth change deduced from two points originally on the same longitude is 

V cos X Zvx 
~ SX “ 

It has been seen that the azimuth closing errors is C. xy where OM = w ON 
and C is a quantity which varies slightly with the latitude. Treating C as a constant 
and equal to its mean value over the area in consideration is permissible. This will 
be satisfied if the azimuth error is put into the lines PN and PM to amount proportional 
to their lengths. 


This gives 


Jl + Jl ” ^ y 
y ^ 


as the best correction to the azimuth at P. 
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THE BARTH’S AXES AND TRIANGULATION. 


(6) . I'he difference Wj. is not to be regarded as an error contained in the value of 
the angle M P N. Its effects is to alter the curvature of the lines P M and PN. 

(7) . In the case then of a gridiron system of meridional and longitudinal scries at 
regular intervals all of equal weight, it seems that the best values we could assign 


to the changes are ^ ^ In this case the next step in correcting the 

^ 

triangulation would be to find the changes of intermediate points on the scries as 
follows : — 



for change in 


latitude i meridian 
longitude ^ ^ parallel 


and for the other coordinate and azimuth to simply interpolate between 
values. 


the terminal 


(8). A difficulty arises when the actual points of the triangulation series arc considered. 
Por if the above formula for two adjacent points A and B is used, the difference 
of coordinates will not exactly give the correct change of azimuth. Adopting the rule 
of computing the azimuth from the coordinates, a different azimuth change on h ray 
going east from that found on a ray going south is arrived at. That is to say the 
actual change of w^t — Wy would be forced into the single angle formed by these rays. 

To avoid this it appears better to take the azimuth change to be and th<‘ 

change in coordinates of one point only to be given by and compute the coordinates 
of second adjacent point from this with the corrected azimuth ( e. old assiniuth 

y — ) old value of the distance c, 

^ The computation alluded to in (8) may be performed with tables such as are given iu the 
"Auiiliary Tables”* prepared for the new values of the axes : or we may at once deduce the 
changes in the position of the second point £ by differentiation of the equations for AL and 

The equations are : — 


A\ — cos A - i ^ sin* A tan X = S^X- -t- ^jX 

^ r ^ 

AL = - - 55^ + if sin 2 ^ tan X _ 

V cos X * cos X ~ 

C 

^ + ^7^(1 + 3 tan* X) = Sj J +85 A 

contempts^ “ consideration of the larger value of « 

Differentiating we have at once 

Six, = S.X (- I - A.,) + 8.x ^ ^ X 2 c, ^ 


now 


SAL 


- S.i (- ^ + + u. x.)+ 8.Z { - ?|i: + 2cotiW.« + („otX+2t..,x) .t 


AnxUlaiy Tables of the Survey of India, Debra Dto, 1906. 
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+ cot A»w + 




ZSv . 4 ta n X aec^ 

2 tan^A.** 


2 coVtA. v> 


') 


sin2X ■ 1 + 

In above w, w are the values found for one end of tbe base A ; the values for the othelr 
end B are then u + SA\ v + B^L w + BAA. 


A third method is to reach £ by proceeding first along the parallel AC through -4 and then 
down the meridian CB through B, by means of the formulae (or tables) already given : and then 
by applying the closing error of the area ACB, 


It appears^ then, that 




changes in latitude, longitude and azimuth respectively of any point in India (excluding Burma) 
with the restriction that adjacent points must be treated differently, the changes for the second 
point being deduced by one of the three methods just explained. On this basis the results may 
be given in convenient tabular form. They will represent the changes with accxiracy 
considerably greater than the accuracy with which the points can be considered to be fixed in 
space by triaugulation. 


14. These values are believed to be satisfactory for all the purposes for which they can 
be used. As far as map producing goes the discrepancies are negligible. For geodetic purposes 
we require to know the absolute corrections to latitudes, longitudes and azimuths of a base 
where a junction is to be made with another survey—- such as the Bussian survey, or the Btnma 
survey. We can do tbis as described in § 18 for one end of the base and then compute the 
coordinates of the other end of the base from a knowledge of its length. In the case of Burma 
file triaugulation has not yet been adjusted. It will perhaps be adjusted with the new values 
of the axi^s and made to fit on to the most eastern series of the iNorth-East Quadrilateral, 
the Shillong Meridional Series, after this has been corrected for change of axes. 


We also wish to known corrections to triangulated latitudes or azimuths at stations where 
these quantities have also been observed astronomically, so as to know the actual plumb-line 
deflections. As regards latitude we have uncertainty of perhaps 0"*1 on account of axes change 
after leaving the central latitude by 10®, i. e. one part in 360,000 which is of the order of 
accuracy of our base-lines in India. The error generated in tbe triangulation must eventually be 
greater than this. The same argument holds as regards the azimuth, where the uncertainty of 
change due to change of axes, and due to error generated in triaugulation are necessarily target 
numbers when expressed in seconds of arc than occur in the latitude. Tbe astronomic observ- 
ations for azimuth are less precise, considered from point of view of plumb-line deflection, than 
the latitude observations. Apart from these considerations an error in plumb-line deflection in 
latitude of is of little account. In India we have plume-line deflections of over 50" and, at 
least at present, tenths of second are too minute to be taken account of in any discussion of 
deflections. . ■ • 

15. It seems then that the method sketched above is sufiSciently precise for the geodetic 
uses to which tbe resuits can be put, and higher aeduraev could not be applied with advantage to 
the results of triangulation. The method of § 13 is applicable to points which can be reached by 
cither rontef (meridian or parallel) without the route departing out of the region of triangulation. 
Thus while it applies to all tbe triaugulation in India which has been adjusted^ it could: not h6 
fairly applied without modification to Burma, for this would imply the existence of triaugulation 
across the Bay of Bengal. As the Biirimd triangulation remains to be adjusted, tbis does not 
matter and it will only be necessary t6 apply the method as far as the Shillong Meridional Series, 
which can be done very satisfactorily, the more so as our selected central latitude crosses this, 
aeries. 'n ; . , ■ 
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THE BAEIH’S AXES AND TEIANQULATION. 


16i The Survey of India was asked in 1912 by the Siamese Survey Department to 
furnish the best possible values of the coordinates of Bangkok. The way in which this has 
been done will serve as a good illustration of the method of using the closing error to determine 
the changes which occur along a route which is neither meridional nor longitudinal. As far as 
longitude 90® the route may he taken to follow the central parallel, latitude 24° (see triangula- 
tion chart at end). From these it proceeds along the Burnoa Coast Series down to latitude 
18 46 , and thence to Bangkok along latitude 18° 46'. In this case then we first compute along 
parallel 24° up to longitude 98°: we then proceed along meridian 98° down to latitude 13° 45'; 
The result at this point is found from tables II, III, IV by extrapolation to be 

Ug = + 4-248 
Vg ss — 10-839 
Wg = — 2-837 

Now treating longituAe 98P as axis from which a? is measured, we evaluate the closing 
errors over the area between the Coast series and latitude 24° and meridian 98° and get 

h Asi^g=U = +-017 
S F = - -026 

2 Ca?y = + -426 

Hence the changes at latitude 13° 45’, longitude 98°, as determine.i bg the route follvmng the 
Burma Coast Series, are 4 U, v, + F, w, + IF. 


One further correction remains. The Bangkok Series which emanates from this point is 
expressed in “preliminary terms”— it was computed from preliminary values of the sitle from 
which it emanates. Later values of this side, found after the Coast Series had been computed 
from the preliminary value of the side, require the following changes to be applied to the 
beginning of the Bangkok Series, viz. 

in latitude ... — 1*'-80 

longitude ... — O^-IT 

azimuth ... -t-6'^*60 

Combining these we arrive at the changes to be made at latitude 18° 45°, longitude 98°. 


By parallel and meridiau route 

Correction to bring into terms of Burma Coast Series route 
Correction from “preliminary terms” 


Latitude Longitude Azimuth 
+4-248 —10-889 —2-887 
+ 0-017 - 0-026 + 0-426 

-1-80 — 0-17 +6-50 


Total ... +3-47 -10-64 +8-09 

With these initial values by computing along parallel 18° 46' up to longitude 100° 83' S"- 6 
the old value of the longitude of Phukhao Thong Station* in Bangkok we get the changes 

« = + 2''-84 

V = — ir-82 

w = + 2"' -9 

To bring into Greenwich terms the further correction - 2' 27''- 18 is required to the 
longitude, the final corrections being 

+ 2" -84 in latitude 
— 2'89''*00 in longitude 
+2*'*9 in azimuth 


• Phukhao Thong Station is the most easterly triangulated point shown on the tTi«ngni»fa-nt, chart. 
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Owing to an nnfortnnate confusion of the quantities «y with «, », the fallowing 
eorrections were wrongly supplied to the Royal Surrey Department Siam in 1912 

in latitude 

— 2'39'''32 longitude 

+ 5" '7 azimuth 

17. So far the particular case of definite numerical values of fie®, ip, has been 

considered. It is desirable to put the solution in a form in which the results of any desired 
change can be calculated rapidly. 

Let «i, «j, ttj, « 4 , be the changes in latitude respectively due to Sa = 1000 metres, 
1 000 metres, % = 1", tPj = 1" with corresponding notation for v and w. Since the quantities 
involved are small it is clear that 


« = Sa. »! + 35 . «3 + Up. + w, . . (18J 

with similar equations for v and w ; where da, db are expressed in kilometers and Kq, Wp in seconds • 
If values of «i, »g, «j, are tabulated, equation (18) will enable the quantities «, v, to to be 
evaluated for any desired case. Of the quantities Sa, Sb, Se® any two may be regarded as independent, 
the third being determined from the result of differentiating 5 = « logarithmically. 

. Sa Sb , Sr® 

T-T = ^T=:7 09) 


When So = S5 = 1000 metres = 39370 ‘US inches = 3280 • 843 feet 

k ^ cosec 1" = 16 • 1 718 of which the logarithm is 1 • 2087696 

i cosec 1" = 16*2238 „ „ „ 1-2102038 

Also 

Sv ^ sin^X 

p ^ a ^ T” 

= /"i 4. (1 sm^X \ 86 (l-^) sin^ 

a \ 1 — 6 ’ 1— 


by (19) 


Hence equation (9) may be writtea^ omitting the dashes 

a = 2x{l6-1718 (l + - 16-8S58 ) 

P = «0 - R ■ (20) 

Q = STgiScOSX \ 

where Sa, Sb are expressed in kilometres and itg and spq in seconds. 

18. JJottg a parallel of latitude 


Case I, when 3a = 1, 35 = 0, = 0, tOg s 0 



46 ^ *'4BTH«6 AXBS AND TBIANOUIiAflOK. 

tnd (10) HecontM ' : ^ 

«= - coa($L)j 

« _ « _ » / ^ cot \ 1 V / 

« - »o if V— 67-3 + • • (22) 

~ ~ ^ sec \ sin {^L) 

where X is expicMCd io degms. 

Case II, when S® = 0, ai = 1, «„ = 0, m7o = 0 
From (20) 

JZ= - 9^ (l-ea)siii8x 

j .. ,n„^ , 1 — e® 8in*X ■ ’ • * • • • • . .(2^ 

and equations (22) hold for this case also. 

, Case in, when 3® = 0,ai = 0,«o = 1, Wo = 0 

Is this case — ^ «= 0 so tiiat 

V 

"■■ " R = 0 ■) 

qI J • (2^ 

and 

« = cos (/8X,) 

®— «o = -j^tanXsiu (/9J) 

f f ■ • w 

1C sz '^secXsin (/8-C) 

Case IV, when 3® = 0, 85=0, «„ = 0, Wq = 1 

R = P=0 -1 

Q = — jScosX 

and , . 

^ ~ ^ cos X sin (/9i) 

- sinx(l-cos (/Si;) )< 

W = cos {^L) 

19. From (10) and (19) 
p a \a b/\ ^1_«WX/ 

a® ■„ cao 85\ f 

~ a d) V“'l(l“-«®)8iu»X(l+e®sm*XH- •...)j- 

= ^_ 2 ll_A(m8\/l-coa2X e» 

« \a bj ^ 1- •^(8-4cos2X+cos4X) . . . . 

Hence from (12) 

•^Xo /» • 

- , (5^-Xc)+2 5 jtO-2®J8(X-Xo)+0-8750(sin2X-sin2X.)-0-0008(«y4X-sin43g } 
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Expressing in seconds and introducing 80, expressed in kilometres and \ \ in degrees 
this becomes 

«— «o=Sffl 0*3807 {X°— Xj) +24*26 (sin 2X+ sin 3Xo) —0*019 (sin4\- sin 4Xe)^ : 

is 

+8J 0*2847 (X° — XS) -34*34 (sin 2X— sin 2X0) +0*019(8m4X— sin 4X,)^’. . (28) 

20. Along a meridian 

Case I, when 8i=0, »o— 

By (28) and (17) 

«= — 0*2807(X°— Xo)+ 24*26 (sin 3 a— sin 2Xo) —0*02 (sin4X— sin4Xo) 

tl-Dj =0 

w=0 



Case II, when 8a=0, 85=1, »o=0, Wo— ® 

By (28) and (17) 

«= — 0*3847 (X®— X 0 ) - 24*84 (sin 2X-sin2Xo) +0*02 (sin4X-sin 4)^,)^ 

v—Vq = 0 

wss 0 

Case III, when 8a = 0, 85 = 0, «o=l,Wo~0 


Then u = 

0— «o= 0 

n>= 0 


} 


Case IV, when 8a=0, 85=0, Wo=0, 
Then ii—Ug=0 


v-Vo= [tanX-0*000,058,3X® + 0*000,004,2sm3x]’ 


ypCoaXp 

vcosX 


, (80) 


(31) 


(82) 


21. TVitli the equatioua of §18^ 20 changes can be computed at anj point for any case. 
There are two possible routes. As an exanople consider Case I. We can first proceed along a 
parallel to the appropriate longitude. In proceeding thence along a meridian we have to apply 
Cases I, III and IV (because the values given by (22) now become initial values), and so find the 
values Vy Wy : secondly we can proceed along a meridian and afterwards along a parallel and so 
find the second set of values UgsV^Wg, 


These computations have been made and the results for every degree square cornei*, so far 
as concerns the Indian triangulation, are exhibited in the following tables. 
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Values of % in seconds. 
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2.231 1.620 1.010 0.400 0.211 0.821 1-431 2.042 2.662 

2*217 1*610 1-004 0-397 0-209 0-816 1.423 2-029 2-636 
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Values of w*— Wy in seconds. 
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Values of u^—Uy in seconds. 

Case II.— 86= 1 km. TABLE XII. 


CHANGES ALONG MBBIDIAHS AND PABALLBL8. 


25 































THB EARTH’d AXJCS AND TRIAKGULATIOK. 


0 | 3 S |§| ^ 

IH IH iH tH tH iH IH r-t 

1 f I I I 3 5.1 g 

tH 11 II .H .1 A rt 


iH PH ,H iH PH pH 


if iff i 

pH pH PH pH 


s R s s g s 


§iffi§§g§gii§ 

pHiH pH fHpHplf PHtHpH ,I| 



i §§3 §§§ iS§ s gg 


oo c ooo ooo 


f§ § §§§ §§i 

oo o ooo ooo 


I § g i 



ooo ooo o ooe 


iff|i§ggggig 

oo ooo o66 o ooo 


23 S s sas aaa aaa a aas ggg ggg § gi 


o ooo o o 


§ 3 §|S§g 3 §g 

oo OOo o ooo o 


§ § § § 


3§f§§i|ifi§i§§iiii§3i§ 

eoo ooo o ooo ^oo 6o6 o ooo o o 


s|s sai I sss a§a ssi a 22 a aa 


g g g 3 g 3 g 

o 600 6 00 


I I i i § § I 


a a § i § § 



ifMM fiff iff 3515 

ooo ooo o ooo ooo ooo o ooo o 


§11 MS' I s§§ If 


ooo ooo o ooo 00 



III III ggg I 

ooo o 


gggsiissgf 


gi§ § ggg §1 



o ^ ^ 

CO 00 00 


ig§§§§ 2 iggig 


60<S4i— I OOaCO^ 600^1-4 0 ;'0i OOt^ COkO-^ OOCQi-^ O 0300 

03 00 00 050I04C<I 0)040^1^ r-trHrH rH ^ S ^ ^ 


0 * 11 S 0*168 














































in seconds. 


k' 




I 

s 




5? 


K 

d; 


c5 

> 


C 


60 



OHANGKB ALONG MKIUDIANSS AND PAliALLBLB. ,27 


1 





i 

6 

1 

6 

§ § 1 
6 6 6 

Ml 
6 6 6 

§ 

6 

• 






o 

03 




1 

6 

o 

6 

1 1 1 
6 6 6 

§11 
6 6 6 

1 

6 










§ 

§ 

3 § § 

§ i § 

§ 






03 





6 

6 

6 0.6 

6 6 6 

6 






o 





i 

tn 

s 

§ § § 

§ 1 1 

g 






03 





6 

6 

6 o o 

6 6 e 

6 






o 

O 



§ g 

Y 

§ s 

§ 

§ § § 

§ § 1 

I 






03 



6 6 

6 

o o 

o 

o o o 

6 o e 

6 






o 

03 



g I 

■g 

§ § 


§ § § 

§ § 3 

1 






00 



6 6 

6 

6 6 

6 

o 6 o 

6 6 6 

6 






o 

00 

> 


§ g 

i 

§ i 

>3 

5 

§ g § 

§ § § 

§ 






00 



6 6 

6 

6 6 

6 

o o 6 

o e 6 

6 









g I 

i 

g 1 

§ 

1 § 1 

g § § 

§ 






00 



6 6 

6 

6 o 

o 

6 o e 

o e 6 

6 






h 



S g 

g 

3 3 

§ 

g 1 § 

g § § 

§ 

§ i § 

i 




00 



6 6 

6 

6 e 

6 

o e o 

e e o 

o 

6 6 6 

6 




o 



-g § 

§ 

§ 3 

g 

§ g § 

§ 1 § 

5 

§ § 3 

§ 




00 

bo 


6 6 

6 

o o 

6 

o e o 

o o o 

.6 

o o o 

6 




% 

o 


1 1 

6 6 

1 

6 

i'i 
6 6 

1 

6 

1 1 1 

6 6 6 

III 

6 6 6 

5 

6 

III 
6 6 6 

1 

6 




o 

CO 

z; 


§ § 

g 

§ i 

§ 

§ § § 

g § § 

1 

1 M 

1 




00 



6 6 

6 

e o 

6 

6 o e 

o o o 

6 

9 e o 

6 




C<l 


§ g 1 

g § § 

§ 

§ § g 

3 § § 

g i § 

§ 

§33 

3 1 g 

§ I 3 

§ 

1 1 

00 


o e o 

o o o 

6 

o 6 

o 

e o o 

o o 6 

o 

e 6 6 

6 6 6 

o e o 

o 

o o 

o 


g i § 

Ti § 

§ 

§ § § 

§ § 1 

§ § g 

§ 

§ § g 

3 § 3 

g g § 

1 

§ S 

00 


o o o 

coo 

6 

e o 

o 

o e o 

e o o 

6 

o e 6 

o o 6 

6 6 6 

6 

6 6 

o 

s 


§ § g 

e e 6 

III 
6 6 6 

1 

6 

1 1 
6 6 

§ 

6 

III 
6 6 6 

Ml 
6 6 6 

§ 

6 

1 M 

6 e 6 

M3 

6 6 6 

§ 3 1 

6 6 6 

1 

6 

I g 

6 6 

03 

■ 

I M 

III 

g 

g § 

i 

1 1 1 

§ § § 

§ 

Ml 

g M 

PPPl 

f 

g i 



6 6 e 

6 6 6 

6 

6 6 

6 

6 6 6 

6 6 6 

6 

6 6 6 

6 6 6 

o o o 

6 

6 6 

o 

GO 


iff 

§ § § 

1 

g g § 

Ml 

1 M 

g 

Ilf 

Ilf 

g § I 

§ 

§ § 



e o o 

6 6 o 

6 

o o 

o 

6 6 o 

6 6 6 

6 

6 6 6 

6 6 6 

6 6 6 

6 

6 6 

o 

t> 

■■ 

III 

iff 

T 

1 1 

i 

1 1 1 

Ml 

T 

§.§ 1 

Ml 

§ § § 

T 

M 

IS 


o e o 

6 6 6 

6 

e o 

e 

6 6 6 

6 6 6 

6 

6 6 6 

o 6 o 

o 6 o 

e 

o o 

o 

CD 


ill 

S S 8 
o o 5 

g 

§ § § 

1 1 1 

Ml 

§ 

Ml 

1 M 

Mi 

g 

g g 

**• 


6 o e 

6 6 6 

6 

c o 

o 

6 6 6 

6 .6 6 

6 

6 6 6 

6 6 6 

0 0 9 

6 

6 6 

o 


III 

Ml 


§ i § 

1 1 1 

Ml 

§ 

Ml 

Ml 

§ I § 

1 g s 



6 6 e 

6 6 6 

6- 

e o 

o 

6 6 6 


6 

6 6 6 

6 6 6 

o 6 6 

e 

e o 



§ g g 

Ml 

§ 

1 § g 

1 1 1 

III 

§ 

8 § 3 

Ml 

Mg 


u 

Is 


e e 6 

6 6 6 

6 

o o 

o 

6 6 6 

6 6 6 

6 

6 6 6 

6 6 6 

6 6 6 

6 

6 6 

a 

> 

Ilf 

1 M 

§ 

3 g § 

1 1 1 

III 

1 

Ml 

1 






o e o 

6 6 o 

6 

o o 

o 

6 6 6 

6 6 6 

6 

6 6 6 

6 




CQ 

•i-« 

III 

iff 

i 

§ I 

§ 

1 i 1 

III 

§ 


1 





" 

o o e 

6 6 6 

6 

o o 

6 

6 6 6 

6 6 6 

6 

o e o 

6 




o 

i-J 

4^ 

III 

Ml 

f 

§ § 

■!5 

o 

Ml 

III 

§ 

§31 

3 




is 


o o o 

6 6 6 

6 

6 6 

6 

6 6 6 

6 6 6 

6 

6 6 o 

6 




o 


s §1 

i g 1 

g 

IJ 

1 

Ml 

Ml 

1 

§ § § 

1 





CD 

6 6 6 

6 6 6 

6 

o 6 

6 

6 6 6 

6 6 6 

6 

6 6 6 

o 




03 


g s 1 

Ml 

f 

g § § 

1 1 I 

g M 

§ 






CD 

O 

6 6 6 

6 6 6 

6 

<» o 

o 

6 6 6 

6 6 6 

6 






So 

04 

^ S § 

Ml 

1 

I § 

§ 

g § § 

^ r4 

sis 

i 






<0 


6 6 6 

6 6 6 

6 

6 6 

6 

6 6 6 

o e o 

6 








I f 3 

Ml 

% 

§ 3 

§ 

Ml 

III 

i 






CD 


6 6 6 

6 6 6 

6 

6 6 

6 

6 6 6 

6 6 6 

6 






& 


Iff 

§ g § 

3 

g 3 3 

1 1 1 

III 

I 






CO 


.666 

6 6 6 

6 

o e 

6 

6 6 6 

6 6 6 

6 






|n||n 


?D ua 

50 M ^ 

O 

03 OD 

Is 

CD ID 

.00 <M r-4 

O 

03 00 ts 

CD lO ^ 

GO 01 p4 

o 

03 GO 

laBi 

■ 

cc 00 » 

00 CC 00 

00 

C<l Cq 

04 

CM C4 OI 

CM cq 04 

04 

*H iH iH 

iH pH p-i 

pH iH pH 

rH 








































in seconds. 


88 


THB BAETH’S AZBB AND TEIANGDLATION. 


k* 

H 

es 


9" 


QO 

Q 

Fi 

cd 




n 


M 




§ 

o 

1 

6 

Mi 
6 6 6 

Ml 

O rH iH 

8 

rH 






%> 

ca 

1 

o 

8 

6 

1 f 1 

6 6 6 

M 3 

6 6 A 

1 

IH 






1 

§ 

o 

1 

6 

Ml 

6 6 6 

MS 

6 6 A 

1 

*H 






0 

oa 

6 

1 

6 

Ml 

6 6 6 

Ml 

6 6 A 

1 

rH 






1 


$ g 

e A 

1 

6 

1 1 
6 6 

I 

6 

3 18 

6 6 6 

Mi 
6 6 6 

3 

rH 






O ' 

s . 


1 f 

o o 

1 

o 

3 1 
6 6 

f 

6 

Ml 

6 6 6 

ass 
6 6 6 

8 

rH 






% 


1 1 
o o 

a 

6 

a § 

6 6 

1 

6 

f 1 1 
6 6 6 

Ml 

6 o 6 

1 

6 






h 


3 a 

e A 

1 

6 

f f 
6 6 

€ 

6 

f M 
6 6 6 

MS 
6 6 6 

3 

6 






h 

00 


o 6 

f 

6 

f f 

6 6 

i 

6 

Ml 

6 6 6 

3 8 3 

6 6 6 

1 

6 

M3 

6 6 A 

3 

A 




So 

00 

* 

a i 

6 6 

5 

6 

1 i 

6 6 

1 

6 

Ml 

6 6 6 

Ml 
6 6 6 

1 

6 

IM 

6 6 6 

I 

A 






1 1 
o o 

1 

6 

I 3 

6 6 

1 

6 

f f 1 

6 6 6 

iff 

6 6 6 

1 

6 

1 M 

6 6 6 

1 

6 




« 

GO 


a 1 

o o 

3 

6 

5 § 

6 6 

1 

6 

8 1 3 

6 6a 

Ml 

6 6 6^ 

1 

6 

1 M 

6 6 6 

1 

6 




e«i 

00 

8 a a 

^ o o 

3 § 3 

6 o o 

1 

6 

§ 3 

6 6 

a 

6 

1 M 

6 o 6 

Ml 

6 6 6 

1 

6 

MS 

6 6 6 

3 M 

6 6 6 

Ml 

6 6 A 

§ 

A 

f 1 

A A 

o 

I-.I 

00 

I ; § 

6 o 6 

If f 

o o 6 

§ 

6 

1 f 

6 6 

i 

6 

§ i 3 

6 6 6 

Ml 

6 o 6 

3 

6 

1 M 

6 6 o 

Ml 

o 6 6 

i M 
6 6 6 

1 

6 

8 3 

A A 

h 

T 

MS 

6 6 o 

III 

6 o 6 

§ 

6 

i % 

6 6 

§ 

6 

iff 

6 6 6 

MS 
6 6 6 

3 

6 

Ml 

6 6 6 

Ml 

6 6 6 

Mi 
6 6 6 

I 

6 

8 1 

6 6 


1 3 g 

6 o o 



1 1 

6 6 

% 

6 

Ml 

6 6 6 

§ § 3 

6 6 6 

1 

6 

MS 

o o 6 

Ml 

6 6 6 

1 M 
6 6 6 

1 

6 

1 1 

6 6 

"g 

1 f 1 

6 o ■ o 

Ilf 

0 0 9 

§ 

6 

1 1 

6 6 

s 

6 

§ 1 3 

6 6 6 

f M 
6 6 6 

6 

Mi 

6 6 6 

§ g § 

6 6 6 

Ml 
6 6 6 

8 

6 

I i 

6 6 


0 A 1 

V aI 

0 

w 



9 A 

1 


8 0 

d 




I 1 g 

6 6 e 

III 

o o o 

§ 

6 

§ i 
6 6 

T 

6 

3 3 § 

6 6 6 

Ml 

6 6 6 

T 

6 

8 M 

6 6 6 

i M 

6 6 6 

III 

T 

6 

M 

o o 

o 

<0 

5 § 1 

6 o o 

Iff 

6 o o 

g 

6 

3 I 

6 6 

i 

6 

Ml 

6 6 6 

1 M 

6 6 6 

J3 

6 

Ml 

o 6 6 

3 M 

6 6 6 

Ml 
6 6 6 

I 

6 

1 1 

6 6 

So 

MS 

6 o o 

f 1 3 

e o o 

1 

6 

I I 

6 6 

3 

6 

i § 3 

6 6 6 

MS 

6 6 6 

3 

6 

Ml 

6 6 6 

Ml 

6 6 6 

Mi 
6 6 6 

§ 

6 

1 1 

6 6 

k 

s a s 

o 6 o 

s a 3 

6 o 6 

1 

6 

§ § 

6 6 

1 

6 

§ 3 3 

6 6 6 

Ml 

6 6 o 

1 

6 

8 M 

6 6 6 

3 3 i 

6 6 6 

M3 
6 6 6 

§ 

6 

g § 

O rH 

o 

00 

b* 

a g f 

6 o o 

1 M 

o o o 

3 

6 

5 3 

6 6 

% 

6 

1 1 3 

6 6 6 

Ml 

o 6 6 

f 

6 

III 

6 6 6 

1 

6 





IXI 

6 o o 

ITT 

o o o 

f 

e 

TT 
6 6 

1 

6 

§ 3 a 

6 6 6 

M 8 
6 6 6 

so 

13 

6 

§ s s 
6 6 6 

1 

6 




o 

b- 

a 1 i 

e o o 

3 3 3 

6 6 6 

? 

6 

1 1 
6 6 

1 

6 

3 s a 
6 6 6 

3 M 
6 6 6 

I 

6 

Ml 
6 6 6 

1 

6 




h 

1 1 1 
o o o 

1 M 

o 6 6 

5 

rH 

6 

§ i 
6 6 

i 

6 

^ I 1 
6 6 6 

Ml 
6 6 6 

I 

o 

III 

6 6 A 

f 

A 




0 

oa 

QP 

Ml 

o 6 o 

III 

6 6 6 

§ 

6 

1 I ' 
6 6 

1 

6 

3 1 a 
6 6 6 

M 8 
6 6 6 

1 

6 






o 

00 

QO 

§ g § 

o 6 e 

Ml 

o 6 6 

3 

A 

f 1 
6 6 

i 

6 

Ml 
6 6 6 

Ml 

o 6 6 

6 






CO 

III 

o o o 

III 
6 6 6 

a 

6 

5 § 

6 6 

§ 

6 

a 1 3 

6 6 6 

Ml 
6 6 6 

1 

6 



- 



QO 

1 1 a 

o 6 o 

8 3 1 

6 6 6 

1 

6 

f S 
6 6 

f 

6 

I M 
6 6 6 

ill 

a 6 6 

s 

A 


. 





0 A 

1 ^ 1 

B < 

’ j 



e A 

1 

% n 

H 9 

M"’ 



y 

& AO ^ 
00 3? A 

CC Ol ^ 
CO 00 00 

O 

GO 

0 00 

01 03 

04 

CD no 

OI 04 C4 

00 Ol i-i 

04 04 C4 

O 

04 

oaoo tx 

^ rH 


CO 04 r^ 

iH — fH 

O 

rH 

GO 00 
























in seconds. 


UJlAiMLtJUa JLUJCtidr JUJUiSiUlXA^O AJNJJ AfAUALiiJUXjB. 


29 


H 

S 

pq 

:?! 


s" 

I 

8* 


OQ 

O 

0 

q 8 

> 



Is 




1 s 
6 6 

0*861 

0*169 

1 

6 

ill 
6 6 6 

i 

6 


. 




& 

03 




5 1 

6 6 

a a 

6 6 

i 

6 

§ f § 
6 6 6 

§ 

6 






S<i 

Od 




3 I 

6 6 

§ a 

6 6 

3 

& 

f g § 

6 6 6 

1 

6 






o 

Od 




M 

o o 

s a 

6 6 

1 

6 

f i'S 

6 6 6 

g 

6 






1 


1 1 
6 6 

f 

6 

5 § § 

6 6 6 

a a 

6 6 

6 

III 

6 6 6 

1 

6 


' 




A 

QO 


i § 

6 6 

1 

6 

III 
6 6 6 

I a 

6 6 

1 

6 

f 1 1 
6 6 6 

3 

6 






&> 

QO 


I i 
6 6 

1 

6 

III 
6 6 6 

I f 

6 6 

1 

6 

f 1 1 
6 6 6 

1 

6 






00 


g i 

6 6 

3 

6 

1 s 1 
6 6 6 

i S 

6 6 

i 

6 

f f 1 
6 6 6 

1 

6 


: 




h 

00 


SI 

6 6 

3 

6 

3 1 g 
6 6 6 

a s 

6 6 

f 

6 

Ml 

o 6 6 

3 

6 

III 
6 6 6 

1 

6 




Ud 

00 


1 1 

6 6 

I 

6 

Ilf 

o 6 6 

f 1 

6 6 

3 

6 

1 3 1 
6 6 6 

1 

6 

Ilf 
6 6 6 

1 

6 




00 


§ f 
6 6 

1 

6 

Ml 
6 6 6 

a § 

6 6 

§ 

6 

m 

B 

1 3 3 
6 6 6 

5 

6 




00 

QO 


SS 

6 6 

i 

6 

III 
6 6 6 

f 3 

6 6 

§ 

6 

f f I 

o o o 

f 

6 

s s § 
6 6 6 

§ 

6 




' ^ 

00 

% % § 
o e o 

III 
6 6 6 

S 

i 

Iff 
6 6 6 

1 1 

6 6 

I 

6 

Iff 
6 6 6 

1 

6 

Mi 
6 6 6 

i 6 8 

6 6 6 

IM 

e 6 o 

1 

6 

I I 

iH pH 

0 

tH 

00 

III 

o o 6 

i s § 

6 6 6. 

i 

6 

iS S 

i-i Fii iH 

6 6 6 

§ § 

6 6 

§ 

6 

Iff 

6 6 6 

f 

6 

f f S 

6 6 6 

3 i i 
6 6 6 

§ S S 
6 6 6 

3 

6 

g 8 

6 6 

& 

00 

III 

o o o 

Ml 

6 6 o 

5jr 

O 

f 1 1 

6 6 6 

1 I 

6 6 

§ 

6 

1 § 3 
6 6 6 

f 

6 

a a f 
6 6 6 

i 3 § 
6 6 6 

1 M 
6 6 6 

i 

& 

3 8 

6 6 

& 

1 M 

e o o 

1 II 
6 6 6 

1 

6 

Iff 
6 6 6 

§ 1 

6 6 

§ 

6 

1 § 3 

6 6 6 

g 

6 

Iff 
6 6 6 

a a 3 
6 6 6 

3 f a 

6 6 o 

1 

6 

1 1 

6 6 

00 

l> 

I II 

o o 6 

III 

6 6 6 

1 

6 

§ § 3 
6 6 6 

§ § 

6 6 

§ 

6 

3 § 3 

6 6 6 

§ 

6 

III 
6 6 6 

III 
6 6 6 

III 
6 6 6 

g 

6 

g i 

6 6 


e A 

} 

V 

S a 

N 


0 

A 

\ » 

I 8 

0 J 



o 

*> 

III 

6 o 6 

III 
6 6 6 

T 

6 

III 

6 6 6 

1 1 
i o 

T 

6 

III 
6 6 6 

§ 

6 

1 3 1 
6 6 6 

§3 8 

6 e 6 

§ aa 
6 6 6 

T 

d 

9 a 

6 6 

0 

CO 

l> 

III 

6 6 6 

1 1 1 
6 6 6 

1 

6 

Ilf 
6 6 6 

§ 3 

6 6 

§ 

6 

iff 

6 6 6 

1 

6 

iff 

o 6 6 

f 1 f 

o 6 6 

Ml 

o 6 6 

1 

6 

8 3 

6 6 

0 

lO 

III 

6 6 6 

5 i § 

6 6 6 

6 

Ml 
6 6 6 

s 1 

6 6 

1 

6 

Ilf 

6 6 6 

i 

e 

f f 1 
6 6 6 

Ml 

o 6 o 

ill 

6 o 6 

1 

6 

3 8 

6 6 


III 
6 6 6 

5 §S 

6 6 6 

5 

6 

f s a 
6 6 6 

§ g 

6 6 

§ 

6 

§ 3 a 

6 6 6 

a 

6 

III 

6 e 6 

Mi 
6 6 6 

Ml 

e 6 6 

g 

6 

§ I 

; o 6 

eo 

III 
6 6 6 

III 
6 6 6 

1 

6 

ill 

o 6 6 

3 § 

6 6 

§ 

6 

Iff 

6 6 6 

1 

6 

III 

o 6 6 

6 




« 

III 
6 6 6 

1 i f 
6 6 6 

1 

6 

Iff 

6 6 6 

a § 

6 6 

1 

6 

Iff 

o o 6 

1 

6 

Ilf 

6 o 6 

§ 

6 




0 

1 i § 
6 6 6 

s M 
6 6 6 

6 

III 
6 6 6 

f 1 

6 6 

1 

6 

Iff 
6 6 6 

1 

6 

Iff 

6 o 6 

? 

6 




"g 

III 
6 6 6 

III 
6 6 6 

1 

6 

Iff 
6 6 6 

3 § 

6 6 

3 

6 

f I f 

6 o 6 

s 

6 

3 8 i 
6 6 6 

I 

6 




» 

CO 

i S 1 
6 6 6 

ill 
6 6 6 

3 

6 

Ilf 
6 6 6 

s § 

6 6 

1 
' 6 

a a 3 
& & & 

1 

6 






o 

00 

CD 

§ § i 
•^6 6 

III 
6 6 6 

§ 

6 

III 
6 6 6 

1 f 

6 6 

1 

6 

ass 

6 o 6 

§ 

6 







ill 

^ 

§ S 1 
6 6 6 

S 

i 

Ilf 
6 6 6 

s a 

6 6 

i 

6 

ill 

6 e a 

I 

6 






!g 

III 

^ 

§ s s 

A 6 6 

1 

6 

1 § 1 
6 6 6 

s a 

« e 

3 

6 

a s 1 

6 6 6 

1 

6 







0 A 

T ^ 

1 

8 0 

d 


e 

A 


8 9 

• M 



Vi 

00 OO 00 

00« ^ 
00 00 00 

O 

00 

O 00 

0^1 c;i 01 

CO uo 

Cl d 


00 Cl 

Cl Cl Cl 

O 

d 

Od 00 IS 
^ iH »H 

CD lO 
rHrHr4 

OOd 1H 

iH •H iH 

O 

rH 

09 OD 
























































































Talnes of « and.o inmbkdii^ 


XEK lABTH’S AXXS AND TBIANGUDAl'lON. 












































Values of to in seconds. 


OHANOBS ALONO ^BBIOIAKS AND PA&ALLBL8. 


31 


N 

I 


% 

rH 


II 


I 


O 

3 

o 




















































.THB BABTH’S AXB8 AND TEJASaULAWONi 


I I § § 




e A 

} ^ 

i 

fl 

0 

i 



lO ^ 09 

cqiH 

o 

09 

oo 

IN 

®>i9 

ce 

09 09 00 

00 00 

00 

04 

04 

04 

04 04 G 
















































Yalnes of to in seconds. 


OHAjSOBS along mbbidians and faballbls. 


33 


I 

s 




So 

A 

§§ Ills III |iig§§g§ 

iHi-i i-i •Hoo ooo eoe 6 6o6 6 

1 

S|S|SS|i§|i|3g§gS 

iHiH IH iHiHO OOO OOO O OOO O 


1 1 S 1 § 1 1 1 1 i S 1 S § g 1 f 

H fH pHO 0^0 ooo'o OOO'O 

o 

oa 

II 1 1 § § 1 1 1 1 1 If 1 1 1 i 

tH»H pH pHiHiH OOO OOOO OOOO 

% 

CO 

|S§S§§|l||f§§l3|g 

pHpHiHpHpHpHOOOOOOOOO'OO 

&■ 

GO 

§ 1 I § § 1 S 1 § S I S' § i 3' S 3 

pHpHrHrHiHpHOOOOOOOeOOO 

Is 

§§§|S||||S||§S33I 

pHH pH pHOO OOOO OOO 6 

h 

CO 

g 1 S S § S S 1 S III g i § i § 

phph ih 4t»HpH fHOo ode e odd d 

o 

CO 

|§|g§§§§gSS||§S33 

pHpH pH iHpHpH pHOO 0.00 O doO O 


f§|S|S§3S|S|§§3il 

pHpH »-t pHpHpH inrHO 000,0 ddd O 

Is 

|'§§f§M§i||||g s |.f 

pHpH pH pHpHpH pHpHO OOO O OOO O 

00 

|3l§§Sgf||§3|f3g|fl§|i|ggS3SS 

pHpHpH pHpHpH pH p.(pHpH pHpHO OOO. O OO O doO Ood O od 

00 

§3§§|| 3 III |||§gg§3§3'3|§.|SS§SS 

pHpHph p-iphph h iHpHph phtho OOO o OOO doo ddo d dd 

o 

o 

00 

III III S III III 3 1 1 g 1 S 1 f I § 1 1 1 g 3 g 

•hphph phphph phphph ththo dod d ddd, ddd d.dd'd dd 

& 

l> 

|3f|§3 I III 3|§|||g|§3§3| Ml 333 

pHphph pHpHph pH iH(Hih tHrHO odo d odd doo ddo d dd 

o 

00 

Ml III 1 III III 3|i g Ml Ml Ml 1 |i 

*^*HpH pHpHpH pH pHpHpH pHpHO dod O OOO OOO OOO d dd 

&- 

93§ III 1 III §M S||g'MI Ml 1 II 1 M 

pHpHpH p^pHp^ pH iHpHpH pHpHO OOd O dod OOO OOO o dd 

& 

Ji> 

Mf III I III III IMI Ml MIMIMi 

phphph phphph a AAA pHph.o dod. d ddd ddd odd d dd 

o 

Ml III § III III llSfgMlM MMM 

pHphph php-iph ih i-itHpH rHiHO doo o doo dod.odo d dd 

“s 

Mlllllii||iMMMMMIMIII9 

phphph a a a pHrMfH A A o ood o odd ddd ddd d dd- 

o 

CO 

1> 

M 1 1 1 1 i i 1 1 fl.l 1 M f 1 M M f M 

fHtHfH phthth ih tHiHtH *H»H'd odo o ddd doo dd 

cq 

JL>- 

Ml Si§ § Ilf III IM 1 Ml I'M M 

pHphph phthth fH AAA A A e> ddd d ddd ddd dd 

o 

—4 

Ml III I'lll III Mil Ml' Ml M 

phpHph pHpHph ih vhphph thiho ddd d ddd ddd dd 

o 

g 

Ml III 1 III III III I MI I'M 1:1 

pHpHpH pHpWtH tH iHtHtH tHOO O Od O OOd OOd OO 

Sa 

CO 

MIMlissiMIIMf 

pHtHiH pHpHiH pH pHiHpH pHdo odo O 

o 

S' 

Ml III l.Sfl Ml Mil 

pHpHiH pHpHpH'A'ApH pH pH'od doO O 

> 

MIIMlilllMMII 

ph-pHi^ pHphph ph'^pHih ood doo d 

1 

MIMliMIMIMil 

p-tpHP4 pHpHph ih phphph ddd ddd d 


0 A X t a 0 j 

'lA 

COe^r-lO OOQIV 00 (NpH OOaOOi> CDiO«^ CQC^p-t ooaoo 

oocoob COODCOCO GSIG4M (NC4C^ C^rHrHi-4 rH 


I 

M 

0 

1 

















































34 


TEE BABIH’B AZBB TBIAHtQULAIION. 


The closing errors. 


22. The tables just giren exhibit the “ closing errors ** or differences between «« v, id* 
and UfVyVt respectiTely. The formnle for these differences «« -> etc. for the four cases will 
now be considered separately and approximate expressions found for them. 

Case I, when &* = 1, Si = 0, «q= 0, »(,»* 0 

Alfin g the parallel OM the changes at M are given by equations (21) and (22) in which suffix zero 
may be added to B, \ to indicate that it applies to latitude Xg* Apply the changes at M to- 
the case of a meridian: it is necessary to consider cases I, III, IV of § 20 and the following 
equations are deduced : 

Uy = j^— 0’2807X+24"26sin2\— 0*028in4xj^+Bo(l“(®o®i®oj^)) 

- *0 = - So ('^5^.8^ + tanXosin (^gL) ) 

- yi - e* sin 09gi) [tan \-0-000,068, 2\®+0-000,004,2Bin2\J 


sec \ sin (/SgL) 

«.= wins™ 8^,(1+^!^) 


... ( 88 ) 


Next proceeding along 0 N, the changes at N are given by (29), and applying these initial 
values to the parallel NP the following equations axe formed by consideration of cases I and III 
of §18 

», = JS (l -cos (/9L)) + ces 03L) [ -0-2807 X*+24- 26 8in2X-0 -02 8in4x] 


J\o 


e, - Vg = - S ( ^Qy?3^ +. ^ tan Xsin (^L)^ 

+ ^tajiXsm(j8L) [-0-2807X“+24-268in2X-0-028in4x]^ 

w, = — ^ secX sin (/8Xr) secX8in(j8Zi) [— 0-2807X®+24-26sin2X— 0-028in4xJ 
Prom (88) and (84) it follows that 

*,-a^=s [2 j[i-oo 8 (i3L))]^+(l-cos (/8L))[o-2807X°-24*26sin2X+0-028in4x] 

S ( 57.3 + tanX sin Oi)) J 

+ .^tanXsinOSL) [—0-280 XL® H- 24- 26 8in2X— 0'02 8in4xJ ^ 

+ ^ sin (/3gI)[tanX-0-000,068, 2X“+0’000,004,28in2x] 

^ seoX sin (jSL) +-^ secXsin (/9L)[— 0-2867X"+24-268in2X— 0-028in4xJ 


(84) 


X 


/o T\ 


(86) 



THE OLOaiNO BRKORB. 


3S 

38. Equations (86) may be simplified and written in approximate form if terms 
depending on are neglected. The closing errors will still be expressed with sufficient accuracy 
Then becomes unity and «o” may be substituted for y. Denote by 0. In what follows 
u, etc. are expressed in seconds and X, L, d are expressed in radians except when the degree 
mark is added-thus and X7X =67-8. The successire terms of (86) are taken one by one 
and reduced, s denotes approximate equality. 

Case I, when8a=l,86s=0,i<g=:0,Wo=0 
JR ■ 

Here jgTjy = ““2X (1 + sin»X) =|sin3X- isin4X 


=7 (l-oosZ») [l6-17(f8in2X-i8in4x) + 16-08X - 34*268in 2X+0*02sm4\] 
s=(l-cosZ) ri6'08X— 4‘028in4x']^ 

^ J\q 

= 16*l(l—cosI.)-|^^—i8in2^cos2(X+Xu)j- 

= -381d’(l-co8L) {l_^cos2(X+X„)} 


X 


( 86 ) 


]g 7 iy cot\=2co8»X (1 +8in*X) ={-+co82X-i co84X 
JR 

tanX=28inSX (l+8in*X)=f— 2co82X+i cos4X 

+tau\8inZ,)j^^= -16-15'g^[^+oos2X-ioos4k+5i^(^-2co82X+ico84x)] 
= + •3828£® ^2(l-2?iJ^)8in08in(X+Xo)-4(l- .?ij^)8m2^8in2 (\+Xp) J 
= -0.0098L»d» {(25i^-l)!i^ Bin (^+Xo) + * (l-2^)«^sm2(X4-X^ } 
itanXsin(/8i;) [-0*2807 X‘’+24*26 sin 2X-0*02 8in4X 1^ 


= d^tanXsin 


injL'[ — 


0*2807+ *84695^. cos (X+\,) - *0014 2^ 008 2 (X+Xj) J 
8 


* -0*0049 L»d»tanx2^{l-.3 2ij^ cos (X+?g } 


X 

Xt> 


sin (^ 0 ^) [iBn >.-0*000,068, 2X“+ 0*000,004, 2 8in3x]j 
= 16* 178in2\,(l + sin%)sinX, | ^^^^-0*000,068,2^+0*000,008,4oos(X+X^8ind J 
S= +0*0049 X,® d° 8in2Xo (1 + Bin>Xo) .[secX secX^, 2^— 0*00884 J* 



toito 


3^ 


XHB BABTH’B AXB8 AND' TBSAHQDIiATlON. 


SMftAfi - A / Tv \ Sl D ^ ^ 

s +o-oo4ai‘»«*^{ 2 (>•+’^0) -gr +(i- isrx) ® ^ 

+ (^--I+Scos 

2 \„ (l + 8iii* Xo) (BeoXsecXu^^-O’®®®®^}' 


+ sin 


=0*0049 i® ^ T^[“’ *“ X-0*00884 sin 2Xo (l+«“* ^ 

+ !i^^2(^_2),sm(X+X,) + 8co8(X + Xo)taa\+28inX«(l + 9«%.)«^^^ 

Now ^ - 1 and — = 1 the error being about * 01 when d or i=» 16 : henco 
jMow g - ^ sini . 

5^ may be treated as nnity when mnltipUed by ^ - 1- It follows that 

«,-<^=+0*0049L°^^{tan\(co8(\+X,)-l)-0-008848in3Xo(I + B“%>) 

+28ecX8in%, + -l)(28in (X+X„) -sina(X+X,0)} ^ 


secXsinOaX) + ^ secXsin 08o£) * -aecXeinX (K-^o) 

= —0*28282/® ?^ 8ecX j^f 8in2X-i sin4X^^ 

= -0*0049 2;®6I®^ secX^Scos (X+Xo) ^ -cos2 (X+X,,) } 

1- secXsin (fiL) [-0*2807 24*26 sin 2X- 0*02 sin 4x]jj|^ 

= secXsini -[-0*28076® H- 48*52 cos (X+Xj sin 6 j 
=s — 0*0049 Xi®6°8eoX -[l- Scos (X+Xo)-^^ 

Hence- 

w,— »y= — *0049 1.®6°^^8ecX -[1 — 0082 (X+Xo)2^^g^^ (88) 

24. Case n, when 8»=0,Si=l,tto*0,»o=0. Here 
2J= - 16*2268 
= — 8 • 11 (am 2X— iain 4X) 

Eq^nations: (86) hold for this case if we use the above value of H and change the quantity 
— 0*2807X + 24*26 sin 2X -0*02 sin 4X into -0*2847X - 24*848in2X + 0*02 sin 4X. 





3 ? 




Then 


= (1-coaS) [-8-11 (ej[nax-isin4\) +,16-8X+24*368iii2X - 0*028in4x]J^ 

= (l-0O8i;)[l6«3X+I6- 1 8m2X + 4‘04Biii4x]J^ 

= -283^(l-C08Ji) {i+2?ij^0O8(X+X„) + 2i5|^C082 (X+5g} (89) 


cotX^^28m?Xc08X$otX|F-^2sin^^oa*X^ — i(lr-co84X) 

S, 

-ga^^cpsXjtanX^ r-2?iB>e=.^i(8.^,4ca8ax+ooB4X) 

*’* ['”^('67-8 .: 57 ^[^-oo 84X+2^(8-4 co 82 X+oob 4X)J 

=.0-00«L»«»{(l- sfas (X.+M ^+2^dn (»,+ig ^}; 

•iWXsin^L [l- 0 • 2847X9 - 24 -84 8in2x + 0-02 siii4x] ^ 

= tanX8inJW°{v-0-2847.r-0-8497co8 (X+^,)?i|^ +0-0Ql4coe2 (X+Jl,) 

= -WtanX?^{ + -00497 + 0-0148co8(X+5g^~0-;OOOQ29ps?(X,+.Xo) 

= -0-0060 J?fl®tanX ^1+8 C 08 (X+}^,)^} 

^ sin OSoZi) [tftnX-0-000,068, 2X“+0-000,004, 2 ain2x]||^ 

- 16*28 Bin2X„8in*Xosin2; 0*000058 2(^+0-0000084 cos (X+Aq) 

= —0*0060 sinaAfl 8in*Xo -^seoX secX^ —0-00884^ 

Hence 

= 0*0060 -l)8in2lX + A^) 2Bin(X+7g ^ 

- ^1+8cob(X+Xo)^-) tanX 

— bu 2^ 8in®Xo 0-00884 +secX8ecXfl^^^^ 

=? (^r0960 008^ secTk,- coB(XrfXo)tanX^^,t^^^ 
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-^ 0^0 


3 - secX sin sec\ sin (/Sot) = — sec\ sinX# (B— ^ 0 ) 

H /; ;•’ Po^ 

as +16*23 secX sin 2X — J sin4xj 


\ 

^0 , 


=0*0030 secX 

Z . 

... . . 


{c»(x.+;g^-cc»2(x+xj!^} 


X 

Xo 


secX sin (/SL) [^—0*2847\— 24*34 8in2X+0*02 sm4X. 

= secA, sinX ■( — 0*2847fi“— 48*68co8(X+X(|).8in^) 


= - 0*0050 I®(9® 8ecX^l^-j’l + 8cos(\+X<,) 

Hence* v 

«'.-w,=-0*0050 ^ secA, { 1 + 2co8(\+A^) + cos2 (X+\o) . (41) 

26. Tke clo8in|f errors for case8 III and IV have also been considered and are practically 
zero. This is at once evident also from the computed values of a®»j, etc. which agree to at least 
0*001 of a second. It is otherwise clear that there would be no closing error on a sphere caused 
by moving the origin : and accordingly the effect on a spheroid must vanish with e® and accordingly 
have e® as a factor. In considering closing errors then it is only necessary to take cases I and II 
into account, and this may be done by means of equations (86) to (41).; The form of these 
equations explains how the closing errors found in tables II, III, IV approximately satisfied the 
empirical relations (18). The relations -would not have been equally isatisfactory for case I and 
case n considered independently. 


In the case of Indian triangulatidn only exceeds 8° for values of X° between —7° end— 1® 
and is greater than— 8° for values of X® between — 6® and +8° : so that we can always consider 
one of the quantities, d® or X®, numerically less than 8®. Closing eiTors for the elementary area 
dL dX are now deduced from the equations (86) to (41). In what follows 1 is treated as identical 
withsinX. 

Ptitting Ui for «y in ease I, I7g for % — Uy in case II etc. we have, omitting small 

terms 

di7i= 16*1 sinX (1— cos 4X) aXdX (42) 


dl7a= 16*1 sinX (1 +2co82Xh-cos 4X) didX (43) 

dV^- - 16*17 cosX ■(-2sin2X+ sin4X+-4siD2X— 8in4x)<iXdX 

-t cosX ■[ sec®X ( - 16 • 08X + 24 • 26 sin2X) + tanX ( - 16 • 08 + 48 • 52 cos2X) I dX dX 
+ 16'17 sin2Xo (l + sin®\o)cosX-(sec®X— 0*00384 ) dX dX 


= 16*1 cosi 


•(sec^ ('-X + 1 8in2X + 8in2Xo (1 + 8in®X^)) + tanX(,8cos2X— 1) — 2sih2X ) dX dX 

' ^ coeX; •( sec^ (0* 871 — X + |sin2X) +‘8in2X j- 4 tanX )• dZ dX. 

= 16'lcosX ■(seo®X (0*871 —X) +8m2X— tanX ^.dXdX (44) 



THB OLOSINQ EBBOBS. 



16*23cosZii 8in4\+2 sinSX— 

+ cosZ l^sec^X (— 16-3X-34-348in2\,) +tanX (-16 ■8—48*68 0082\) '^iL^ 
— 16 ’23 8ia2Xo sin^Xo cosL sec^ dL d\ 

= 16’2co8Zi ■^2sin2X+sec*\ (— \— f8ia2\— sia2\(,sm®Xo) +taiiX ( — 1— 3cos2X)^rfjC<iX 

= — 16’2cosi/'^8ec®X(0’125 + X+fsm2\) +2tanX — 8m2X^i?i<?X, ( 45 ) 

= — 16 • 2 cosli 860 ^ (0 ■ 125 + X) -(• StanX — 8in2X ^ dLiK 
Patting Xo=24°7'll''’26 

— 82'34co8i/ cosX (1 + 38in®X)rfZ d\ 

. . : Hh CQ8 L sinX sec®X ( — 16 * IX + 24 ’26 sin2X) + secX ( — 16 • 1 + 48 • 5 cos2X; } 31/ 

= — 16' 1co8J/'^2cosX (1 +38in®X) +8inXsec®X (X— |■8in2X) +9ecX(l— 3co82X)^rfL«?X 
— — 16 " 1 cosJ/ XtanX + 1 + 5co8®X — 6cos^X ^ secX dLdX, . . . ^ . . . . . (46) 


dW^sB 16 • 2 cos LxG cos X sin®X dL dX 


+ cosL •|^sinXsec®X(— 16'3X— 24’34sm2X)+secX(— 16’3— 48'68cos2X)^<?jLrfX. 

= — 16 • 2 cos 6cosXsin®X + secX (XtanX + ^tanX sin2X + 1 + 3cos2X) ^ eiX 

= — 16‘2 cosLsecX -j^XtanX+l— 3cos®X+6cos4X^ dLdX . . • (47) 

By means of equations (43) to (47) it is possible to find the changes w, v^w 9,t P as computed 
by any route. For 



the integration being taken over the area between the desired route (upper limit) and the central 
parallel and the meridian through P : and being the quantity to be found by properly combining 
the four cases. This obviously does not get rid of the multiple values obtainable ioxu^v^tv 
according to the route followed, but if any route has special advantages, results of following it 
become available. One such route is the geodesic, or the shortest path between any point and 
the origin. There is something to be said in favour of following this route, and the subject of 
the geodesic is accordingly considered in some detail in the following chapter, where a direct 
method of finding the quantities v, w along a geodesic is also made use of. 

In concluding this chapter it may be pointed out that the equations (42) to (47) enable the 
difEerences of the values of • ««, «;, w? to be rapidly estimated. This makes it clear at once how 
far it is a matter of , impo^ance to strictly adhere to any route that may be selected; for the 
difEerence in values that will be found by any two routes is the closing error. 



CHAPTER IL 


Geodesics on a Spheroid. 


1. It is now necessary to deyelop some properties and relations o£ a geodesic in order that 
the changes : oE coordinates due to change oE axes may be computed ialong^ geodesics. A 
fundamental relation of a geodesi c on a conicoid is*^ 

pT> =:.consitant , . . . .... . . (1) 

where p is the perpendicular from the centre on the tangent plane at a point and D is the 
eemidiameter of the quadric parallel to the tangent to the curve at the same point. In the 
case of a spheroid there is symmetry about the 
polar axis. In the figure ZOX is the equatorial 
plane and TCY* any meridian. Let P beany point 
on a geodesic : then the plane through 0 parallel 
to the tangent plane at P is the plane DOX, where 
02) is the diameter conjugate to OP, If ^ is the 
eccentric angle of P so that the coordinates of 
P are O, a cob^j. , A sin<^ then , 

0(P = a® sin*<^ + 3^ cos^^ 

For a geodesic proceeding from P in. 
azimuth A, the semidiameter parallel to it is OQ 
where DOQ .-180°— 4 and so 

C08*.4 \ ^ 


AlsOi; 


hence 


' a® a*sin®^ + , 


0^ {a? sin^<^ + 3^ cos^^) 

+ sin® A cos®^ (b?— n®) / 


w® =, 


sin?0 


p^Ifi :=i 





+ sin^ cos®0 (4® ■— a^) 

which is constant along a geodesic. It follows that 

sin /CQS<^=^;COnstanJ . ...... 

along any 'geodesic^ being the azimuth of the geodesic on crossing the equator. 


m 


G^eometry of Three Dmensione by George Salmon, 3rd edition, § 897. 
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2. Take two consecutive points on a spheroid and let A be the azimuth of the elementary 
line joining them. Then if the latitudes and longitudes are \ }-dX, i+dZ it follows that 
j. ^ V cos X dL 

fix ( 8 ) 

where p is the radius of curvature of the meridian and v is the normal terminated by the minor 
axis. 

The relation between the latitude X and the eccentric angle or "reduced latitude’’ <f> is 

tan^ ^ = \/l— c®tanX= (1 — e) tanX ( 4 ) 

Differentiating ( 2 ) logarithmically 

^=tanJtan<f> (5) 

and by (4) 

d<f> __ 6 cos^<^ 

dX a cos®X 

Multiplying ( 6 ) and ( 6 ) 

*• “ “■ c«Aa+"«».x) 

4® tan .4 tan X p , . 

U' \ — a • o-v ** ~ tan A tan X (7) 

a* 1 — e® 8 iu®X V • • • V) 

Equation (3) may be written 

(8) 

and the integration of this will now be performed. 

cot®uf = co8ec®.4 - 1 = 2 ^ _1 . . . . by ( 2 ) 

_1 , _ C03®X . 

A®(l+ |^tan®x) " A»,(l-^ 8 in»X) 

... ia,nA = + ^ ■y/l^e^sin^X _ ^ «\/l— e^siu^X 

“ -v/l— A®— (I— A®e®) sin®X “ v/l— A®' ^1— a®sii?X 

where a® = and the + sign is taken for Ist and 4th quadrants and the minus sign for the 

2nd and 3rd quadrants. 

Hence by ( 8 ) 

Z = + f 1 dX 

\/l — «®sin®X v/l— a®sin®X cosX 

. p 1 — e® 

since ^ = T , . 3 ^ 

V 1— 6 *sin®X 

Put X for sinX : then 

Z as + ^ r /gv 

.. .. “ /l-te®!/yi-«®,s)« 
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This is an elliptic integral which cannot be integrated exactly: but it may be deyeloped in 
a series o£ integrable terms as follows. 

Put 1— = then 

- 1 1 - 1 _ 1 1 

*“ v^l-e® . . . . j. . . . (10) 

where iS* = cV{l-e») : hence 

y ** ^ r dx C 1 . - ^ 

A/i-e*** v'i-aa«8(i-®*) ~ • j • (11) 

sin^= a® = asinX 

Then ^ 

y ’ dx' f'cos6d0 _ 0 

■\/l— a®** a */ eos0 ^ (13) 

*^(1-'®®)a/I-^ “«/1 ^ •^a*+^^ltan»tf 

” (M) 

The remaining terms of (11) may be dealt with by the fonnula of reduction (17) now deduced. 

_ 1 /^-a (l_TZa4«3) dx 

_ 1 1 p 

- ^a* (15j 

Integrating by parts 

~ -v/l— 

“ “ \/r-a® a?* + ^ y* r"-® d® . .(16) 

Multiplying (16) by (»-l) and adding to (16) 

* a/I— a®®* n7) 

Hence • v y 

y '*.. 1— ®® j 0 t-, 1 \ 1 ■ 

\/l -o® *® ^ V “ » V'l-a® ®® (18) 

and from (9), (11), (13), (14) and (18) 

^ • • •] • (> 9 ) 
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in which 


Hence 


0 

sin"^ (a sin X) \ 

a 

1-A®e* ( 

or = 

1-A* y ... . 

/9* = 

A s 

sind ss 

. /l-A®eS . ^ 

V i_^a 8™^ 

tand = 

\/l— sinX 

\/l — A®— (1 — A®e®)sin®X ~ y 

= 

. /l — AV tan 

^ ^ \/ 1 — >&^sec®0 


( 20 ) 


■y/ 1—^e ^ tan X 
— A® — ^ tan®X(l — 

hj (4) 


— ± \/ tan ^ sec A 

~ ^ — tan 6 ^ ^ k tan ^ sec — i tan A 


sin^ 


( 21 ) 

(22) 


• • (20) we may always arrange that it shall be in Ist quadrant and the 

sign in (22) must be taken accordingly. 

Put 

tau'^s: +tau .<4 sin ^ ^ 28 ) 

■f being always iu the first quadrant. 

Then (19) may be written 

t— ■^ 26 "( 1 + ...)Ay/l— A® 8 in\cos0+ ... J . . . ( 24 ) 
Now by (2) it follows that 

tan ^ sin^ = sin^^see^ ^ _ sin^ptan.^ tand»tan<^ 

y/l-sm*.dosee®^ V' eos®.do - sin®.sfo tan®^ y/i_tan®Jotan®^ 


Hence 


• (25) 


■^=± tan-i (tan^sin^)=i+ sin-1 (taiuiotan^) . . 

Neglecting terms involving (23) may be written 

H"± 

Jt'iLtti;: nl:::t^l^^^^ -uit 


(26) 


W CWJU.V4. CIU.^ VACAJLA 

> nearest second for the terrestrial spheroid. 

The rules for the double sign outside bracket are quadrant of azi 

— 2nd and 3rd quadrant 

+ 1st and 2nd quadrant 
— Srd and 4th quadrant 


— — VTA azimuth 

— 2nd and Srd quadrant 

and for double signs before quadrant 
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The d aJso be found from (21) which may be written 

^ 1 /I— 

T V 

8. To solve ( 26 ) for take the first approximation to A^, namely such that 

^sin-i(tan^itan(^)J^, = Z,-i' ( 28 ) 

and for brevity put tan tan tan^jtan^'=y and i— X('=0 

Then (26) becomes 

sin“^d?— sin~^y=0 (29j 

yy/i_a^ = sin^ 

Squaring and transposing 

a® + 3^® — 2«®y® - sin®^ = 2»y v'll— a®) (1— y®) 

Squaring again 

. sin*^- 2sin®^ (af3+y3_2a?y) + f*®— yS)8= 0 

or (a?®-/)® + 4ay®sin®0 -2 (a?® + y®) sin®0 + sin*^ = 0 
and putting this into factors 

(a®+y*+2afyco80-sia»^) (af®+y3~2a?yco80-sin®0) = 0 
Substituting for a^ and y it follows that 


tan®^i ^tan3^+tan®^'±2tan^tan<^'cos (L— L') ^ =8in®(L— Z') . . . (30) 

The double signs have been introduced by the process of squaring and it is necessary to 
return to (28) to decide which signs give the required solution. ^ 

First supposing tan <f> and tan^' of the same sign and then &em (28) changing the 

sign of tanf diminishes the value of tan A,-, hence by (80) we see that the lower sign must be 
taken. ^ The same is true if tan<^ and are of opposite sign, and a.s 4 ani d,’ are interchan<^e- 
able this shows that the lower sign in (29) must always be taken. ” 

Again if ^ ^ the sign of tan .4 is the same as that of Z— Z', and if 6 <A’ the sien of 

tan A is opposite to that oiL—L'. y s 


Hence we may write (30) 

tan = + sin(X-Z0 

^ ~ V tan®^+tan3<#>'-2tan^tan^'co8i-Z' 

the upper or lower sign being taken according as 4 > or < 4 '. 

Also tan®^ + tan®^' — 2tan^ tan^' cos L—JL' 


“ (1-e®) ^tan®X+tan®X,'-2tanX, tanV-cosX^i' j- by ( 4 ) 


= ( 1 — e®)'|^tah\— tanX'y'|^l + 
*^WsXcos\'/“®® 


4tanX tanX' 
(tanX— tanX')® 


sm* 


, L-L' 


} 
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tan*' «> = 8in*:^q^ . 

2 sinS (\-X') 


(32) 


where 
80 that finally 

tan A — -I. sin (£—.£') cosa> cosX cos\' 

^ -v/l — c® sin (X— X') 

■wliere tan ft) = sm2X sin2X' 

sm ^ A< ““ ^ j 

and cos m is taken positive. 

4. Denote by tlie approximate value of A which corresponds to A, which is an 
approximate value of A^. 

Then 

sin lA cos 4> = sin A^ ^ 


and 

Hence 


By (80) 


iA+SiA = A 

tau A, - ^ L 

V^l — sin cos v^sec s^cosec \A — 1 

_ 1 

v'sec^^cot®!^ 4- tan®^ 


( 88 ) 


sin® [L—L') (tan®^+8ec®^cot®iu!i) = tan®^ + tan®</>'-^2tan<^tan^'oos(i-Z«') 
cot®!^ sec®^8inS {L—L') = -j^tan^ co%{L—L') — tan^' j-* 



tan,^- + sec.^ Bin(Z,-i;0 

tan^ cos {L—L') — tan^' • • • • 

. . . (34) 

Similarly 

tan. A' - 

tan^'eos (i/— 2/')— tan^ . . . . 

. . . (86) 


By difEerentiating (33) logarithmically with regard to and ^A we get the relation between 
SAi and SiA as follows : 

cotj^A B^A — cot Aj^ SAi (36) 

Equations (34) and (35) correspond to the ordinary equations of spherical trigonometry to 
which they reduce if the eccentric angles <f>' are replaced by latitudes X, X'. 

5. Suppose next that 

Ag = Ai-h 8Ai . 

where SAi gives a second approximation to Ag. Then by (26) neglecting terms in e*. it follows 
that 

{6 ~6') s= ±8 = 8 j^sin-^ (tan^i ,tan<^) 

_s j r sec ^Ai t&ntj) i ^ 

^ L v/ 1 — tan® Aj^ tan ®^ J <}>' 


• . ( 88 ) 
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With notation of (20) 

8m^ = a8in\= sin \ = sec sinX v^T-a»8in8^^ 

since £ = sin ~ -4] 

cos ^0 = 1— sin^Asec*^! (1— e®sin ®a(i) 

= co8®X— (1— c®) tan®Ali sin^X 

sec tanA . __ oaa s ^ 

V'l-tan^^itan®^ 


by (38) 


Now 


<®sin^ieos®.tji (^— g') 

^ 2-v/l-e® j^smXsee^JJ, 


sin X. see 0 = — tan ^ 
a 


in which 


g ^ _ e®sm2 ^, /l-(?®sin®^i 0 - 0 ' 

= rf^-^(sin Xsee 4-v/ W siii®Ati) 


i 


For computation 


= sin ^ see (1 + ^eos ^<f> cos \A) 

let sin = sin ^ sec and^ = ^^+5 jj 


since sin = sin cos (f> 


tan 01 = — sind) 

V~coB'^cj>-sm\AcQ,^d> “ 


and 


85 = -^ cos cos®i^tan 0^= £ siu2<j> cos ^A. 


With a given value of the larger quantity 0, O' say 0 it is clear that —^r±_ 

tan^-tan^' “ 

OCO.X. ,ten 9=0, ,!.» i. beo,.,s Bi. .taU.*. .h.. iA, 

J e® sm %A, i.e. 6. 8m2^i in the case of the ten-estrial spheroid where e® = J- 

• 150 


V 

6. If ds is the length of an elementary Kne 

pdX. s= ds COS A 
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Oa a geodesic 

cos.^ = .y/l— sec?<j) = cos.<4(, .^1— 

a(l— e®) . - tau A 

p = i '—iz ; taiiX= ■ 

(l-e®sinS\)^^ 

l-e‘ 


sin X = 


I ^3 / j j 

1— e^sin^X = 5 en S cosX = cos6 \/ ^ ^ 

l-e^cosi^ i-fiScos' 


whence 


v^l— 


P = , (l-g®cos®^)^ 


>2 


^VJso 

sinX cosX ~ sin^ cos^ 


Put 


where 

Put 

then 




= -/ 


<!> 


a (l — e^ cos^<^)^ 
v^l-e® 


sec^A 


v/l-< 


y/ 1 —tan® Aq tan®<^ 1 — e® cos®<t 


. # 


= —a sec^o /a/IIIZI^£2?1ZI . 

^ ^ 1— tan^^Qtan®<^ ‘ ^ 

sinc^ = 


dao 

-x/l— a?® 




= — <* sec.<io f\/ ^ ^ 

^ 1— tan®.4oaf®/(l— a?®) y/I— af® 

= -«/v/EgE^ •'«*=— ^ 

^ V cos-^o-^ ^ ./ ^/cos®.4„-a?® 


=r=? 

.r =cos-<!4o sin j^=sin ^ 


5 = — ^ 


l+^W^O _8i?3c. COS^oCOSX^Y 

COS^0<5OS;C ^ ^ 

y-*Y K COS^jin 

— — « v^l— «® / , 1 + A® sin ®p^ where A®=^ cos ®.4o = l—^ 

= - a y/13^j^pj; + ^A^in®xrfx“ ■ • • •] 

^Jsin'^d^ — — i cos sin“~^ % + 

y^in® i cos^ sin^ + 


Now 
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— “■ icos;j;sin*'3^— |^iu®X 

= - i COSji; smS;)(; - I cosj^ sin X + f 
etc. 


+ ^cosjcsin^xCl - . . .)- • . • • ]^' • -(40) 

wlifiie sin Y s= ■) 

cos .4(1 / 

^3 _ COS r ’ ‘ ’ 

1 — c® ) 

Oiiherwise since sin .4 cos ^ = sin .4^ 


• sindsin.4A . , , 

^ <““^0 eosec 4 

Also tan»A - ^ sin^.^ 

1 — sin cos tan -f cos 

siny e= , - — 

— v/tan^^+cos^-4 

tan = ± tan ^secA.. (42) 

7, To facilitate reductions, tables are now given enabling the conversion from \ to ^ and 

mee versa to be easily performed. They have been computed from formula X-^=i. 

Tvhich is readily deducible from (4) . 


Table XXL , 
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Values of A, s together with certain of the quantities by means of which they are com> 
puted are now given in tabular form for geodesics passing through the origin and points L, 
for values of L' —L differing by 4° from 0 to 34° and for values of ^from 10° to 38°. It is 
clear that for longitudes east of the origin the value of A is 360— (its value in table) : and that 
for s there is no change. 


TABLB XXIII. 


<l> 

L'-L 

0° 

4° 

8° 

12° 

16° 

20° 

24° 

38° 

380®--4i 
-5^1 
]80®-^o 
loe k 

A2 

sjh 

0 / // 

0 0 0 

0 0 

0 0 0 
— oo 

0- 006682 
0-243714 

O / // 

ii 40 32-2 

1 37-2 
11 42 9 
1-3071363 
0-006407 
0-250921 

0 / it 

21 58 5*6 

2 41-6 

22 0 47 
1*6738218 
0*005743 
0-271391 

30 12 43*8 
8 6-7 
30 15 61 
1-7024180 
0-004985 
0-302418 

o i a 

3t5 27 5*0 
3 2*2 
86 30 7 
1*7744081 
0*004318 
0-841099 

o / // 

4.1 2 45-3 
2 48-9 
41 5 34 
1*8177611 
0*003795 
0*385090 

o / // 

44 23 53-7 

2 27-1 
44 26 21 
1-8451916 
0-003407 
0-432724 

CO 

180®-uij 

180® -^0 
l0£f k 

sjh 

0 0 0 

0 0 

0 0 0 
— oo 

0-006682 

0-173820 

16 46 26-0 

2 14-0 
16 48 40 
1-4612246 
0-006128 
0-184246 

30 1 63-6 
3 21-5 
30 5 14 
1-7001131 
0-006003 
0-212464 

39 8 80-0 

3 20-0 
89 11 60 
1-8007114 
0-004013 
0-262566 

46 6 17-2 

2 53-0 
45 9 10 
1-8506405 
0-003323 
0-299736 

48 59 53-3 

2 21*7 

49 2 15 
1*8780268 
0*002872 
0*351166 

61 84 13-2 

1 62-7 

51 36 6 
1-8941660 
0-002678 
0-405139 

30° 

180®-u4o 
loff k 

AS 

s(b 

0 0 0 

0 0 

0 0 0 
— oo 

0-006682 

0-103942 

27 11 J4-3 

8 24-5 
27 14 39 
1-6606693 
0*005282 
0-121206 

43 245*7 

3 27-8 
43 6 14 
1*8346251 
0*008562 
0*162319 

50 56 59-8 

2 86*8 
50 59 87 
1*8904627 
0*002647 
0-213928 

55 2 12*4 

1 61-6 
55 4 4 
I-9187288 
0-002191 
0*270030 

37 17 10-9 

1 18-3 
57 18 29 
1-9260992 
0-001949 
0-328293 

58 34 48*1 

0 54*9 

58 35 43 
1-9812075 
0-001814 
0-387702 

26° 

180® 

-5^1 
180®-^o 
lop k 

sjh 

0 0 0 

0 0 

0 0 0 
— 00 

0-006682 

0-034077 

52 54 33-6 

2 46-9 
52 57 21 
1-9020964 
0-002425 
0-072033 

60 69 16-4 

1 7-7 

61 0 24 
1-9418474 
0-001570 
0-181409 

62 69 19-7 

0 32-1 
62 59 52 
1-9498721 
0-001878 
0-198859 

63 41 8-3 

0 16-4 
68 41 20 
1-9525018 
0-001818 
0-256990 

63 56 27*7 

0 6*5 
63 56 34 
1*9534486 
0-001289 
0*318858 


22° 

180®-^! 

-SJti 
180°-Jlo 
lop k 

A2 

efb 

0 0 0 

0 0 

0 0 0 
— oo 

0-006682 

0-036775 

63 31 8-3 

3 6-1 
53 84 8 
1-9055652 
0-002357 
0-073722 

62 24 14'8 

1 19-0 
62 26 33 
1-9476361 
0- 001432 
0-188777 

64 41 46-0 

0 38-7 
64 42 24 
1-9562817 
0-001220 
0-196608 

65 31 8-4 

0 20-4 
65 81 29 
1-9691081 
0-001147 
0-260182 

65 50 39*9 

0 9*4 
65 50 49 
1*9602121 
0-001119 
0-324032 

65 56 48-9 

0 2-1 

66 56 61 

I •9605528 
0-001110 
0-887973 

00 

c 

ISO^-Ai 
— Bd\ 

180=* -Jto 
lop k 

A3 

sjb 

0 0 0 

0 0 

0 0 0 

— 00 

0-006682 

0-106616 

29 19 11 -0 

4 2-5 
29 23 14 
1-6908226 
0-006073 
0-124192 

46 26 6-2 

4 7-9 
46 29 14 
1-8604706 
0-008168 
0-168012 

55 5 13-3 

8 11*5 
55 8 25 
1*9141068 
0*002183 
0*222619 

69 41 41-7 

2 21-1 
69 44 3 
1-9863608 
0-001697 
0-281789 

62 18 45-2 

1 48-1 
62 20 28 
1-9473002 
0-001440 
0-343184 

63 52 30-2 

1 15*0 

63 53 45 
1-9632744 
0*001294 
0-405645 

14° 

180° -JLi 

180° -^0 
lop k 

A3 

Mjb 

0 d 0 

0 0 

0 0 0 
— 00 

0-006682 

0-157964 

19 22 52-8 

3 8-3 
19 26 1 
1-6220722 
0-005943 
0-187488 

34 31 14-1 

4 27-9 
34 35 42 
1-7641789 
0-004628 
0-219676 

44 61 50-8 

4 27-1 
44 56 18 
1-8490169 
0-003848 
0-264754 

51 41 49-6 

8 64-8 
61 46 44 
1-8961186 
0-002560 
0-317268 

66 16 27-8 

3 17-9 
56 18 45 
1-9201629 
0-002066 
0-874042 

69 21 69-3 

2 43-8 

59 24 48 
1-9849266 

0- 001780 
0-438406 

10° 

J80°-4i 

-BAi 

180° -^0 
lopk 

A® 

sjb 

0 0 0 

0 0 

0 0 0 
— 00 

0-006682 

0-245270 

14 27 13-6 

2 29-4 
14 29 43 
1-3984612 
0-006264 
0-254192 

27 2 2-7 

4 6-5 
27 6 8 
1-6686649 
0-005295 
0-279254 

86 68 9*7 

4 41*4 

87 2 51 
1*7799407 
0-004267 
0*316635 

44 26 68-7 
• 4 38-9 
44 31 38 
1-8458708 . 
0-008396 
0-363581 

50 0 9-0 

4 18*7 
.60 4 28 
1-8847263 
0-002752 
0-414102 

54 8 7-8 

3 61-3 

54 11 69 
1-9090537 
0-002287 
0-469464 
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TABLE XXir. 


B 

B 

4° 

8° 

12° 

16° 

20° 

24° 


4° . 

8° 

12 ° 

16° 

20 ° 

24° 

1 


i 

o / // 

)182447*( 
414134 
b 41 3640-7 
2824 7 

o / // 

127 7 19-7 
4532 6 
'452760-1 
894584 

O 1 // 0 / // 

851917-2 4267 7-( 
50 2 52 6449 40 
495915-0644636-1 
49 0 53 568121 

o / // 

150 0 29-i 
593657 
593423-7 
6241 9 

r 

—x' 

180*-^ 

0 r ft 

51813-S 
243944 
2436 33-C 
'1249 59 

0 / // 

102338-1 
26 8 25 
36 432-6 
241358 

0 1 ft 

15 5 36-6 
2812^ 
28 9 8-0 
33 2948 

Off/ 

19 1657-9 
80 30 56 
302741-7 
40 38 48 

0 t ft 

225414-4 
32 4656 
32 4358-1 
46 2 4 

0 / // ' 

2567 2-0 
845054 
3448 9-4 
60 3 31 

34® 

t 

—X 

IBO^-A 

114531-C 
354935 
354436-7 
2025 3 

23 015-( 
401953 
401539-9 
371226 

3322 16-3 
461427 
4611 1-0 
4940 9 

424147-9505858-9 
528024 ^3431 
622738-7583219-7 
584654 653729 

■ 

& 

—X* 

l80»-jl 

74454-51459 2*1 
251546 28 9 24 
251143-328 6 50-3 
182750 3317 47 

212026-9 

314634 

814329-4 

434737 

B 

8055 67-1 
38 28 29 
3826 4-7 
5647 0 

3416 3-1 
41 220 

41 0 8-1 
69 656 


1 

17 17 39-5 32 42 26-8 
341729 431620 
84 13 16-3^3 13 17-5 
315440 62 6 42 

452748-4564511-5 
5238 4 605133 
528554-0604957-2 
634814 7112 6 

64 617-8 
674747 
674636-8 
762123 


% 

—X* 

180°-^' 

1317 I- 7 I 244 I 9-8 
272035 33 68 30 
271653-2336539-9 
30 6 9 482627 

33 25 64-1 
402814 
402069-8 
58 1849 

394239-6 
45 2411 

45 2218-5 
63 6153 

44 3 9-4 
49 029 

48 5849-2 
67 980 

46 6763-6 
61 28 28 

61 2656-8 
6910 0 

26° 

■ ■ 

t 

180®-^* 

401621-861 3981-3 
464333 64 4538 
4641 28-7 644436-1 
623748 76 4149 

73 948-7803141-5 
745513 8130 7 

74 5437-881 29 39-5 
82 26 36 |85 49 2 

85 55 33-d 
88 2026 
862019-6 
881242 


% 

— jf' 

180°-^' 

361441-9 

4236 4 
423369-6 
6056 52 

583812-2 

67 1420 
6713 6-2 
7317 56 


66 62 17-6 
68 536 

68 460*3 
79 8920 


22' 

e 

X 

A 

331116-7 5041 8-8 
89 8 33 64 2 88 

39 6 34-6 64 1 28-4 
601168 72 56 44 

58 4526-4 62 84 8-8 
611615 64 4337 
611521-6 644251-2 
771149 78 59 49 

6417 12-1 
66 17 29 
6616 46-1 
79 46 27 

64 5118-0 
66 4831 

88 4749-1 
SO 136 

& 

y 

A> 

871167-8 
43 2154 
431953-1 
6146 0 

58 4230-07047 27*9 78 36 60-4 
61 42 9 7231 30 79 3711 

6141 7*8723064-2 793640-8 
76 618 8166 0 861831 

8420 36-0 
8460 18 

84 60 7-7 
8741 19 

88 66 15-0 

89 054 

89 0 62-3 
80 33 39 

1— • 

00 

o 

> 

e 

X 

A 

1032:^7-6 
204913 
204619-6 
31 342 

20 048-5 
26 42 16 

26 40 3-8 
40 4120 

17 48 16-9 
124522 
1243 89-5 
59 3749 

13 50 3-8 
17 50 18 

17 48 63-7 
1515 0 

3818 48-4 
414518 
4144 7-0 
38 38 23 

413218-6 

443751 

443644-2 

704616 

e' 

x‘ 

A* 

143319-3 
27 66 41 

27 53 5-0 
32 80 12 

28 212*2 
361959 
3617 23-8 
523432 

395022-2 40 62 61-1 
46 30 30 53 68 85 
452838-0 68 57 11-3 
6368 4 71 2 63 

68 22 16*3 
612415 

61 23 12-4 
75 64 38 

653627-9 

676124 

67 60 37-4 
70 31 50 

14° 

0 

X 

A 

5 247-9 
14 54 25 

14 6152-8 
20 813 

954 8-1 
17 737 

17 5 26-5 
36 48 50 

142421-71 
SO 065 

19 59 3-3: 
1642 59 

18 26 45-7 
13 2 6 

S3 032*1 
34 248 


r 

y 

A^ 

9 Si 80-7 
S5 40 9 

26 3610*8 
2122 1 

17 5533-6 
294342 

29 4021-6 
332636 

26 26 30-3 
361135 

35 8 52-9 
5040 4 

3429 36-7 
41 12 57 

41 10 46-4 
6010 43 

42 125-8 
471842 
471666-3 
55 40 1 

49 1 7*8 
6314 3 

63 12 86-0 
703019 

10° 

0 

X 

A 

23640-0 

102150 

10 1956-4 
1443 26 

5 10 38-7 
11 16 40 

11 1455-3 
27 33 20 

738 65-8 
12 3531 
123358*2 
3743 4 

9 69 16-4 
14 714 

14 5 61-2 
45 2411 

12 9 46-7] 
16 43 7 
154152-9' 
61 8 33 

L4 9 4-2 
171714 
1716 7-5 
15 26 39 

9' 1 

X' ! 

A' 

6 37 29*5 
24 67 38 

24 6331-7 
15 54 28 

3112 5-9 
8718 20 
271438-1 
29 65 34 

1941 6-8 
3046 21 
3042 9-1 
111649 

26 2 11-0, 
3454 30 
3451 45-9, 
50 9 67 

331324-1; 
39 37 20 . 
39 26 1 * 4 . 
57 667 ( 

881324-9 

44 11 29 

44 931-7 
3238 32 


lor tie case L'—L^O it is clear that 

xj,= yl,' = 0; e=\-, e' = \'-, X=±^‘> x=±¥ 

8. It may be of interest to find the expression for the azimuthal angle of a vertical plane at 
the origin -nrhich passes through any given point on the earth, so that the difference of this and 
the geodesic may be studied. 

The spheroid may be expressed 

a® (43) 

and P and Q two points on surface 

P acos^, 0, b sin^ 

Q fflcos^'cosX, acos^'sinlf, bsiii(j>' 

Tangent plane at P is 

a7cos<^ ^8in^_ , 

a ~ ^ 

The vertical plane at P which passes through Q also is 

lx+my+m=l 



















THE KABTH’S AXES AND TRTANGDtATION. 


3 ^ 


subject to the conditions 

la coa^ + nd 8in<f> = 1 

la cos0^cosL + Ma cos^' sin// + ni 8in<f>' s= 1 

I C08(f> n sin<6 
— - — + — j— r=-o 
a h 


since 'P is in it 
since Q is in it 


since it is peipendicular to (44) 


la co8<f> ^ nb sin^ la co8(f> -I- nb sin<^ 1 


Also 


-*3 

la 


nb 


a^—1? 

la cosfj)' cos/ *f 7ib sin 


ft — a^8ec<l> — i^coseei^ ft®sec<j£> cos0' cosi/— cosec^ sin<^' — 

macosd)' sinL 

(46) 


COS^- CQS/ \ ^ 

\ cos^ / \ sin^ / 


The azimuthal angle of Q from P as determined by the vertical plane through P is the 
angle this plane makes with £0X or otherwise it is the angle between the normal to this plane 
whose direction cosines are proportional to Imn, and the axis OY. ^ 


9n 


The angle accordingly is cos'^ - =2 cot-^ 


say 


tan 


Now 


m 


(47) 




asec^ -6cosec<^ a^-b^ +b^cosec^ 

(l-c«) cosV • 


and by (46) 


^ \/l — 6^ cos^<^ 
fte^ sin0 cos^ 


(48) 


fcam^ 


I_cos>fcosi;_ 

n= \ sin^ / 

a<? C08<1>' si n Tj 

_ C siD0' _ coa<f)'cosZ J sinA'X ■) / „ 

I sin^ COS0 ~ ) J 1°^ 

y/l — e^cos^^ ge3 cos^' sini/ 

ae^ am<f) cos^ ‘ sid<^' co8<^' cosZ sin^'\ 

sin^ COS0 


sin^ cos^ 
2cos<|i>" sinZ ,/ 1" — ^3 co83<^ 


I sin^^ ooa<f> j • • (4-9) 

Substitute for <f> in. terms o£ X by means of (4) 




sin eh 


nr\a^ 



GBODBSIOS ON A SPHEROID. 


Hence the Talne of tan is 


COSVBi]!^ 


■■■■ ^ y/i — 6 ^ 1— "g^sin^Ti 

(ginX^ co8\— cosV sinX eosZ) y/ 1 — e® eosX -v/l — / sinX sinX' 

VU-«*sin*\J(l-«»smaV) Vi-c^sin^X Vi^c'*sin»\ “ Vl-^iginV. 


from which it follows that 


tanf = cosV sinL^ {sinX' cosX-cosV sinX. cosI + eS cosx(8in\^lz:fJ|^-8inX'') "I . (60) 

^ ^ 1 ■“ c sm X y j 

^[r being the azimuthal angle of ^ from P. 

The case of a sphere is found by putting e=o, when (50) becomes 


cos V sin £ 

sin X' cos X— cos X'sin X cos X 


which is the ordinary formula. 

Let then cot^ eot - - singifr 

sin sini/rjj 


-^,1- e8 sinVo cosX 
^ - sinZ/COsX^ 




be applied to the azimuthal angle, found from the 
tormula for a sphere, to obtain tbe spheroidal azimuth. 
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CHAPTER III. 


Changes of coordinates of triangulated points, due to changes in 
axes of the terrestrial spheroid, calculated along geodesics. 


A^’ ® geodesic on any surface, aad let A B C be three consecutive points on it. 

Then A B C IS the osculating plane at B and from the fundamental property of the geodesic it 
contains the normal to the surface at B. This shows that measured from B the azimuths of 
A and C differ by two right angles. It is possible then to describe a geodesic on a surface of un- 
known form by fulfilling this condition : and, to take a practical case, a traverse along a geodesic 
can be observed on the earth without knowing its figure if access to a level surface is possible. 
It follows that if there is a geodesic on one surface which has been selected as representing the 
earth and it is desired to change to another surface, the geodesic on the first surface will, on 
transfer to the second surface, remain a geodesic. This property makes it possible to differen- 
tiate along a geodesic with respect to the constants of the first surface and so to find relations 
between changes in these constants and the quantities defining the position of points. 

This fact will now be made use of in connection with the equations of Chapter II for the 
case of a spheroid. Now it has been shown in Chapter I that the effect of slightly changing the 
latitude and azimuth at the origin may be computed, and that the result is practically indepen- 
dent of the route followed — ^values of a* and % etc. being identical to nearer than 0*001 of a 
second : and the resulting changes of latitude, longitude and azimuth for unit changes at the 
origin we given in tables XVII -XX. These values then are equally applicable to a geodesic 
and so it is only necessary to consider the effects of changes in a and b. 

It IS however found convenient not to alter the constant A of the geodesic; and since this is 
equal to sin A cos 4>, this is given effect to by not changing the values of A and 4> at the origin 
It IS moreover more convenient in dealing with geodesics on a spheroid to make use of the eccen.! 
tnc angle, or reduced latitude <f>, in place of the latitude \. Now the relation between X. and 6 in- 
volves fl andso if^is unchanged at the origin while c® undergoes a change it follows that 
X^must also change at the origin. In the solution which follows the effect of this origin change 

of X occurs : but as its amount can be found from tables XVII, XVIII there is no difficulty in 
removing it. ^ 

2. For convenience of reference equations (26), (26), (27), (2), (40), (42), (41) of Chapter II 
Are repe&tedt 
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4>=± tan-i (taiL4 sin^) = ± sin-^ (tan^lo tan^) (2) 

(») 

k = sin.4 cos^ = sirL^o (4) 

« =-a v/l-<*[x(l+P® • )--^sia2x(l- . ) i- • 1^, (6) 

"‘X 

~ ± sec^ = ± -^tan^ 

^ ~ ~r^ (7) 

sin;)^ 5= sia^ sec^o 

rfcm «f ^ ocemmig m (1) and (3) are to be determined as explained in Chapter IL The 
^ of X IS detennmed ly (8). It is best to consider fl and e* as independent variables and 6 as 

t f" "i to the case of « and i considered as 

inaependent and as Hie dependent variable • 

8. Snppose then that a and e* are changed, while the azimuth and reduced latitude ^ of 
the cpn .miri, ,^1^. Vlue. .t .he origin .riH be dencrf b, nL*-- * ‘ 

Difierentiating (4) and keeping k constant 

S*= 0 s cos ^ cos^ S^-siuulsin^ Stf, 

» = tan^ tan^. «j ....... 

Differentiating (1) and remembering that »'=0 

i'" W-xM--^[d] (10) 

(8) I.f«itl«icdi, ttn ^ = ± dn* which i, the sune „ ( 2 ) ; „d bj 

Sljf ^ 

Bim cosj^— siu^ cos^*^ “ —SK ^ __ /I , gh 8^ 

V sv sin^cos^ r sinxcosxTiiEd^-(l“/‘®)-y=a? . . (H) 

any of these expressions being denoted by « This ni«T.«f,r 

“& cuoya?. xtus quantity a? vamshes at the origin 

n + 2(i^)= -2.^8,! .)_ ^^(1 ) J ^ 

where ' ..... (igj 




• • ( 18 ) 
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Equations (12) and (18) serve to determine at in terms of — and Se®. For the other 

Ot 

quantities from (9) and (11) it follows that 

^=tai«^tan^-"»=S^^I+^ (14) 

and from (10) and (11) 


± V =-|- sin2i^ “ 'X { (1 ^ +® sin2^)- — (15) 

In all the above equations square brackets indicate that the quantity pnclosed has to be 
taken betveen limits. ' 

4. It remains to give the relation between « and % 

From (4) of Chapter II 

tan^ = tan\ 

BifEerentiating this logarithmically 

«i _ u ^ 

sin^cos^ siiiXcosX 2 1— 


or 


Now 


u 


sin2X 1 SfiS 

sin20' "4" l—gS 


sin2.X 


sin2X _ ,y/T^ 

siu2^ 1— ~ 


= 1+ (2cos»^-l) 


= 1 + coa2<f> 


so that 


® 'T ~ i^sin2^ 

At the origin «i'=sO : hence 


(16) 


1^ 

4 


Se® 

l-«® 


sin2^' 


(17) 


5, It may be noticed that by this method the changes a, v, w appear to be found without 
any integration, whereas in Chapter I simultaneous differential equations occurred which had to be 
solved. The case under consideration is a particular case of the general equations (2) of Chapter I. 
The decision to follow a geodesic introduces a relation by which these equations can be reduced 
to total differential equations : and the integration of these equations would lead to the same 
results as may be obtained from equations (12) to (17). The same results will be seen to he 
obtainable by application to values of »*, w* of the appropriate closing errors. For the case 
now under consideration the equations formed in Chapter II give the results of integration : and 
so no further integration is necessary. 
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6. In maldng use of the equations (12) to (17) two cases are considered in which 
(t) &j=l km. and &^=0 
(m) SassO and *0001 

»d i. ^ m a«w.« 0«. w n 

. M .manflial dauige 1. Img .t ths origm it i oleiLr that tore i< rtottt . 

e^rWa^ddia. IaCh.ptoIIe.aae.of .1, »., * XXm, XXIV) haee 

”* 1 0” to 38“ aad lor loagitade difbreaee. of 4» frora 4“ to S4° 

K«t i. eZS^ ^ ?i:^^a!^:^*:eaTr ““T " '°h 

computations ■ but the last fimiw n m ♦ ^ places of decimals as found by the 

aapZa. foVrpto^pl^," '"S' *» ^‘<^7 

TABLB XXr. 


S<i=lkm,, (S(jS=0) Sb—~=:’ 


9967km. 


^ X — Z ' 

4 

8 

' 12 

16 

20 

24 

38 

±10 

- 7'834 

- 7-840 
•H 2*644 
•f 1*680 

- 7-710 

- 7-716 

•4 6-280 
- I - 3-268 

- 7*610 

- 7-616 
+ 7-914 
+ 4-882 

- 7-227 

- 7-233 

-f 10- 532 
+ 6-499 

- 6*868 
- 6-868 
-f 13*148 
■K 8*106 

- 6*416 

- 6*420 
+ 16*733 
+ 9*703 

34 

±v 

±ta 

- 6*677 

- 6*684 
+ 2.498 
+ 1-400 

- 6-468 

- 6-476 
+ 4*996 
+ 2-799 

- 6*281 
- 6-288 
+ 7*489 
+ 4*196 

- 6-019 

- 6-025 
+ 9*967 
+ 6-686 

- 4-688 

- 4-689 
+ 12-437 
+ 6-971 

- 4*270 

- 4*276 
+ 14*894 
+ 8*848 

»i 

30 Z 

±W 

*■ 3*825 
- 3-331 
+ 2-384 
- 1 - 1-196 

- 3-222 

- 3*227 
+ 4-768 
+ 2-890 

- 8-052 

- 3-067 
■ I * 7-143 
+ 8-581 

- 2-812 
- 2*817 
+ 9-616 
+ 4-769 

- 2*602 
- 2*606 
+ 11*871 
+ 6*961 

- 2*123 

- 2*127 
+ 14 * 22 $ 

+ 7*128 

% 

26 " 
dbc 

±t0 

- 1*071 

- 1*073 
+ 2*294 
H- 1*009 

*“ 0-977 
- 0*979 
+ 4*586 
+ 2*016 

- 0-820 
- 0*822 
+ 6-873 
+ 8-019 

- 0-608 
- 0-604 
-H 9 -162 
+ 4-024 

- 0-322 

- 0-323 
+ 11-485 
+ 6-025 

+ 0-024 
+ 0*024 
+ 13*718 
+ 6-024 

«1 

22 « 

±« 

±to 

+ 1-185 
+ 1-188 
+ 2-225 
+ 0-886 

+ 1*268 
+ 1-271 
-4 4-447 
+ 1-671 

+ 1*409 
+ 1*412 
+ 6*666 
+ 2-504 

+ 1*606 
+ 1*610 
+ 8*881 
+ 8*838 

+ 1*860 
+ 1*864 
+ 11*088 
+ 4*164 

+ 2-172 
+ 2*177 
+ 13*291 
+ 4-991 

IR " 

±t> 

db«7 

+ 8-439 
+ 8-448 
+ 2-172 
+ 0*673 

+ 3*513 
+ 8*622 
- 4 - 4*343 
*4 1*846 

+ 8-639 
8*649 
+ 6-512 
+ 2-018 

+ 8-814 
+ 3-824 
- t - 8*674 
+ 2*688 

+ 4-044 
+ 4-066 
+ 10-834 
+ 8-860 

+ 4-319 
+ 4*381 
+ 12*981 
+ 4*024 

«l 

±fO 

+ 6*696 
+ 6*712 
+ 2*186 
+ 0*519 

+ 6*760 
+ 6*777 

- t - 4*271 
+ 1*037 

-•- 6-869 
+ 6*886 
-4- 6*401 
+ 1*664 

+ 6*024 
+ 6*042 
+ 8*636 
+ 2*070 

+ 6*223 
+ 6*241 
+ 10*660 
+ 2*687 

+ 6*467 
+ 6*486 
+ 12*777 
+ 8*100 

10 « 
dbt? 

±10 

+ 7*962 
+ 7*977 

+ 2*114 
+ 0*869 

-4 8*008 
+ 8-038 
•4 4*229 
+ 0*787 

- 1 - 8*102 
+ 8*127 
+ 6-848 
+ 1*106 

8*232 
+ 8-268 
-f 8*461 
1*472 

+ 8 - 404 i 
+ 8*480 
+ 10*569 
+ 1*840 

+ 8*616 
+ 8*643 
+ 12*662 
+ 2*206 
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TABLB XXVI. 

Sa=0; (Se*‘=0-0001); Si = -^5^= -0-3200 km.; Mo=3"-872. 



L—L' 

4° 

8° 

12° 

16° 

bO 

o 

o 

24° 




1-837 

+ 

1-807 

4 

1-767 

4 

1-689 

4 1-600 

4 

1-498 

38® 

« 


6-881 

+ 

6-850 

4 

6-800 

4 

6-788 

4 6-643 

4 

6*536 


±1) . 

— 

0 094 

— 

0-187 

— 

0-279 


0-870 

- 0-465 


0*540 



“ 

0-382 


0-763 

— 

1-142 

- 

1-519 

- 1-890 

- 

2-258 


«i 

+ 

1-364 

+ 

1-836 

4 

1-289 

4 

1-223 

- 1 - 1-139 

4 

1-037 

34° 

it 

+ 

6-186 

+ 

6-157 

4 

6-111 

4 

6*045 

+ 5-960 

4 

5-867 


=fc» 

— 

0 060 

— 

0-121 

— • 

0-182 

— 

0-240 

- 0-296 


0*346 




0-342 


0-684 

“ 

1-024 

- 

1-362 

- 1-696 

- 

2-027 




0-845 

+ 

0 818 

4 

0-775 

4 

0-713 

+ 0-633 

4 

0-536 

80° 

It 


5-360 

+ 

5-324 

4 

6-280 

4 

6*218 

+ 5-138 

4 

5-041 


=fc w 

— 

0-033 

— 

0-067 

— 

0 100 

.. 

0-181 

- 0-160 


0*186 


=fcw 


0-304 


0-607 

— 

0-909 

- 

1-208 

- 1-606 

- 

1-800 


«i 


0-282 

+ 

0-257 

4 

0-216 

4 

0-168 

4 0-084 


0-007 

26° 

u 

+ 

4*381 

-f 

4-357 

4 

4-315 

4 

4-258 

4 4-184 

4 

4-096 


±V 

— 

0011 

— 

0-023 

— 

0-033 


0-041 

- 0-049 


0-066 




0 265 

— 

0-580 

- 

0-794 

— 

1-067 

- 1-317 

- 

1*579 


iti 

— 

0-321 


0-844 


0-382 


0-435 

- 0*504 

T 

0-587 

22° 

n 

+ 

3-294 

+ 

3-271 

4 

3-233 

4 

3-180 

4 3-111 

4 

3-027 


dbl> 

+ 

0-008 

+ 

0-016 

4 

0 023 

4 

0-032 

4 0-043 

4 

0-055 


±10 

— 

0-227 


0-454 


0-679 

- 

0 - 9 U 4 

- 1-127 


1-349 



— 

0-960 

— 

0-980 

rr 

1-015 


1-063 

- 1-126 

pr 

1-201 

18 ° 

u 

+ 

2-098 

4 

2-078 

4 

2-043 

4 

1-995 

4 1-932 

4 

1-856 


±v 

+ 

0-024 

4 

0-046 

4 

0-068 

4 

0-092 

4 0-116 

4 

0-143 


±?f’ 

”” 

0-188 

— 

0-376 

— 

0-563 


0-749 

- 0-935 


1-119 


«tl 

- 

1-628 

— 

1-646 


1*677 


1-720 

- 1-775 


1-844 

14° 

It 

+ 

0-812 

4 

0-794 

4 

0-762 

4 

0-719 

4 0-664 

4 

0-596 


±0 

4< 

0-036 

4 

0-069 

4 

0-102 

4 

0-134 

4 0-169 

4 

0-205 


±«J 

“ 

0-148 

— 

0-296 


0-444 

— 

0-591 

- 0*738 


0-884 


Wl 

— 

2-322 

— 

2-337 



2-364 


2-401 

- 2-450 


2-508 

10 ° 

u 

— 

0-547 

— 

0-562 

— 

0*690 

— 

0-627 

- 0-676 


0-734 


±V 

+ 

0-042 

4 

0 083 

+ 

0-122 

4 

0-162 

4 0-202 

4 

0-244 


±«tl 


0-108 


0-215 


0-322 

— 

0 - 4 f 29 

- 0-536 


0-642 


Chapter I and their extensions {vide 
tables A XXV, XXXVI helov) the effect of is eliminated ; the figures in these tables give by 
interpolation values of « for each point in table XXVI, and these multiplied by -3 -872 are applied 
to the corresponding figures in XXVI, leaving residuals due to case 8fi= - -3200. The residuals 

are multiplied by - and the result is the case II,— 85= 1, Sa=0. This case is then multiplied 

by— -9967 and applied to table XXV, leaving as a residual case I,— Sa=l, 85=0. From these 
tables values corresponding to even degrees of X are interpolated and the results are exhibited in 
tables XXVII, XXVIII. 
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TEH BAETH’S AXES AND TBIANCJULATION. 


Case I. — 8a = 1 km. 


Values of 
in seconds. 


Table xxix. 






OHANGBS ALONG GEODBSIGS. 


Gase I. — Sa = 1 1cm- 


Values of 
in seconds. 


TABZU XZX. 



Long. 

81- 82- 83° 

84° 85° 86° 

87° 88° 89° 



3*316 3-007 3*697 4*387 5*076 6*764 6*453 7*140 

2*2(Mi 2*978 8*663 4*346 6*028 6*710 6*302 7*078 

2*372 2*950 3*628 4*306 4*983 6-659 6-334 7-010 

2*252 2*935 3*597 4*268 4*030 5-610 6-279 6*940 

2-283 2*900 3*666 4*232 4*898 5*663 6*227 6*891 

2*216 2*876 8*537 4*198 4*868 6-617 6*176 6*835 

2*109 2*856 3*610 4*166 4*819 6*474 6*129 6*783 

2*183 2*834 3*484 4*134 4*783 5*432 6*082 6*732 

2*168 2*814 3*450 4*104 4*748 6*303 6*038 6*684 

2*163 2*795 3*436 4*075 4*715 6*365 5*996 6*637 

2*138 2*776 3*412 4*048 4*683 6*310 5*955 6*591 


10*674 11*260 11*04312*626 13 *306 13*088 14*060 16-3-40 16*020 16*700 


10*477 11-157 11* 
10-385 11*050 11* 
10*205 10*964 11- 

10*210 10*873 11* 
10*128 10*786 11* 
10*064 10-706 11* 

0-077 10-625 11* 
0-000 10-545 11* 
0-827 10-468 11* 


•83418-611 13-18713*80314*538 16*214 16*888 16*662 
■73112*403 13*07313*74414*413 15*083 16*762 16-431 
•68012*207 12* 063 13*628 14*292 14*067 16*62110*286 

12*86713*51814*177 14*836 15*40516*153 
■44gl2-098 12* 763 13*409 14*064 14*710 15-373 16*026 
'867 12*008 12-669 13-308 13-966 14-603 15-26U6-000 

■27211*910 12*663 18-207 13*850 14*404 15*137 36*780 
•19011*831 12-472 18-11013-747 14-386 16-024 16*663 
•10711*741 12*38013-016 13-640 14*282 14-016 15*060 


1 2*124 2*768 3*390 
2*110 2*740 8*368 


4*021 4*653 
3-996 4-623 


2-096 2-721 3*345 3*960 4*593 
2*082 2*703.3*323 3-044 4*663 


0-764 10-390 11*02411*658 12*20112-92313-651 14-181 14-812 16-41.2 

o*mn JS’SS JO -046 11 *674 12* 204 12* 829 13-464 14 -082 14-708 16*336 
o.’mS 12* 116 12-788 13-361 13-0&3 14-60216-227 

0*640 10*166 10-78811*408 12* 020 12* 647 13-268 13-886 14-50215*122 

0*471 10*093 10-7O811-827 11*94512*66913-176 13*791 14-4O416-018 
11*86012*47113-085 13*608 14-306 14*917 
11*776 12*384 12-903 13*604 14-20014*815 

11-601 12*298 12-904 13-509 14-111 14*714 
11-61012*313 12-816 13*417 14-016 14*016 
11- 630 12* 130 12-729 13*329 13-02314*618 

11*46012*04712-64313*238 13-83114*421 

11-87011-90412-668 13*140 13-73014*326 
11* 200 11*882 12-474 13*061 13-648 14*230 
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TS.B BABTH’S AXES AND TEIANODIATION. 


Case I.— 8a = 1 Tftn- 


Values of 
in seconds. 


TA^ZJSl XXXI. 


"■ “• “• “• »'• “• 70- 7,. 72- 73- 74- 75' 76- 1 77- 1 78- 72- 80- S,- L«,. 


Negative 


2*261 1*864. 1*457 1*060 0*6 


2*187 1*801 
2*125 1*760 
2*066 1*700 

3*^3 3*060 2*716 2*362 2*008 1*664 
3*329 2*986 2*642 2*298 1*953 1*608 
8*239 2*006 3*672 2*237 1*902 1*566 


6*587 6*277 4*066 4*663 
5*468 6*151 4*847 4*641 


4*338 4*028 3*708 
4*233 8*926 3*618 


Q ono 2*833 2*607 
3-078 2*762 2*446 
3*311 8*004 2*696 2*387 


2*180 1*868 l*6.fi 
2*126 1.807 1*488 
2*076 1*763 1*462 


6*335 6*080 4*783 4*436 4*134 8*834 3*638 3*238 2*933 2*633 2*331 2*027 1*723 1*418 


1*415 1*029 0*643 
1*374 0*909 0*623 
1*336 0*970 0*606 

1*299 0*944 0*580 0*233 
1*263 0*918 0*578 0*227 
1*230 0*894 0*658 0*221 

1*198 0*870 0*643 0*215 
1*169 0*849 0*629 0*210 
1*140 0*828 0*616 0*204 



0*123 0*478 0*833 1*188 
0*119 0*465 0*811 1*166 
0*116 0*453 0*790 1*126 

0*113 0*441 0*769 1-097 
0*110 0*430 0*750 1-069 
0*108 0*420 0*731 1*043 


6*203 4*914 4*624 4*832 
6*087 4*804 4*520 4*234 
4*976 4*699 4*421 4*142 

4*871 4*600 4*828 4*056 
4*773 4*607 4*241 3*975 
4*681 4*421 4*161 8*900 


4*039 3*746 8*462 
8*948 3*662 8*875 
8*868 3*684 3*808 

3*788 8*510 3*236 
3*708 3*440 3*171 
8*637 3*374 3*111 


iiS 2*673 2*278 
3*0g 2*804 2*616 2*227 
3*023 2*742 2*461 3*179 

2*900 2-686 2-410 2*134 
2*002 2*682 2*362 1 3*091 
2*847 2*682 2*316 , 2*060 


1*113 0*800 0*604 0*200 1 0*105 0*410 0*716 1-019 


1*981 1*684 1*386 
1*937 1*647 1*366 
1*896 1*612 1*828 

1*866 1*679 1*801 
1*819 1*647 1*276 
1*784 1*618 1*261 


S‘H! 1-490 1-228 ! 

2*746 2*490 2*234 1*978 1*721 1*464 l*20fl 
2*699 2*448 2*106 1*944 1*691 1*488 1*1M 


1*088 0*790 0*493 0*196 
1*065 0*774 0*482 0*101 
1*048 0*768 0*473 0*187 

1*028 0*748 0*463 0*183 
1*003 0*729 0*464 0*180 
0*984 0*715 0*446 0*177 

0*966 0*702 0*438 0*174 
0*948 0*689 0*430 0*170 
0*981 0*677 0*423 0*167 


0*108 0*401 0*699 0.096 
0*100 0*302 0*683 0*974 
0*009 0*384 0*669 0*9641 

0*097 0*377 0*666 0*0361 
0*005 0*370 0*644 0*917 ■ 
0*093 0*863 0*632 0*900 

0*091 0*356 0*620 0*884 
0*090 0*850 0*600 0*868 
0*088 0-343 0*608 0*863 


1*414 1*166 0*916 0*666 0*415 0*164 0*087 0*338 

1*161 0*888 0*645 0*403 0*160 0*084 0*328 
1*865 1*116 0*876 0*636 0*397 0*157 0.^ 0*3^ 

1*338 1*102 0*865 0*628 0*392 0*155 0.082 0*810 

1*3^ 1.089 0*866 0*622 0*3^ 0*1^ 0*0il 0*316 

1*307 1*077 0*847 0*616 0*384 0*162 0*080 0*312 

1*293 1*066 0*838 0*609 0*380 0*160 0*079 0*308 

J'SSi' R’o?? ®'l^ 0*^ 

1-267 1*044 0*821 0*597 0*372 0*147 0*078 0*308 


1*266 1*036 0*813 0*591 0*369 0*146 0*077 0*300 

1*^ i’a?S 0*686 0*366 0*146 0*076 0*207 

1*238 1*019 0*800 0*681 0*362 0*143 0*076 0*296 


0*679 0*826 
0*671 0*813 
0-663 0*802 

0*566 0*792 
0*650 0*784 
0*544 0*775 


0*632 0*769 
0*527 0*751 


0*610 0*740 
0*516 0*736 


81- 82- 83- 84- 85- 86- 87- 88- 89- 90- 91- 92- 93- 94- 95- 96- 97" 98- 99- 100-101-102- W. 


N e 

1-019 1-833 1*628 1*933 2*287 2*540 2*841 3*141 3.441 


0*996 1*294 1*502 1*880 2-186 2-481 

2*137 2*426 

0*964 1*239 1*524 1*808 2*092 2*874 

0*935 1*216 1*493 1*771 2*048 2*824 

1*^35 2*006 2*277 

0*900 1*168 1*436 1*702 1*968 2*334 

0*884 1*]47 1-409 1.071 1.032 2*193 

.0*868 1*126 1*884 1*641 1*898 2*164 

0*868 M06 1*359 1*612 1*8W 2*118 

0*838 1*088 1-837 1-687 1*836 2*081 

0*826 1*071 1*317 1*668 1*800 

0*813 1*0M 1*299 1*641 1*788 

0*802 1*042 1*281 l-sS 1*7^ 

0*792 1*029 1*266 1*600 1*736 


2*775 8*088 3-361 
2-713 3-000 3-286 
2-666 2*936 3-216 

2*000 2*875 3-150 
2*648 2-818 8-088 
2*600 2*765 3-030 

2*454 2*714 2-974 
2-410 2-667 2-022 
2-370 2-622 


4*042 4*342 4*641 

3*948 4*241 4*633 
3*860 4*146 4*431 
3*776 4*066 4*334 

3*698 3*971 4*244 
3*624 3*892 4*169 
3*566 3*821 4-084 

8-492 3*794 4*047 
3-431 8*763 4*015 
3-878 3*739 3*986 


4*938 5*234 5*628 6*822 6*113 6*404 6*692 6*980 7*267 

4*716 i*O90 Mrt 7*100 
4*613 4 .^ S 6-669 6-043 
4 013 4 800 5*166 5*441 6*714 6*986 6*267 6-626 6-704 


4*615 4-786 6-057 5-327 6-60.^ 

4-426 4.691 4-956 6-220 6-^ 

4-342 4-598 4-864 5*109 5-861 tell 


4*303 4-666 4*807^ 
4*266 4*514 4*760 
4*230 4*472 4*716 


5- 057 5-803 6-647 

6- 005 5-246 5-486 
4-966 5-193 .5-430 


3*318 8*712 3*954 4*107 4*436 4-674 4.909 6*142 6*876 


4*166 4*400 4-636 
4*136 4*866 4-596 
4*108 4*885 4*562 

4-084 4*308 4*534 


4*866 5*006 6-824 
4-826 5-056 6-280 
4-789 5-016 6-238 

4-766 4-978 5-198 
4-726 4-942 5-168 
4-696 4-910 5-124 


6*127 6-390 6*663 
6-001 6-260 6-618 
6*863 6*112 6*869 

6*791 6-084 6*277 
5*726 6-964 6*202 
6*666 6*900 6*186 

6*610 6*840 6*071 

6*555 6*781 6*009 
5*608 6*780 6*950 
6*463 6*680 6*896 

5*418 6*631 6*847 
6*876 6*587 6*803 
6*388 6*648 6*762 


^*803 6*611 6*718 
4-643 4-863 5*062 6*271 5*477 6*683 

4*618 4*826 5*033 6*289 5*444 6*646 

4*596 4*802 5*008 6*212 6*416 5*614 

f'Zf? f 6*188 6*389 6*686 

4*556 4*761 4-966 6*167 6*868 6*564 










60° 6 1° 62° 63° 64° 65° 66° 67° 68° 69° 


3-063 

5-962 

5-962 

5-961 

5-060 

6-950 

5-068 

6-305 

6-303 

6-301 

5-290 

5-297 

5-296 

6-201 

4-610 

4-616 

4-614 

4-611 

4-608 

4*606 

4-601 

3-008 

3-001 

3-001 

3-897 

3-803 

3*890 

3-887 

3-170 

3-166 

3-161 

3-166 

3-152 

3-148 

a-LM 

2-400 

2-403 

2-398 

2-392 

2-386 

2-381 

2-377 

1-023 

1-617 

1-611 

1-604 

1-607 

1-501 

1-585 

0*815 

0-808 

0-800 

0-793 

0-786 

0-770 

0-772 







10-294 

10-296 

10-297 

10-308 

10*297 











9-855 

9-856 

0-868 

0-850 

9-868 











9-384 

9-385 

0-386 

0-386 

0-386 











8-882 

8-S83 

8-888 

8-883 

8-882 







8-346 

8-347 

8-348 

8-349 

8-360 

8-350 

8-361 

8-351 

8-361 

8-350 

8-360 

8-350 

8-351 

8-361 


7-789 

7-790 

7-790 

7-700 

7-701 

7*791 

7-791 

7*791 

7-792 

7-792 

7-793 

7-71)2 

7-792 

7-791 


7*204 

7-204 

7-204 

7-204 

7-208 

7-203 

7-203 

7*204 

7-204 

7-205 

7-305 

7-205 

7-204 

7-204 

5-957 

6-503 

6-593 

6*602 

6-692 

6-501 

6-501 

6-590 

6*590 

6-690 

6*590 

6-500 

6-690 

6-590 

6-500 

6*956 

6-955 

5-054 

6-053 

6-052 

5-051 

6-050 

5-950 

6-960 

5*049 

6- 019 

5-049 

6-960 

5-0^) 

6*292 

6-291 

5-290 

5-288 

6-387 

6-286 

5-286 

5-284 

5-283 

5-282 

6*281 

5-281 

5-281 

5-282 

5-283 

4-602 

4-600 

4-508 

4-606 

4-694 

4-503 

4-602 

4-601 

4-590 

4-580 

4-688 

4-687 

4-688 

4-689 

4-500 

3*884 

3*882 

3*880 

3-878 

3-876 

3-874 

3-872 

3-871 

3-870 

3-869 

3-868 

3-867 

3-868 

3*869 

3-870 

3*141 

3*138 

3*136 

3-132 

3-130 

3-128 

3-126 

3-126 

8-134 

3-123 

3-122 

3-121 

3-122 

3-123 

3*124 

2*373 

2*3(j9 

2-366 

2-363 

2-361 

2-358 

2-366 

2-356 

2-354 

2-358 

2-362 

2-351 

2-352 

2-363 

2-364 

1-681 

1-677 

1-674 

1-571 

1-667 

1-564 

1-563 

1-560 

1*559 

1-568 

1-567 

1-566 

1-667 

1*568 

1-550 

0-767 

0-763 

0-769 

0-766 

0-761 

0-718 

0-746 ) 

0-742 

0*741 

0-740 

0-730 

0-738 

0-739 

0-740 

EaZ3 


The Hign is - above the horizontal 
dividing line and + below it. 


I 0-0«3 I 0‘0S7 0-091 0-094 I 0-097 0-099 O-lOi | O-jO*^ U-I03 O-loal O-lOO I 0-09H 


?‘q^ 9‘2?? 9*S?2 0*0®^ ‘>*000 0-0(52 0-064 0-065 0-0(53 0-961 0-958 

i'Sii i‘2K ^*889 1-84S 1-845 1-847 1-848 1-846 1-843 1-840 

2-706 2*712 2-719 2-726 2-731 2-736 2-730 2-743 2-747 2-761 2-762 2-763 2-761 2-748 2-746 

3- 668 3-662 3-666 8-670 3-674 3-677 8-678 3-675 3-072 8-668 

4- 601 4-606 4-609 4-618 4-617 4-620 4-623 4-610 4-616 4-611 

B-660 6-666 6-670 6-574 5-678 6*681 5-583 5-680 6-676 B-671 

6- 530 6-646 6*660 6-664 6-668 6-661 6-563 6-660 6-666 6-661 

7- 684 7-540 7*640 7-661 7-55B 7-568 7-559 7-556 7-652 7-547 

8- B46 8-653 8-568 8-6C3 8-667 8-670 8-571 8-668 8-564 8-660 

9- 570 0-577 9-683 0-688 0-603 9-605 0-506 0*603 0-580 0-684 

10- 60010-618 10-62610-63010-634 10-63710-63810-036 10-631 10-626 

11- 6^ 11*071 11-67811*68411-688 11- 001 11-002 11 -680 11-085 11-680 

12- 72712-73612*74312*74012-763 12-75712-76812-766 12-751 12-740 

18-80213-811 13-818 13-82413-828 13 -832 18 -833 13 -830 13-825 13-820 

14-88614.805 14-00214-00814-012 14*016 14-01714-014 14-009 14-004 
16-07815-087 16-09416-C0016.004 18-00810-00016-006 16-001 15-006 



84° 85° 86° 87° 88° 89° 90° 91* 92° 93° 94° 95° 96° 97° 98° 99° 100°1O1°102° 
4-604 4-606 4-608 4-600 4-603 4-604 I 4-606 4-608 4-610 4-618 I 4-616 4-018 4-021 4-624 4-627 4-630 4-633 I 4-630 4^030 


8-870 3*872 3-874 
3-l^i, 3-126 8-128 
2-364 2-350 2-368 

1-560 1-561 1-663 
0-742 0-744 0-747 
^•008 U-U05 0-002 

0- 058 0-065 0-062 

1- 840 1-837 1-834 

2- 746 2-741 2-737 


I 3-870 8-878 3-880 
3*130 3*132 3-336 
2-360 2-363 2-366 

1-666 1-660 1-673 
0-750 0-763 0-757 
O-OUO 6*086 0-080 

0- 048 0-041. 0-030 

1- 830 1-826 1-819 
2*782 2-727 2-721 


3-882 3-884 3-886 
8-137 3-140 3-143 
2-368 2-371 2-375 

1-676 1-679 1-684 
0-761 0*766 0-771 
0-076 0-070 0-064 

0- 034 0-028 0*021 

1- 813 1-807 1-800 

2- 716 2-708 


3-668 3-664 3-660 3-654 3-648 8-642 


4- 611 4-607 4*602 

5- 571 6-666 6-661 

6- 661 6-646 6-641 

7- 547 7-542 7*636 


4- 596 4-500 

5- 566 5-548 

6- 634 6-626 

7*620 7-621 


The sign is — above the horizonttil 
dividing line and + below it. 


% o’??? 2’??® 3-014 3-018 3-922 3-926 3-031 3-036 

1 v’qfS o’-l?? 3-174 3-170 3-184 3-380 3-304 3-200 3-206 

2 380 2-385 2-300 2-306 2-402 2-407 2-413 2-410 2-425 3-432 3-439 2-446 2-463 

n’wS i’l?? i’SSi ^’^31 1-627 1-634 1-642 l-GBO 1-658 1-667 1-676 

0-777 0*783 0-700 0- 708 0-806 0*8^3 0-821 0-820 0-837 0-846 0-866 0-866 0-877 

0-U5> u-uou U-W 0*035 U-034 0-014 0*00a |0*006 0-019 0-031 0-044 0-057 0-070 

1^791 3.’^ ?’S£ ?'?S 0-841 0-828 0-816 0-802 0-788 

i'll? i’j?? ^’^34 1-723 1-700 1-605 1-681 1-667 

2- 681 2-694 2-084 2-073 2-601 2-649 2-637 2-624 2-611 2-697 2-683 2-668 

3- 609 3-619 3-608 3-506 3*684 3-672 3-559 3-546 3-632 3-518 3-603 3-488 

4-602 4-480 4-474 4-460 4-448 4-427 

6*447 6*433 5-416 6-400 6-384 

6- 402 6-480 6-467 6-464 6-441 6-426 6-410 6-394 6-378 6-361 

7- 480 7-476 7-463 7-450 7-436: 7-421 7-406 7-388 7*371 7-363 

8-448 8-432 8-416 8*398 8-380 8-361 

0-472 9-466 9-430 0-422 0-403 9-384 

10.61310-49710.479 10-460 10*441 10-421 
11.66511*648 11*680 11-Bll 11*402 11*471 
12*63012*61312*694 12-674 12-651, 12-532 

13- 70613-68718-667 13-647 13-626 13-604 

14- 79314-77414-763 14-781 14-700 14-686 
16-800 16-870 15-840 15-827 15-804 15-781 









THE EARTH’S AXES AND TEIAiTGDLATION. 


Case II. — hb — 1 Vm. 


Yalues of 
in seconds. 


TABLE ZXXIII. 


Lon?, eo" 61" 62" 63“ 64" 65" 66" 67" 68“ 69" 70“ 71" 72“ 73" 740 750 


76" 77" 1 78" 79" 80" 81" Lons. 


1 1*676 l"68a 1*488 1*394 
1*678 1*684 1*400 1*396 

1*678 1*684 1*490 1*398 

1*676 1*683 1*489 1*894 
1*671 1*678 1*484 1*380 
1*663 1*671 1*478 1*888 

1*665 1*568 1*470 1*376 
1*644 1-654 1*463 1*868 


I 1*204 1*110 1*016 
. 1*206 1*112 1*018 

, 1*206 1*112 1*018 

1*204 1*110 1*016 
1*199 1*106 1*011 
1*193 1*099 1*006 

1*186 1*092 0*999 
1*170 1*086 0*998 
0*986 


0*903 0*811 
0*010 0-818 
0*915 0*822 

0*919 0*826 
0*922 0*828 
0*923 0*828 


0*923 0*827 
0*918 0*824 
0*912 0-819 

0*OU6 0*814 
0*900 0*808 
0*894 0*802 

0*886 0*795 
0*878 0*787 
0*869 0*770 


0*497 0*410 0*323 0*233 0*143 

0*509 0*419 0*330 0*239 0*148 
0*619 0*427 0*336 0*244 0*162 
0*627 0*434 0*341 0*248 o*166 

0*440 0*346 0*263 0*167 o.Ofl* 

0-^ O'l® O^OK 
0-636 0*64 1 0^446 0*361 0*266 0*159 o-OK 

n’ftfS 0*3^7 0*161 0*064 

0-640 0*646 0*450 0*365 0.260 0*162 0*06^ 

0*640 0*645 0*460 0*365 0*269 0*162 o*0^ 

0*640 0*645 0*460 0*365 0*260 0*162 0*064 

o'Sfi 0*161 0*064 

0*2^>6 0-160 0*OM 

0*633 0*638 0*444 0*349 0*264 0*159 0*0^ 

0*628 0*634 0*441 0*347 0*262 0*167 0*069 

0*6^ 0*530 0*438 0*345 0*261 0*167 0*0M 

0*618 0*526 0*434 0*342 0*249 0*165 0*0^2 

0*613 0*622 0*431 0*340 0*247 0*154 O-Ofii 
0*337 0*245 0*168 0*061 

0*601 0*613 0*424 0*884 0*243 0*152 0*060 

0*508 0*430 0*331 0*241 0*150 0*060 

I 0*602 0*415 0*327 0*238 0*148 0*060 
0*495 0*409 0*323 0*235 0-147 0*068 
0*486 0*402 0*317 0*230 0*144 0*057 

0*476 0*393 0*310 0*236 0*141 0*056 
0*464 0*388 0*3(i2 0*230 0*137 0*064 
0*463 0*373 0*293 0*213 0*133 0*063 

0*489 0*362 0*285 0*207 0*129 0 *a »51 
0*^ 0*861 0*276 0*201 0*126 0-060 
0*411 0*339 0*266 0*194 0*121 0*048 

0*396 0*326 0*266 0*186 0*116 0*o46 

0*378 0*310 0*248 0*177 0*111 0*044 
0*368 0*294 0*230 0*167 0*106 0*042 1 




0*335 0*421 0*516 0*610 0*704 0*798 


0*324 0*420 0*5l5 
0*333 0*417 0*512 
0*320 0*414 0*508 

0*318 0*411 0*605 
0*316 0*409 0*602 
0*313 0*406 0*498 

0*311 0*403 0*494 
0*809 0*400 0*490 
0*306 0*396 0*485 


0*609 0-703 0*797 
0*606 0*700 0*794 
0*602 0*696 0*790 

0*598 0*692 0*785 
0*694 0-687 0*779 
0*589 0-681 0*773 

0*684 0*675 0*766 
0*679 0*660 0*759' 
0*574 0*663 0*761 


0*892 0*086 
0*888 0*083 
0*883 0*976 

0*878 0-970 
0*872 0*961 
0*866 0*958 

0*858 0*960 
0*860 0*941 
0*841 0*931 


0*303 0*392 0*480 0*568 0-656 0*743 0*831 0*910 


1-271 1*366 1-460 1*554 1*648 1*742 1*836 1*929 2*023 3*114 2*206 2*208 

I'oS 1-833 1*926 2*010 2-112 ***204 2*296 

i-lfo **354 a-Su im 2*109 2*293 

1 354 I 419 1 543 1*635 1*727 1*819 1*011 2-004 2*098 2*191 2*284 

1-lw 1*338 1*^2 l.’wt 2*273 

1 .9?? 1 Sa 1 ?oT ; « ? 1-796 1*888 1-081 2*07 4 2*167 2*260 

L 235 1 328 1*421 1*614 1*606 1*688 1*701 1*882 1*972 2*063 2*lS 3*246 

i.’2i4 lilt l:Si I'Z 2*047 2.138 2*229 

1-201 1*299 1.S90 l‘So i 1*941 3*020 2*119 2*210 

1390 1 480 1*673 1*661 n. 749 1*838 1*926 2*013 2*103 2*191 


0*209 0*388 0*475 
0*294 0*883 0*468 
0*289 0*376 0*460 


0*662 0*649 
0*564 0*639 
0*544 0-628 


1*185 1*289 1*379 1*469 1*650 1*6 

1*369 1*468 1*646 1*6 

1*858 1*446 1*533 1*6 


0*460 0*532 0*615 


1*’446 1.5^1**620 f 

1*706 1*790 1*876 1*969 2*043 2*127 
1*433 1*519 1*606 1*680 1*773 1*855 1*938 2*021 2-lOS 

1*430 1*505 1*588 1*670 1*761 1*833 1*916 1*996 3-077 

}*Z22 1*811 1*892 1*971 2*060 

1*630 1*708 1*787 1*866 1*943 3*019 

I’flO I'Sfe 1*763 1*880 1*914 1*9881 

1*^ 1-663 1*737 1*811 1*883 ]*964| 

1*666 1-638 1*710 1*781 1*850 1*918| 


1*543 1-612 l*f 

1*517 1*686 1*6 
1-4P1 1*567 1*6 


1*760 1*816 1*880 

1*717 1*780 1*841 
1*684 1*744 1*802 








CHANGES ALONG GEODESICS. 


65 

TABLE XXXIV. 


Case II. — 8d = 1 km. 


Values of vs g 
in seconds. 


Long. 

60® 

61® 62® 

63® 

64® 65® 

0) 

9 * 

67® 68® 

69® 

70® 

71® 

0 

Cl 

IS 

73® 

74® 75® 

76® 

77® 

78® 

79® 

80® 

81® 

Long. 

Lat. 




P 


B i 

t 

i 

V 

0 





N e 

g a t i 

V e 

m\ 

40® 










0*216 

0*177 

0*139 0*102 

0*066 





4 '" 

40* 

§§ 










0*194 

0*150 

0*125 0-091 

0*068 


■ 'V 



- A.' 

S9 

38 










0*171 

)*140 

0*110 0*080 

0*060 



**■ 



38 

37 










0*147 

0-121 

0*094 0*068 

0*043 






37 

36 






0*214 

0*190 

0*167 

0*144 

0*122 0*100 

0*078 0*056 0*036 

0*014 

0*007 0*028 

0*049 

0*072 

36 

§§ 






0*171 

0*151 

0*133 

0*116 

0*097 0*079 

0*062 0*044 

0*027 

0*010 

0*006 0*022 

0*039 

0-066 

36 

34 






0*127 

0*112 

0*097 

0*084 

0*071 

0*058 

0*045 0*032 0*020 

0*008 

0*004 0*016 

0*028 

0*040 

34 

33 






0*081 

0-071 

0 *' J 6 l 

0*052 

0*044 

0*036 

0*028 0*020 

0*012 

0*005 

0*002 0*010 

0-018 

0*026 

33 

32 

0*091 

0*082 0*074 0*067 

0*061 0*055 

0*049 

0*042 0*036 

0-030 

0*026 

0*021 

0*017 

0*014 

0*011 0*007 

0*004 

O-Ool 

0*001 0*003 

0*006 

0*000 

32 

3 1 



MKEa 

0*007 0*008 

0*009 

0*010 0*011 

1*013 

0 - U 13 

0-012 


0*0()H 

U *( J 03 


t \ . 1 


0 * 0 U 4 i 

0*006 

•li -1 

30 

0*084 

0*084 0*082 

0*080 

0*076 0*071 

0*067 

0*064 0*061 

0*057 

0-032 

0*046 

0*040 

0*032 

0*035 0*010 

0*013 

0*003 

0*003 0*010 

0*017 

0*023 

0 1 

30 

29 

0*173 

0*167 0*160 

0*162 

0*144 0*136 

0*126 

0*118 0*110 

0-101 

0*091 

0*080 

0*069 

0*057 

0*044 0*033 

0*021 

0*009 

0*004 0*017 

0*029 

0*041 

29 

28 

0*263 

0*252 0*241 

0*220 

0*216 0*201 

0*187 

0*173 0*169 

0-145 

0-130 

0*114 

0*098 

0*081 

* 0*064 0*047 

0*030 

0*012 

0*006 

0*024 

0 - U 42 

0*059 

28 

27 

0*354 

0*338 3*321 

0*305 

0*287 0*268 

0*249 

0*230 0 * 2 U 

0-191 

0*170 

0*150 

0*128 

0*106 

0*084 0*062 0*089 

0*016 

0*008 0*032 

0*056 

0*078 

27 

26 

0 * 44 S 

0*426 0*404 

0*382 

0*360 0*837 

0*313 

0*288 0*263 

0-287 

0*211 

0*185 

0*169 

0-132 

0*104 0*076 

0*048 

0*019 

0*010 

0*089 

0*068 

0*096 

26 

25 

0*646 

0*519 0*401 

0*463 

0*435 0*407 

0*378 

0*347 0*316 

0-285 

0*253 

0*222 

0*190 

0*168 

0*126 0*002 

0*068 

0*023 

0*012 

0*047 

0*082 

0*115 

25 

24 






0*408 0*371 0-334 

0*296 

0*259 

0*222 

0*184 

0*146 0*107 

0*067 

0*027 

0*014 

0*055 

0*004 

0*133 


23 






0*469 0*426 

0*388 

0*341 

0*298 

0*266 

0-212 

0*168 0-123 

0*077 

0*031 

0*016 

0*063 

0*109 

0*153 

2'3 

22 






0*530 0*483 

0*433 

0*384 

0*386 

0*288 

0*239 

0*188 0*187 

0*086 

0*034 

0*018 

0*070 

0*122 

0*173 

22 

2 1 






0*594 0*540 

0*485 

0*430 

0*376 

0*322 

0*267 

0*210 0*163 

0*096 

0*038 

0*020 

0*078 

0*186 

0*193 


20 










0*366 

0*294 

0*232 0*169 

0*106 

0*042 

0*022 

0*086 

0*150 

0*212 

20 

li 










0*391 

0*322 

0*264 0*185 

0*116 

0*046 

, 0*024 

0*094 

0*164 

0*232 

1 9 

1 § 










0*426 

}* 3 B 1 

0*276 0*201 

0*126 

0*060 

0*926 

0*102 

0*178 

0*258 

1 8 

1 7 


Tlie signs liel 

)w the horizontal 





0*462 

0*381 

0*300 0*219 

0*137 

0*064 

0-020 

0*111 

0*193 

0*276 

1 7 

1 6 


dividing line are opposite to those 





0*600 

0*412 

0*325 0 - S &7 

0*148 

0*069 

0*031 

0*121 

0*209 

0*207 

1 6 

1 5 










0*539 

0*444 

0*360 0*266 

0*169 

0 * 06:1 

0*033 

0*129 

0*225 

0*820 

1 5 

14 










0*678 

0*477 

0*375 0*273 

0*170 

0*067 

0*035 

0*138 

0*241 

0*343 

14 











0*618 

0*510 

0*400 0*291 

0*182 

0*072 

0*038 

0*148 

0*267 

0*366 

1 3 

3 ? 










0*658 

0*543 

0*426 0*310 

0*194 

0*077 

0*040 

0*167 

0*274 

0*300 

1 2 

1 1 










0*698 

0*676 

0*463 0-820 

0 * 21)6 

0*083 

0*043 

0*167 

0*201 

0*414 

1 1 

10 










0*739 

0*609 

0*479 0*840 

0-218 

0*087 

0*046 

0*177 

0-808 

0*439 

IQ 

9 










0*780 

0*042 

0*506 0*360 

o * 2;io 

0*002 

0*049 

0*187 

0*825 

0*464 

9 











0*821 

0*675 

0*631 0*389 

0 * 24 ^ 

0*097 

0*052 

0*197 

0*342 

0*489 

8 

Long. 

81® 

82“ 83“ 

84® 

85® 86® 

87® 

88“ 89“ 

90® 

91® 

92® 

93° 

94® 

95® 96® 

97® 

98® 

99® 

100° 

101® 

102® 

Long. 

Lat. 

P 0 

8 

i 

t 

i 

Y e 






Lat. 

30® 

0*023 

0*030 0*037 

0*044 

0*050 0*055 

0*059 

0*063 0*066 

0*070 

0*074 

0*078 

0*081 

0*063 

0*084 0*084 

0*083 

0*081 

0*070 

0*074 

0*060 

0*063 

30® 


0*041 

0*062 0*065 

0*077 

0*088 0*098 

0*107 

0*116 0*124 

0*132 

0*141 

. 0*150 

0*158 

0*165 

0-171 0*176 

0*180 

0*184 

0*186 

0*187 

.' 0*186 

0*186 

29 

si 

0*059 

0*076 0*093 

0*110 

0*125 0*140 

0*155 

0*169 0*183 

0*197 

0*211 

0*224 

0*237 

0*249 

0*260 0*270 

0*279 

0*288 

0*295 

0*301 

0*306 

0*800 

28 

27 

0*078 

0*100 0*122 

0*143 

0*164 0*184 

0*205 

0*225 0*244 

0*263 

0*281 

0*299 

0*317 

0*334 

0*860 0-365 

0*380 

0*394 

0*406 

0*417 

0*427 

0*436 

27 

26 

0*006 

0*123 0*160 

0*177 

0*203 0*229 

0*236 

0*281 0*305 

0*330 

0*353 

0*376 

0*308 

0-420 

0*442 0*463 

0-483 

0-502 

0*520 

0*636 

0*551 

0*665 

26 

25 

0*116 

0*148 0*180 

0*212 

0*244 0*276 

0*307 

0*338 0*368 

0*398 

0-427 

0*455 

0*482 

0*610 

0*537 0*564 

0*5901 0*614 

0*636 

0*657 

0*677 

0*697 

26 

24 

0-133 

0*172 0*210 

0*248 

0*283 0*322 

0*360 

0*396 0*432 

0*468 

0*502 

0*528 

0*568 

0*605 

0*643 0*680 

0*717 

0*753 

0*788 

0*828 

0*858 

0*891 

24 

23 

0*163 

0*198 0*242 

0*285 

0*327 0*370 

0*413 

0*467 0*499 

0*539 

0*579 

0*627 

0*672 

0*616 

0*659 0*703 

0*745 

0-786 

0*826 

0*866 

0*907 

0*947 

23 


0*173 

0*223 0*273 

0*321 

0*369 0*418 

0*467 

0*615 0*563 

0*611 

0-668 

0*524 

0*576 

0*625 

0-675 0*724 

0 - 77 S 

0-818 

0*864 

0*911 

0.067 

1*003 

22 

27 

0*103 

0*249 0*805 

0*369 

0*413 0*468 

0*623 

0*677 


0 * 7 ^ 

0*623 

0*580 

0*686 

0*691 0*747 

0*801 

0-853 

0*905 

0*967 

1*010 

1*062 

21 

20 

0*212 

0*274 0*336 

0*398 

0*459 0*520 

0*581 

0*642 


0*818 

0*522 

0*585 

0*048 

0*708 0*769 

0*828 

0*888 

0*947 

1*006 

1*065 

1*124 

20 

1 9 

0*232 

0*300 0*369 

0-438 

0*505 






0*690 

0*669 

0*725 0*791 

0*858 

0*926 

0*091 

1*056 

1*121 

1*185 

1 9 

3§ 

0*253 

0*328 0*403 

0*478 

0*562 






0*695 

0*670 

0>743 0*816 

0*890 

0*063 

1*035 

1*107 

1*177 

1*248 

18 

1 7 

0*275 

0*356 0*437 

0*618 

0*600 






0*601 

0*682 

0*762 0*842 

0*922 

1*001 

1-060 

1*168 

1*235 

1*311 

17 

3i 

0*297 

0*385 0*472 

0*660 

0*648 






0*609 

0*696 

0*782 0-868 

0*054 

1-040 

1*126 

1*210 

1-293 

1*377 

1 6 

if 













0*989 

1*081 

1*172 

1*264 

1*354 

1*444 

15 

1 4 













1*024 

1*123 

1*221 

1*319 

1*416 

1*613 

14 

1 3 













1*060 

1*165 

1*270 

1*875 

1*479 

1*582 

1 3 

3 \ 













1*095 

1*208 

1*320 

1*431 

1*542 

1*653 

1 2 

1 1 













1*132 

1*252 

1*371 

1*490 

1*608 

1*726 

1 1 

10' 













1*169 

1*297 

1*423 

1*549 

1*674 

1*798 

10 

9 













1*207 

1*342 

1*476 

1*610 

1*742 

1*872 

9 

8 



1 










1*245 

1*388 

1*531 

1*672 

1*811 

1*948 

8 


























^ SAETH’S AXES AND TBIAN&ULATION. 

Case III. Ug=l", Values of 


-u, r, to 


TABLE TYT V* 


in seconds. 



• SiteMion of tobies XVH. Xmi for Burma and As, am, 




Values of w. 



^ Extension of tables XIX, XX for Burma and i^ssam. 
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'I'HE BAftTffS iXBS AND TEIANQDLATION. 


. • II r “ “““ di«»ntinmli« in the ,.!«« o£ % in the 

T of inblee 

XXX, XXXir, XX^II reveals similar but much less marked discontiuuities in the values 

inevitable in view of the method by which the quantities have been 

rt * “‘‘y be computed by equations (42)- 

*he f ^ ^ foHowing the two paths (viz. by direct geodesic and by two geodesics through 

.he second ongin) to such a point as L = 91^, X = 20° The amounts are not however 

^ r ^ “POi^ance : and moreover they do not actually occur to the 

lo^Jhin^ ? - P have been extended 

meX^ ! I'^hon limits for facility of subsequent interpolation. It may he 

“de!T P JT“Sf«*?l^e ^“uthof aray of length 40 miles is altered by an amount of 
solL tV .I . longitude is altered by an amount of order O'-OOl : 

the coorSnat‘“^ ^ defensible when 

of the dew VYT ordinary procedure 

the department has been followed and three places of deqimals have been kept, with the idea 

that at any time the latter two of these may be disregarded. ^ 
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CHAPTER lY. 


Geometrical change from one Spheroid of Reference 

to another. 


1 . In selecting a spheroid of reference for the geoid there is no doubt as to the direction 
of the polar axis ; for this is the axis about -which heavenl 7 bodies appear to rotate. Hence all 
possible spheroids of reference are defined by the size of their axes and the position of their 
centres. 

Consider two such spheroids. Let th^ semi-axes of one be a, b and of the other 
a'ss a + ia, A + dh. Select the origin of coordinates at the centre of the first spheroid 

and let the coordinates of the centre of the second be aa, ajS, by where a, / 8 , 7 are small 
quantities. 

In relating a point on a geoid to the spheroid the natural course seems to be to draw the 
normal through the point to the spheroid and to find out the coordinates of the point where 
this normal meets the spheroid. So long as the spheroid and geoid are not widely different this 
normal may, without appreciable error be considered as the Tertical to the geoid and also as a 
straight line. For supposing there is a plumb-line deflection of 1 minute and a separation of the 
geoid and spheroid by 300 feet, the divergence of the normal from the vertical only amounts 
to about one inch which only affects coordinates by 0*001 of a second. It is accordingly satis- 
factory to relate a point on the geoid to one on the spheroid by merely producing the vertical 
of the geoid until it meets the spheroid. Considering then the relation between the points thus 
obtained on two reference spheroids corresponding to a point on the geoid, it is clear that all these 
points may with sufficient accuracy be regarded as being on a straight line, this straight line being 
normal to one of the three surfaces, whichever is most convenient. 

To any triangle formed by three points on the geoid there is a corresponding triangle 
on any reference spheroid. The angles of these triangles are not identical. Those on the sphe- 
roid have different spheroidal excesses. The angles of a triangle observed on the geoid accord- 
ingly require correcting before they can be properly applied to a spheroid of reference. If this 
is properly done then this point relationship given above will hold. It is a fault in reduction of 
most, if not all, survey observations that geoidal and spheroidal angles have been treated as 
identical. 


2. The coordinates of a point P on the first spheroid may be represented by 
a cos <f> cos L, a cos <f> sin L, b sin ^ 
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ana. aAHiJlb AXJJ8 A.ND TRIiiNStJLATIOlT. 


rtile tkos. .£ . related point p- on ft. aeoond ,ph.reid may b. repreaantad by 

«a+«'cos^'eosi', a/3 + a’ cos <f>' sin £', by + 6' sin 

^uLoX'w on t'p.tet^'on". expre.rion.for ^ and di. 

ongm these qaantities reduce to »„ aud « Th#. ^ “ 

dorirabla after arimntb baa bate, daaided on {.y the relation “ 

tt?o = Wo sin 

bon..n™‘tt7talired‘ifr.tini' •'■»" by 

driiacrioni. prilxteS® “ »* * Pl"“'>-Inr. 

coordinrLXtad” ‘"x ite 

a cos ^0 = aa 4. of cos cos Wj ] 


0 — <r/S -f a' cos ^0' sin 
i sin <j>Q = by + b' sin 




( 2 ) 


TO — ''■/-TV 0111 <Pq J 

Naglaottn* reaond ordar ,n«,iiti.. and terbatiinting from (1) for .. (2) may ba written 

da ^ 

O H cos ^0 — sin = 0 


a, 


yS + «,o^° 

'’sm \ 

db 


-n 

= o’! 


(8) 


7 + -J Sin <#.0 H- cos yo - - j 
These equations serve to determine a, fi, y in terms of the axes changes and changes at the 
origin; if the quantities -±, — are multiplied by cosec 1* the results are expressed in seconds. 

.pb.roid\t!:;syr:7”;r.br.^^^^ 

The normal at jP is 

so - a cos d> cos L _ y — o cos <h sin i 
cos ,j> cos I, E^s <(> sin L 

« a 

and the conditions that P' should He on this are 

aa + d {a cos <l> cos L) ^ a 0 + d (a cos if. sin L) 
cos d» cos Z cos<^»iai} 

whence ^ 


z ^ b sin <l> 
sin ^ 
b 


iy ~t d {h sig <^) 
sin 

~r' 


da 


cos 0 cos L a ^ L ,vc=z 


0 . 

cos sin L + T ~ "i + ®o* • ® 


= (1 - «•) {a 


db 

ainTf X ■*■ 


<f>-«i } 


( 4 ) 
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From the first of equations ( 4 ) 

V (tan L + cot L) = sec A ( — — ^ ^ 

NCOS L sin lJ 

^ = sec ^ (a sin -L — /8 cos L) 

[Eliminating v from ( 4 ) it follows that 


( 5 ) 


= (1 - (tani; + cotJI) ^ cot^) 

whence 

(a cos X 4 /S sinX) sec^ + ^ - tan ^ = (1 - e®) f + ®i cot^) 

and expressing the results in. seconds this may be written 

«i(l — e®cos®^) = (aco8X+^sinX)8in^— (1 — e®)7cos<^ + 8in<^cos^-|^^— (1 — e®)^^cosec 1*' . . (6) 

The relation between and « is given by (16) of Chap. Ill, and in terms of da and dd is 

“ ~ ( ^■*■“2 ^ 8in2\ cosec 1" (7) 

dib 

The quantities a, 7, — , — all enter linearly into the equations. Their several efiects 
can accordingly be computed separately and combined afterwards in any desired way. Cases 
corresponding to each of the four quantities and will now be considered. 

Case (i) da = 1 km. o«i * 0, (?/(, = 12" -063) 

From (8) 

a + .<4 cos 00 = 0 where A =t ~ cosec 1" = 32" ’3437 

)8 = 7« 0 


.-. a =r - 29"- 586 
From (5) and ( 6 ) 

V = a sec 0 sin X 
• s ^ 

“1 ^ ®®®* 4>) — ®i- gjijS = a sin 0 cos X + iA sin 20 


® ^ 20)mj + iA sin 2X, 

“““**■ (sif^ + *^) 


• • • 


( 8 ) 


o«i= 0 


(«o« - 12"-1084) 


Case (ii) ii = 1 km. 

From (8) a = /9 = 0 

y + B sin 00 = 0 where 3 = "^ cosec 1" = 82"-4616 

7 = — 18’"*2244 


db 
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From ( 5 ) and (6) 


V = 0 


«i (l-e* cos* _ (1 _ ««) (<y ^ gin cos ^ 

* “ +-^ cos 2 i ^ sin 2 A 


.... ( 9 ) 


Case (iii) — 9". 973 

From (8) « — sin = 0 

/9 =0 

y+o®i cos ^0=0 

a = 4'''-0659 

From ( 5 ) and (6) 

V =. a sec ^ sin L 
«i (l-e» cos® ^) = a sin ^ cos i; - (l-s®) y cos 

^ 1 + cos 


(«o = 10'') 


7 = - d'-lllS 


( 10 ) 


Case (iv) 


From (3) 

From (S) and (6) 


Wo = 1" 
a = 7 =0 

; 3 + = 0 

Sin Xj 


®o = % cosec Xg = 2'’- 447 
iS = - 2"-2347 


V Bs — ^ sec cos jS 
®i (1 —e* cos® ^) = y8 sin L sin ^ 

^ 1 cos2^^«j 


( 11 ) 


To find the azimuth change w, the follo-vring equation holds for all cases 

t? — ^0 = cosec 'K — Wq cosec \ 

dS:^rw The equation follows from the fact that either side of it gives the 

difference between spheroidal and geoidal longitude. It is proved otherwise in the following 

vtne oVrtsriT/^^., the case ly (or (iv)) it will be noticed that th! 

Se tw!ir T “®‘hod of Chapter I was independent of A. 

oriirW^TaT In the ease of Chapter I an azLuth change 

is th?i^ir % the present case the fixed a 4 

ImTiT ? azimuth change is only acompo- 

^^Lde o Tv Jrr """• TMsmakesitclLwhyLefiect on 

Ss oftwist the equator being at right angles to the 

fl2^ S computed for the four cases by means of equations (8) to 

to Lke a ^ w ^ XXVII, XXVIII, and hence it is easy 

which mav ^ method of the present chapter 

ing a geodesic) thl*'’ two spheroids) and Vg, w, (found by follow- 

g g ). or this purpose values of &c. are exhibited in tables XXXVII— XL. 
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TABLE XXXVII. 
Case I. — 8a = 1 km. 


Values o£ in seconds. 


38° 

34- 

30 

0-000 
+ 0*011 
+ 0-006 

+ 0-010 
+ 0-021 
+ 0-014 

+ 0 - 0 < l 9 

+ 0-053 

+ 0-031 

+ 0-117 

+ 0-099 

+ 0-001 

+ 0-301 

+ 0-165 

+ 0-106 

+ 0-315 
+ 0-349 
+ 0-154 

+ 0*443 
+ 0-347 
+ 0-216 

26 

22 

1 8 

+ 0-005 

- 0-003 

- 0-004 

+ 0-008 

- 0-010 

- 0-017 

+ 0-013 

- 0-017 

- 0*038 

+ 0-032 

- 0*028 

- 0-070 

+ tf -038 

- 0-043 

- 0*117 

+ 0-068 

- 0-061 

- 0-180 

i + 0-076 
- 0-000 
- 0*266 

14 

1 O 

+ 0-005 
+ 0-035 

- 0-013 

+ 0-013 

- 0-048 

- 0-(»40 

- 0-103 

- 0-120 

- 0-186 

- 0-239 

- 0-290 

- 0-386 

- 0-418 

- 0-576 


Values < 

)£ ± [tt>i- 

in 

seconds. 

0-000 

+ 0-371 

+ 0-735 

+ 1 - 

■093 

+ 1-436 

+ 1-766 

+ 2-068 

o-ouo 

+ 0-273 

+ 0-542 

+ 0 ' 

•806 

+ 1-058 

+ 1*292 

+ 1-509 

0-000 

+ 0*168 

+ 0-320 

+ 0 - 

>404 

+ 0-641 

+ 0-782 

+ 0-913 

0-000 

+ 0-052 

+ 0-107 

+ 0 - 

■160 

+ 0-205 

+ 0-238 

+ 0-365 


TABLE XXXIX, 
Case III.— w, = V 


Values of in seconds. 


- 0-029 

- 0-024 

- 0-015 

- 0-002 

+ 0-014 

- 0-014 

- 0-000 

+ 0-001 

+ 0-014 

+ 0-030 

- 0-004 

+ 0-002 

+ 0-011 

+ 0-026 

+ 0-043 

+ 0-002 

+ 0-007 

+ 0-017 

+ 0-031 

+ 0-048 

+ 0-002 

+ 0-008 

+ 0-018 

+ 0-033 

+ 0-051 

- 0-002 

1 + 0-004 

+ 0-014 

+ 0-029 

+ 0-047 

- 0-012 

- 0-005 

+ 0-006 

+ 0-031 

+ 0-040 

- 0-026 

- 0-020 

- 0-008 

+ 0-007 

+ 0-027 


Values of 


in seconds. 


0-000 

+ 0-019 

+ 0-037 

+ 0-065 

+ 0-073 

+ 0-001 

0-000 

+ 0-013 

+ 0-026 

+ 0-038 

+ 0-051 

+ 0-004 

0-000 

+ 0-008 

+ 0-016 

+ 0-023 

+ 0-030 

+ 0-037 

0-000 

+ 0-003 

+ 0*005 

+ 0-007 

+ 0-009 

+ 0-011 

0-000 

- 0*003 

- 0-004 

-o-ooc 

-o-oon 

- 0-012 

0-000 

- 0*007 

- 0-014 

- 0*022 

- 0-029 

- 0-035 

o-ooo 

- 0-011 

- 0-023 

- 0 - 03.5 

- 0-046 

- 0-057 

0-000 

- 0-017 

- 0*032 

- 0-049 

- 0-066 

- 0-081 


Values of ± {tVy in seconds. 


0-000 

+ 0-067 

+0 

133 

+ 0-198 

+ 0-263 

+ 0-326 

0-000 

+ 0-066 

+0 

130 

+ 0-194 

+ 0-257 

+ 0-319 

0-000 

+ 0-065 

+ 0 

128 

+ 0-191 

+ 0-253 

+ 0-316 

0-000 

+ 0*064 

+ 0 - 

127 

+ 0-191 

+ 0-252 

+ 0-313 

O-oOO 

+ 0-065 

+ 0 - 

128 

+ 0-191 

+ 0-263 

+ 0-.313 

0-000 

+ 0-066 

+ 0 - 

129 

+ 0-102 

+ 0-254 

+ 0*316 

0-000 

+ 0-065 

+ 0 - 

129 

+ 0-193 

+ 0-266 

+ 0-317 

0-000 

+ 0-066 

+ 0 - 

131 

+ 0-196 

+ 0-200 

+ 0*323 


TABLE XXXFIIL 
Case II. — 8i = 1 km. 


Values of in seconds 

• 4 - 0-0781 - l - 0 * 073 ( - 1 - 0 * 04 S | - a - 006 ( - 0-0621 - 0 - 14 S 
■ 4 - 0-017 - I - 0-008 - 0-012 - 0*044 - 0-003 - 0-166 
• 4 - 0-008 - 1 - 0*001 - 0-011 -0-039 — o.OfU _n.in? 


- 0-0521 - 0-075 
- 1 - 0*029 - fO -036 
- 4 - 0*008 -+ 0-189 

+ 0 -m - 4 - 0-216 
+ 0-147 + 0-269 


Values o£ + — in seconds. 



o-oou 

- 0*068 

- 0-133 

- 0-201 

- 0 - 26 G 

- 0-317 

— 0*371 

0-000 

- 0-030 

- 0*064 

- 0-101 

- 0*127 

- 0-163 

- 0-168 

0-000 

- 0-003 

- 0-024 

- 0 - 0 : i 7 

- 0*043 

- 0-044 

- 0*043 

0-000 

- 0-003 

- 0-000 

- 0-015 

- O-OOB 

- 0-004 

+ 0-016 

0-000 

- 0-001 

- O-Oll 

- 0*011 

- 0*008 

- 0-007 

+ 0-011 

0-000 

- 0-008 

- 0-025 

- 0*043 

- 0-052 

- 0-069 

- 0-056 

0-000 

- 0-083 

- 0-069 

- 0*107 

- 0-447 

- 0-173 

- 0-196 

0-000 

- 0*070 

- 0-137 

- 0*217 

- 0*286 

- 0-348 

- 0-400 


Values of ± in seconds. 


0-000 

0-000 

0-000 

- 0-388 

- 0-280 

- 0-171 

1 I 1 
oo 

- 1*170 

- 0*863 

- 0*623 

- 1*666 

- 1*143 

- 0*700 

- 1 * 96 () 

- 1-488 

- 0-889 

- 2 - 3 a 3 

- 1-740 

- 1-090 

0-000 

0-000 

0-000 

- 0-063 

+ 0-067 

+ 0-100 

- 0-114 

+ 0-124 

+ 0-379 

- 0-177 

+ 0*182 

+ 0-668 

- 0*261 
+ 0*228 
+ 0-728 

- 0-326 

+ 0-268 

+ 0-885 

- 0-416 

+ 0-288 

+ 1*0130 

0-000 

0-000 

+ 0*324 

+ 0*463 

+ 0-642 

+ 0-920 

+ 0-953 
+ 1-366 

+ 1*265 
+ 1*805 

+ 1*542 

+ 2 - 2 a 3 

+ 1-816 

+ 2-636 


TABLE XL. 
Case lY.—iOc = ] 


Values of + iu ^ — in seconds. 


- 0-026 - 0-030 
0-076 - 0-000 


Values of in seconds. 


+ 0-031 

+ 0-064 

+ 0-095 

+ 0-128 

+ 0-023 

+ U -047 

+ 0-069 

+ 0-003 

+ 0-018 

+ 0-028 

+ 0-012 

+ 0-056 

+ 0-004 

+ 0-009 

+ 0-013 

+ 0-019 

- 0-006 

- 0-011 

- 0-016 

- 0-021 

- 0*016 

- 0-031 

- 0 - 0*117 

- 0-061 

- 0*027 

- 0-053 

- 0-078 

- 0-103 

- 0-038 

1 - 0-074 

- 0-110 

- 0-145 


+ 0-078 

+ 0-035 

+ 0-009 

+ 0-062 
+ 0-020 
- 0-006 

+ 0-037 
- 0-006 
- 0-031 

1 1 + 

ooo 

III 

- 0-045 

- 0-085 

- 0-110 

-0 

-0 

-0 

- 0-004 

- 0-003 

+ 0-008 

- 0-019 

- 0-017 

- 0-006 

- 0-044 

- 0-043 

- 0-031 

- 0-078 

- 0-077 

- 0-066 

- 0-122 

- 0-121 

- 0*110 

-0 

-0 

-0 

+ 0-031 

+ 0-064 

+ 0-016 
+ 0-047 

- 0-010 
+ 0-020 1 

- 0 - 04,4 

- 0*014 

- 0-089 

- 0-069 

-0 

-0 


Values of — in seconds. 


+ 0-586 

+ 0*680 

+ 0-673 

+ 0*504 

+ 0-560 

+ 0 - 40 G 

+ 0 -- 1 O 3 

+ 0-398 

+ 0-393 

+ 0 *; J 82 

+ 0-235 

+ 0*333 

+ 0-231 

+ 0-226 

+ 0-221 

+ 0-074 

+ 0*073 

+ 0-073 

+ 0-072 

+ 0-070 

- 0*082 

- 0-082 

- 0-081 

- 0-079 

- 0-078 

- 0-233 

- 0*232 

- 0*229 

- 0-225 

- 0*220 

i - 0*883 

- 0*380 

- 0*376 

- 0*370 

- 0*362 

- 0*632 

- 0*628 

- 0*622 

- 0*512 

- 0-601 



+ or — according as point is west or east of origin . 
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. Th. d.a.«io„ 

be as much as several seconds In tlif nro/.f i i, J «’g)cot X, a quantity which may 

TABLE XLL 


X 

L'-L 

Oot A. 

0*924 >c Case 1 

0-748* Case H 

Combined effect 

Discrepancy 
in plumb-Dne 
deflection 

38 * 

34 

80 

26 

22 

18 

14 

10 

24 

24 

24 

24 

24 

8 

4 

4 

1*380 

• ‘483 

1 * 73 * 

*•050 

*•475 

3- 078 

4 - OIt 

5- 671 

u 

*'903 

*■394 

0844 

0-845 

-0-380 

- 0-355 

-0303 

-0431 



M 

-1-756 

- 1-393 

'0-8io 

■' 0*309 

o- 214 

0*282 

0*241 

0*344 

u 

0* 146 

O' 101 

0*034 

-0*064 

— o* 166 

- 0*073 

— 0062 
—0*087 

// 

o* 187 

0*150 

0*059 

— o* 131 

—0*411 

-0*225 

-0*249 

- 0*493 


occurs lo be eousiderable 

there are no great longitude differences : for the case of ^ latitudes 

Chapter HI, is in any case necessary. treatment, as given in 

The conclusion is that either this method or that of rto v, j- 
with practically satisfactory results The • -u ^ preceding chapter could be used 

accuracy has bL depart? from in far theoretical 

ao.«rjrs;L:r. ^• 

rp:zr^““r4nrer “ t. h ™ ^ 

the ‘° P^P^ed cheuges of 

ot Ohepter I giv..\ li Tt.^r S*™”’ 

L. Chapter in eives the rPsnU-.f,^ X ® ^“7 path defined by a relation between X and 

through the origip and the point at wLh^h^XangTa«req^^^^^^ d'-^th*^ “ 

the geometrical relation between pnprPBTtnrri- • ? equired. and in the present chapter 

«ei. give e,».,W dffiZ. Zrtf K Z ‘h’” t'”? “ " ™'“ 

being free from any ambiguity d^to nmhinS , 7 ® advantage over the former of 

met with between them are not of amount sufficient 7 * and the differences 

Heir diiorepMic, is eismined in the following ohapterZid” the ''“oP 
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CHAPTEE V. 


Laplace’s Equation and the Choice of a Spheroid of 

Reference. 


1. When a large survey is begun one of the first essentials is the selection of a point as 
origin. The coordinates of this point have to be decided on. The longitude is of little conse- 
quence and the meridian through the point may be taken as that fromvrhich all deduced longitudes 
are measured. The latitude and azimuth can be observed astronomically : but their geodetic 
values depend on the plumb-line defiection existing at the point. Plumb-line deflection is of 
course merely the deviation of the vertical from the normal to some assumed figure of reference. 
In chosing the origin it must be eventually decided vrhether to consider the deflection there as' 
nil — in other words, chosing a spheroid of reference parallel to the geoid at the origin— or 
whether considerations of topographical features and irregularities of density justify the adoption 
of certain values of the deflection in the two components. The question of height above geoid 
of the point selected as origin also arises. If an error of 10 feet is made in this it is practically 
equivalent to assuming a spheroid with axes 10 feet different from those actually selected. In the 
case of the origin of the Indian Survey there is no reason to suppose an error of nearly so much, 
and so no further consideration will be given to this point here. 

Having decided on the origin O, it is next necessary to decide on a figure of reference. 
This will generally be referred to as the “spheroid” in opposition to the “ geoid” or sea level 
equipotential surface of the earth. It is not implied by this that the figure of reference must be 
a spheroid, though the almost universal practice is to take a spheroid as a reference figure. 

2. Chains of triangulation may now be computed rigidly if proper corrections given below 
in § 16 are applied : and the coordinates, latitude, longitude, height and azimuth at a distant 
point K may be deduced. Suppose that astronomical azimuth and latitude are observed at K and 
also that the are OK is observed as a telegraphic longitude arc. Let X, L be the geodetic latitude 
and longitude of K and let A be the geodetic azimuth at K of some reference mark: these are 
quantities brought up by triangulation. Let vj, f be the plumb-line deflection at K in meridian 
and prime vertical (positive for southerly and westerly deflections of the plumb bob) referred to 
the selected spheroid of reference. These quantities obviously differ for different spheroids of 
reference. 
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In the figure suflSxes g refer to spheroidal 
and geoidal points respectively: or in other words 
points derived from triangulation and star observations 
respectively. Pis the pole and Z the zenith. The 
astronomic azimuth of a point Q is clearly A + 
being SgKS^ greater than the geodetic azimuth. Let 
sufSz zero denote quantities appertaining to the origin 
of the survey : so that the values of tjq have been 
decided in some way or other. 

3. Krst consider the longitude observations. 

They depend on the interval of time between the 
meridians of 0 and K as shown by star transits. If the 

dwl!! «« the 

oHrepal^P Time stars are observed TThea they transit the plane Z,P instead 

“ K . I towards the east and the result 

IS tha St rs areobseryed too soon hy.the angle = f seeX. If f expressed in secnJds of 

two stations meridian is early by f see X/15 seconds of time. N,.w of the 



'T ^ X ^ foSeeX,, 

15 ^ ~ir~ 


Kitci f, reprema ihe flmA-line d^ections in prime vertical at K and O. 

iB lonJtude":llfei'“ -■°«* 

SoS6c\-^sec\ = L~LQ-BL-15 (T-ST) .... 

Now consider the azimuth observation.! T»+ .i- u ^i. 

which has an error BA': A and BA being the geodetic f- “‘‘""“““Really observed azimuth 

error. Then ® «0“>Puted on the spheroid and its 


"5' ^;!^~-^+^-^=?tanX ■) 
■^0 —SA(,—Ao =|otanXo/ 


(S) 

(3) 


Eliminating fe^etween (1) and (2) it follows that 

(“^0 ^A q^Aq) coseeXn — (A'—' BA' » 

which IS an elaborated form of Laplace’s equation! "" 

“i. Suppose now that the comnutatiriTi^ Lo/i u 

the quantity ^ ®‘'Shtly differen 
be changed appreciably, while A', BA' A/ BA ' t It u “ “ will no 

y the change in spheroid. The^nly’ ^a;^L;lT 3 ) 

andX. iheX terms are multinlied hv appreciably are / r 

Heoee <iiteKnti.tiDg (3) for chaige of splieroiril°Mr “J, '’"•“tiom cm be oeglmed 

where. ““‘io" », oCeH 

whieh ie e,..«.e ( 13 , .f '“"’—<>0 


(■*) 


LAPLACE’S LONOllUDB EQUATION. 
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It might be expected that this equation would be in accordance with those found in 
Chapter I, As was noticed there, however, the quantities «, «, w are manj -valued, a separate 
set of values appertaining to each route along which the integration is performed. Equation (4) 
on the other hand is free from any ambiguity and accordingly cannot be in accord with the 
equations of Chapter I. If numerical quantities are substituted it is at once clear that the 
relation (4) is not satisfied. Consider the values of 

® = ®s — / (vx — ®y) and w = rcs — /(wi — Wy) 

where / and f are fractional quantities. These expressions are the values of v, to computed 
along routes intermediate to those of and »y. Taking case where Sa= 1 km., /i,=30°, £=66®, 
Vo=bV!q‘=0 from the tables VII — X it follows that ’ *. 

V sin 30®=4*037— ‘013 / 

“d = 3* 784— -504/ 

which cannot be made equal by any positive fractional values of/ and/'. In the same way the 
tables of Chapter III show that the relation (4) is not satisfied along a geodesic. 

5. It has generally been considered that azimuth and longitude observations both give 
the same information, namely deflection of the plumb-line in prime vertical, and nothing more : 
and in so far as the results differ by the two methods the reason is that the observations are 
burdened by errors. Olarke states* that “the observations of the difference of longitude gives 
“us no information that is not also given by the observation for azimnth’^ With this principle 
Colonel Sir Sidney Burrardf has used the longitude observations of India to correct aziinuth 
observations for the accumulation of error due to triaiigulation, considering the differences of the 
resulting plumb-line deflection found by the two observations to be entirely accounted for by 
observation error in the triangulation. 

6. The explanation of these apparent inconsistencies was not discovered for some time. 
Equation (4) is perfectly correct if the triangulation is properly computed. The ordinary process 
of computation is not quite correct. Angles are measured by means of a theodolite and reduced 
to the horizontal plane of the geoid. This is not quite the same thing in general as the 
horizontal plane of the spheroid. If the computation is to he effected on the spheroid (on which 
all the various formulae are based) the observed angles should be projected on to the selected 
spheroid of reference, and so will differ according to what spheroid is selected. The actual 
amount by which the geoidal angle must be altered to get the spheroidal angle depends on two 
things (vide § 16 below) 

(1) the deflection of the plumb-line or inclination of the geoidal (astronomic) vertical 
to the spheroidal (triangulated) vertical. 

(2) the inclination to the horizontal of the rays between which the geoidal angle is 
measured. 

The first of these quantities varies appreciably with change of spheroid and accordingly 
the correction to the geoidal angle varies according to the spheroid used. The actual case under 
consideration is represented in symbols by supposing Si in (1) to contain not only the error due 
to faulty observations but also the error due to failure to correct the geoidal angles to spheroidal 
angles. This is purely a eomputatiou error. The actual “grinding” process has treated these 
errors as errors of observation. 

This perhaps explains why Laplace’s equation is in general not satisfied so well as the 
probable errors of the several observations on which its formation depends would cause to be 
expected. 


* “ Geodesy” by Col. A.K,. Clarke, p. 291 . 

t Appendix No. 6 of G.T. Volume XVIII. “On the azimuth obaervations of the G.T.S, of India”. 
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mlm attihe geoUal angles are reduced to tCZ^ differ from one spheroid to another 

W. . Me«nt ..corC.' 1" uZT" 

Equation (4) may be re-written to meet the actual case as follows : 

, C*® cosec x-w] = AZ 

spheroidal and geoidal aagksTs’^idenLr^ faTthlt treatment of 

serious importance in the auestion nf s * '^°"'d he of more 

possible cases as a condition for the series of ^triLe!^ equation (8) been used in all 

triangulation was adjusted the longitude arcs either wei^^°t o safasfy. When the main Indian 

L.P W, condition ™ not itopo^ronTet. T ” " “ '*“• 

Colon.1 Six Sidney Bnxxntd in».d„oed th. condition 

.0.^: wS^/wrr ^ 

meridian plane at a point, that is the nlane longitude observation fixes the 

ointT. tLdtingtL p W It t.Hns tie time 

^.other. Th. Jn..,hler„ti;n p3x aZ .r” f" 

and locates where this cuts the horizon be me* e otcle through the pole and zenith 

point. The prison et the »!e end^t^Z “ ."“I**' 

one other point suffices to fix the meridiau^plane Thuri already given the fixing of 

merely fix the position of the meridian plane and not}.- azimuth observations both 

..e „.,id^n plane dedncibie tr^g^SS;^ •“ 

pntation generated in the S^guktion^Md t'n^ “formation as to the error of com- 

When the practical case is considered from equation (st it ^ ® ®'^a‘ement needs modification, 
plumb-line deflection, whether derived from ^ ^ l>e seen that the identity of 

some information concerning the slightly faultyLetLd P’* ^^imnth observations, affords 

of from spheroidal angles. Por spit up the 1^8 ^ 1 

dna to fenb^ c„„pnt.nL S.ppr'nr ? t.»1.7,ob..r.n.ion nnd S,£ 
itisnecessary to substitute nf+*o for .if and Z-+® for Ti, ^ reference is changed so thnt 

V .h™^y is a radabU a»«^ing to tht n",d“d StTS ^rbr'"^- 

observation errors. It is possible to form sivf*.* ' ° combined and fixed effect of 

and azimuth observations of India. Expressing w w the form (6) from the longitude 

to solve these equations for 

is equally likely to be positive or negative 2 ^ + 2 mtmmnm : a.c. since AJB 

i 8 not being varied, this implies that t is a minimum ^ 

widely from the geoid it is clear that the computation errors ^0^8^ ^ 

spheroid approximates more closely to the eeoid tl.P«A j- • • ' conversely when the 

made a minimum affords one criterion for the spheroid The fact that t SgZJs is 

the area over which the triangnlation of India extends f agreement with the geoid for 

spheroid suits the actual deflections best : hut this is an entir possible to consider what 

« .be. „d acj. «.iTwubae“tSr.:rxTrntb“rd£°'™^ 
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10. The interest in the method is chiefly theoretical, The quantities to be dealt -with are 
very small : and in most cases the effects of observation error may well mask those due to the 
computation error. Sixteen equations of the form (6) are given below. These can be solved for 
Sa, Sd, wg, Wo or, treating Sa, S3 as known, for Wo only. It was not anticipated that the 
former course would give reliable values of Sa, S3 but the solution was none the less made. 
Afterwards the solution of Wj, only taking the latest values of Sa, S3 was performed. Referring 
to these two solutions as A and B, one difixculty of the application of (6) arises in A, but to a 
very much less extent in B. This diflSculty is the selection of the route along which w, « w in 
terms of Sa, S3 shall be determined. The actual courses of the triangulation series are numerous 
and the case seems to be best met by taking the geodesic solution of Chapter III, for t.Tiia in 
general leads to a medial path through the triangulation. In solution B it so happens that the 
Sa and Bb terms very nearly cancel one another. The form of the equations is as follows 
(»isin\— Wj) Sa+ (egsinA— «P 3 ) S3+ (ejsinX— Wj) ( 04 sinX— Wq 

+ A'—A — {A'o—AQ)siii\cosecXo—ain\{l5T—L+Zo)=0 ( 7 ) 

in which Ao'—Jo—l"'29—iOo Chapter I §4). 

The sixteen arcs from Kalianpur give rise to sixteen equations which are exhibited in the 

table. 

TAB ZB XLIL 


Coordinates of 
Azimuth station 


^ {fif 1 

I If I J 


Karachi 

Observatory 


Dehra Bun 



Orejhar 

Pyzabad T. O. 

Jalpoififuri 

Jolpaiffuri 

NograrUmna 

Chittagong T. 0. 

Bolarum 
P.W.D. Oflice 

Bolamm 

Vizag-npntam 
Base-line, K. end 

Waltair 

Karaundi 

Jubbulpore T. 0. 

Colaba Observatory 

Bombay 

Deesa T. O. 

Deesa T. 0, 

Mangalore 

Mangalore 

Bangalore 
Base-line, 8.W. end 

Bangalore 

St. Thomas’ Mount 
Trestle 

Madras 

Kudanhulam 

Observatory 

Nagarkoil 


Q ! II 

24 49 60 

67* 

30 10 57 

78 3 36 

30 11 57 

67 0 32 

22 30 56 

88 22 54 

26 46 56 

82 12 8 



88 22 54 -i-0-118 -0«118 -0*172 -0-048 - 8*9 

82 12 8 -0*086 + 0*086 -0*071 +0*107 - 4*1 



18 1 3 

83 13 43 

23 10 40 

79 59 43 

18 53 49 

72 48 49, 

24 15 30 

72 11 6 

12 62 14 

74 50 43 





+0*005 -0-007 0*000 -0*615 I - 7*7 


Sum of squares 
Square root of mean square 
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The solution i.e. the most probable value of ha, U, ‘u^, is 

Sa = 88*08 km' 

S6 = 22*68 km 


«o = -fe^io 
• la, = -7"* 71 


. A 


to which correspond the residuals under '' Residual A " ,*« ti.« + m 

0-7Wi km mb.titated for &. .«d U («Vir Cllote, r S-rth^ M ■' 

of and Wq are arrived at (solution B ) ^ most probable values 


“o = 

Wo = -7"‘i8S 


B 


and the corresponding residuals are shown in the table under heading -Residual 
than it is possible could be correct^ ^^Solutiorfl^*^ 

Kalianpur has previously Z tfefred , ^asonable. A southerly deflection at 

indicates an easterly deflection of IS" *2 * The valn^^ ^ amount being 4". The value of 
no account of compensation is 10--7 (i«de Prof. PapZfp ifeT The3?“^^ b 

dm^d from « »m„o.bl. .od ro.id.d. „igb. be .Xtw to It^STe^om.”" 

geoid, in the first place of i^noTO^fom^^is'^'**' ^ a surface such as tbe 

^jrdsrtooe to nLb .ira“™V L™"" «finr. 
form whatever— a particular case would be anv set nf tb reference may be of any 

op^sHoa, a dagl. plaae is cbtmsa, Tl atJlrtoa iLT v*°“a‘ 
much difEereut from a plane: and it would be 'll ‘ ^ a limited area the geoid is not 
of reference by the introduction of a third coordiLte .* “PPlication of the plane 

If at each triangulation station the direction of the ^ ^ angles to the plane, 
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and it is probable that this would be the simplest coarse to follow in dealing with the results of 
any one survey, for instance the Indian Survey. Or the geoid might be referred with strict 
accuracy to a sphere : but in this case the residuals in a vertical direction might be inconveniently 
large. 

14. This does not appear to have been quite the point of view usually taken, seeing that 
much energy has been devoted to finding the spheroid which best fits the whole earth. The origin 
of this research was doubtless the desire to uphold the Newtonian theory that the earth, being a 
revolving gravitating mass, should approximate in form to an oblate spheroid : rather tliaTi to the 
prolate spheroid which early measurements led the French school to believe in. This question 
was finally settled in favour of the Newtonian theory by the measurements of the arcs in Peru and 
Lapland : and the matters now to be investigated are the relatively minor deviations of the geoid from 
the oblate spheroid. Given a ready means of converting coordinates from one spheroid to another, 
each survey may properly select the spheroid most suitable to its own requirements. In any case 
the several large surveys of the world are expressed in terms of different spheroids, and for purposes 
of intercomparison it is necessary to develop a method of changing from one spheroid to another. 
An interesting question is to consider how closely the several spheroids, which best fit the respective 
surveys, agree inter se : to account for any differences : and to see whether a theory of 
density distribution can be found which will bring all these spheroids into agreement. The same 
question may be considered by taking the surveys on the spheroids they happen to have heeu 
reduced on and afterwards expressing the results in terms of a single spheroid and the local 
differences of the geoid from this general spheroid. Even if this general spheroid is so selected 
as to make the differences from the geoid a minimum it still remains only a convenient figure of 
reference and a more or less close approximation to the geoid. 

16. In the case of triangulation the usual. procedure is as follows : horizontal angles are 
measured on the geoid, that is to say a theodolite is set up and levelled so that its horizontal 
circle is tangential to a level surface of the geoid. Spheroidal excess, calculated from the ftaa nwiod 
spheroid, is applied to these angles. Further computations of the latitude and longitude of the 
points of triangulation are then carried out as though the spheroid and geoid were identical. 

Now in certain disturbed districts the geoid is of considerably different curvature from the 
adopted spheroid ; and the excess over 180® of the sum of the three angles of a triangle observed 
on the geoid is not the same as that computed from the spheroid. On account of the relative 
smallness of this excess in triangles of the size which occur in triangulation, this difference is 
not of great importance, though it gives rise to the two entirely different methods of Chapters III 
and IV. But if the rays observed have a considerable elevation, such as 5°, a very appreciable error 
is introduced, as will shortly be explained. It is necessary to be more precise. The most natural 
way of relating a point on the geoid to the spheroid is by giving the coordinates (latitude and 
longitude) of that point of the spheroid the normal — or more strictly for large distances the 
orthogonal confocal hyperbola — at which passes through the point on the geoid ; and by stating 
the height of the geoid above the spheroid measured along this normal as well as the angle bet- 
ween this normal and the normal to the geoid (defiection of the plumb-line) and the azimuth of 
the plane containing the two normals. 

Defining the position of a geoidal point in this way for the present, the separation of the 
geoid and spheroid need not be considered. To each point on the geoid there is a corresponding 
point on the spheroid: and consequently to each geoidal triangle a spheroidal triangle corres- 
ponds. It is with such spheroidal triangles that computations of latitude and longitude etc. really 
deal, the formula being deduced from properties of the spheroid. Consider then the relation 
between the angles of a geoidal triangle and the corresponding spheroidal triangle. 
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ol-ds aimi.8a is required. The error on the whoieline is Jdg. siuaSa. This is equal to « sino.^ Sa„. 

where Oa. and are values which occur at some part of the line. If a is fairly constant 
s sin a is approximately the difference of level of the two ends of the base and the error is 
approximately Owing to being small compared with the length this is only 

liable to affect the length by a quantity of as much as 1 in 10 ® in extreme cases. 

18. Deflections are usually stated in terms of their westerly and southerly components^ 
1 ?. It is clear that the effect of either component on a ray can be computed independently and 
then the two results combined. In the case of a ray of azimuth A it follows from (3) that a 
correction to the geoidal azimuth of amount SA is required where 

f cos.4H-ij8in.4) tana ( 4 ) 

Consider now the case of a traverse. Denote the successive points by 3 , 8 . . n : let be 

the angle of elevation of » + 1 from n and let jSn be the elevation of a - 1 from n. Also let A„ be 
the azimuth of n, n + 1 and that of n, n—1 and be the arc subtended at centre of earth 
byaM +1 

Then au+^n+i = -Cu I 

and ^u=A+i +180°-A‘„J (5) 

where Ka. is the convergency. 

This traverse may be regarded as the flank of a series of triangulation : and in proceeding 
along it, the accumulation of azimuth error will be estimated. Now the flank of a triangulation 
series may, without much loss of generality be considered to proceed along a great circle of the 
earth (or a geodesic to be more precise). The great circles on the earth which are most conve- 
niently considered are the meridians ; but it is clear that by changing the system of coordinates 
to which points are referred any great circle may be regarded as a meridian of a different system 
of coordinates. It will accordingly be sufficient to consider the case of a meridian (not 
necessarily one of the system with the axes of rotation as pole). Along such a meridian the 
azinauthal angle A is zero or 180“. Suppose then that the traverse 13 8 . . ti lies on this 
meridian and that /*„ is the component of the plumb-line deflection at m in a direction perpendicular 
to this meridian (but not necessarily east and west as the meridian may be any great circle). 

The correction to the angle at « will now be 

SCa—fia (tana,i-l-tan) 8 n) ( 6 ) 

which may be written sufficiently accurately for the present purpose 

(an+/ 8 n) (jy 

since On and seldom if ever are so large as 5“ in triangulation of a geodetic kind. 

Let Skti be the height of « + 1 above n : then very approximately, if R is the radius of the 

earth 

SAu = RCa (On+iCn) =— (/Sa+l + i Ca) fg) 

and 

!/y A*n 1 \ i . , . 

“ ii V c„ ^ ^ (9) 

The accumulated azimuth error of the side 1 is accordingly 0^ where 

^ ^ /tn+l) - itfla (Ca-1 +«„) ( 10 ) 

— i^n + gCn. 

Some attention to detail of the limits of this summation is necessary to obtain the precise 
value in a particular case : but the present object is to discuss the accumulation of the error and 
so this detail need not be considered now. It is clear that the first expression on the right hand 
side of ( 10 ) is not liable to great increase : for is equally likely to be positive or negative 
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20. The advantages and disadvantages of the methods of correction worked out in Chapters 
I, III, IV may now be considered. The method of Chapter I in which «y and are taken as the 
changes of latitude and longitude has the jnstiiicatiou aud weaknesses referred to on pages 10-13. 
In a triangulatiou system where the bulk of the triangulation is along parallels and meridians this 
solution would be satisfactory were it not for the azimuths. The azimuth computed by the 
corrections at the ends of a ray of triangulation along a parallel differs by an appreciable amount 
from those for a ray along a meridian, and at first sight it appears that the difference is the 
necessary correction to the angle contained by these two rays. This however is not satisfactory 
as It is clear that the longitudinal and" meridional series must be a little bent and that the whole 
error should not be forced into the junction angles. It would be equivalent to putting all the 
angular closing errors of a traverse which followed approximately the sides of a rectangle into the 
four angles at the corners of the rectangle. Moreover the final azimuth will not agree with the 
longitude as laid down in Laplace^s equation. I^aplace’s equation might he adopted as a mode 
of determining the azimuth changes : but obviously the result would be inconsistent with the 
latitude aud longitude changes found viz. lu fact it appears that this method could 

rightly be applied merely to the junction points of the triangulatiou series. After changes for 
these points had been found, the corresponding changes along the series might be adjusted as is 
done in closing a traverse. This would involve a consideration in detail of all the series and has 
the disadvantage of being most laborious, and when done it is inconvenient in that the solution for 
the case of a further change of axes would have to be taken up right from the beginning. It might 
be supposed to be advantageous in that it takes cognisance of the actual form of the triangulation : 
but seeing that it is based on a method which is not entirely justifiable there seems to be little 
advantage in this partial approach to accuracy in the final stages of the reduction. 

21. The method of computation along the geodesics at once gets rid of the difficulty of 
dual values of the changes. It is obvious however that the values obtained for the changes vary 
according as one origin or another i.s selected : foi' the closing errors in a triangle formed by join- 
ing any point and two selected origins exist just as much here as in the first method. This closing 
error however does not occur all at one point as in that method, but is satisfactorily distributed. 
There is some trouble in computing the geodesics : but this is of minor importance seeing that it 
has been done once for all and correction tables have been made out from which the coordinates of 
any point may be deduced by interpolation. These tables permit of the changes due to any desired 
changes in the elements a, d aud latitude and azimuth at the origin being made immediately and 
admit of further changes being subsequently made when this becomes desirable. 


Soth this aud the first method are based on the idea of the accuracy of the ratios of the 
Sides in the triangnlation : this is almost independent of small changes in the spheroid and the 
consequent minute changes in the spherical excess of any observed triangle. It may be noted 
here that in the case of an equilateral triangle with observed angles of equal weight the ratios 
are unaffected by the amount of spherical excess as this would he distributed equally. But tlie 
angles of the geoid have been used in place of spheroidal angles and from this some disturbance 
must have arisen. 

While then the ratios o£ the sides may be regarded as practically perfect so far as correc- 
tious due to size of spheroid are concerned, it must at the same time he remembered that the 
observation errors Lave a cumulative effect on the ratio of a side to the original base as the side 
considered is separated more widely from the base : and the treatment of the observed angles as 
applicable to the spheroid without correction will aggravate this. The magnitude of. the errors 
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practically disposes of the usefulness of this method. Further the Laplace equations should by 
right have been applied iu the original grinding : they were not. This omission also makes an 
objection to any method of compirting short of regrinding. And so the geometrical accuracy of 
the method of Chapter IV is vitiated. It is useless to insist on a method which strictly accords 
with Laplace’s equations when the original quantities which are to be corrected fail to satisfy 
those equations. 


23. As remarked above in §7 the reason of the multiple values of u, v, w according to 
traverse route followed is that in the computations no attempt has been made to correct observed 
geoidal angles to angles on the particular spheroid which is selected as a reference figure. Had 
these corrections been applied the method of geometrical change explained in Chapter IV would 
have given the changes v„ to^ which would then have been applicable on changing from one 
spheroid of reference to another. But seeing that no such corrections were applied^ and that the 
closing errors of circuits were dispersed and treated as errors of observations it is clear that this 
method is not strictly applicable. The portion of the closing errors due to this lack of correction 
to the angles is small compared with those due to errors of observation : so in the main no great 
fault was committed. A greater fault was the neglect of closing on the longitude arcs, or in 
other words applying Laplace’s longitude equation. What is at first sight naturally regarded as 
a defect of the methods of Chapters I and III is that equation (4) of this chapter is not satisfied. 
But when it is considered that Laplace’s condition, of which equation (4) is an immediate conse- 
quence, was not enforced on the computation of the original triangulation, it is clear that there is 
nothing to be gained by now enforcing equation (4) on to the small changes to be applied an account 
of change of spheroid. A preferable course is to make these changes and then apply Laplace’s 
condition to the final result as Sir Sidney Burrard has done in his discussion of the Indian azimuth 
observations. It is concluded then that the two objections to the methods of Chapters I, III cited 
above have little weight in view of the slight inaccuracies of method by which the Indian triangulation 
has been reduced. It remains then to decide merely on what route should be followed in deducing 
the changes of coordinates by the method of Chapter I. This method is applicable to any route 
if the “closing errors” are applied as explained at the end of that chapter : and in Chapter III 
although the results are obtained in a special way, yet these results might have been obtained bv 
the method of Chapter I. It is clear that no route can be laid down as rigorouslv correct and 
that the best that can be done is to select a route which appears to be the best. Suppose there 
were four triaugulation series all of equal merit forming a square. Then the route which should 
be followed from one corner to another is the diagonal, and this produces a result intermediate to 
those which would be found by following either pair of sides. If one pair of sides was distinctly 
better triangulation than the other, the best route would doubtless be one closer to the good sides 
than the bad sides. But in the case of a great network of triaugulation it is too complicated to 
go into such detail and so the diagonal would be selected. Now the geodesic corresponds fairly 
closely iu the case of a spheroid to the diagonal of any square or rectangle, and it gives a satis- 
factory medial path among the triaugulation and medial results for the changes deduced. This 
choice is slightly arbitrary, but seems the best that can be made. Another arbitrary choice is 
that of the origin from which changes are computed on the point from which all the selected 
geodesics radiate. It is apparent from the theory of the “closing errors” that different values 
would be deduced for the change according as this central point is selected ; but the differences 
are not really appreciable in comparison with the errors due to faulty observation : Kalianpur is 
very centrally situated as regards India, and as it is the origin of the triaugulation it appears 
that it would merely be an unnecessary complication to select a slightly different point for the 
point from which the geodesics radiate. It would he useless to go into any great refinement as to 
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CHAPTER VL 


Strength and Adjustment of Tnangulation. Mechanical Analogy. 


A criterion of strength of triangulation series. 

1. If a meehamca] network, which is analogous to a triangulation series in the sense 
explained in § 10 below, replacies each series in a system of triangulation a mechanical framework is 
formed. Each mesh in this framework corresponds to a circuit in the triangulation and needs straining 
to close in a way exactly analogous to the need of adjustment of triangulation circuits. Now in general 
in Indian triangulation, series follow approximately straight lines and these are generally more or less 
along meridians or parallels. Consider four series which form a circuit A B C D, and their mechanical 
analogues. To effect closing at A in the mechanical framework strains must be applied : and it 
seems fairly clear that the strains which will be caused in the side A B will be of the same nature 
all along this side, but will differ essentially from those caused in B C. An example would be that 
the strains in A B would be such as to increase the length A B while those in C would be to 
slightly curve B C, On this account it appears desirable to consider strains of a particular type as 
existing throughout A B : but not existing to the same extent in B C, The side ^ 5 is thought of 
as liaving uniform strength which differs from the uniform strength of B C, Reverting to the 
triangulation series it may be remarked that in one series the same strength is aimed at throughout, 
angles being observed with similar precision and figures of the same type selected as far as possible. 
When topographical conditions change entirely, as must essentially occur on the passage from plain 
to hilly country, the series should be considered in sections. 

In considering one series of a circuit, it is only necessary to think of a route” formed by 
those sides which persist in the general direction of the series, but bearing in mind that the length of 
each side is expressed in terms of the previous side, and that in any adjustment its relative length to 
this previous side is the quantify which is to be slightly varied; and similarly its azimuth is relative 
to the previous . side. It will not he very far from the truth in effect if these several sides are for 
simplicity regarded as of equal length ^ and practically in the same direction. Suppose the angle 
between the r**' and r + lh^ side, originally practically 180°, is changed by the small angle : and 
that the ratio of the length of ther + l|**' side to the originally unity, is changed tol+ey 

r r 

Expressed in terms of the base, the side changes in length in the ratio II (1 +e) — 1 = te and in 

1 ’ 1 
r 

direction by 2 17 . These quantities e and n) may be chosen to . give any possible small changes in the 
length and azimuth of the terminal side of the series. Consider the displacements in the terminal 
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* Viie Account of the Operations of the G: T. Surrey of India, Yoi. n p I99 
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gives a result practically the same. 





STEENOTH OP TEIANQULATION SERIES. 


Suppose there is a series composed of a simple triangles, B braced quadrilaterals, 7 pentagons 
and S hexagons, then tlie ratio of its terminal probable errors to those of a series of the same length com- 
posed of quadrilaterals is 


. /l*17|®a + /3 + I'OSlV + -GSpS 
^ a + )8+7 + a 



.which may be approximately written 1 + / : 1 
where / = ^ 


%Cb + 7 
^ + 7 "t ^ 


(3> 


Heptagonsj nonagons etc. occur rarely and may be treated aS pentagons: Octagons, decagons etc. may 
be treated as hexagons. Combining' this result with ( 1 ) and ( 3 ) the quantity 

^ • • • • • • • • • W 

is formed in which 18, the average length in miles of sides in the Indian triangulation, is introduced,, 
and “m" is General Ferrero’s expression for error of mean square of an angle and I is the average 
length of side e.xj)res 8 ed in miles in the series under consideration. 

2. This quantity M takes cognizance not only of the probable error of the angles in the 
triaiigulation but also of tire length of side and tyjre of figure. For a given length of ti-iaiigulation 
it gives a relative idea of the errors likely to occur in series of different precision and type : for 
example if there are several series of the same length, say 300 miles each, for which values 
^sj ... have been found by (4), then the probable errors of northing or easting 

of the terminal point ai-e approximately in ratio Mj : Mg ; M., . . . and the same is tr-ue of the 

probable errors of length or azimuth of the terminal side. “M” gives a eritei-ion of the value of 
triangulation considering in proper proportion the excellence of observation and the success in ehosing 
well-proixrrtioned figures which has been attained: “ m” only gauges the excellence of observation. 


The deduction of the quantity M is confessedly based an apirroximations and simplifications. 
It would not be expected to be very accurate if applied to badly conditioned figures, and it is not 
intended that this should be done. In geodetic triangulation such figures are exceptional and figni'es 
approximately symmetrical largely predominate : and in these cases M is a practically useful criterion 
of the excellence or strength of the series. 

3. All the triangulation of India lias been classified according to values of M (vide 
table XLIV) and the order of merit of the several series deduced. The series are arranged in 
chronological order and designated by' a serial number. Reference to any' series can generally be made 
more conveniently by* use of its serial number than by the rather long and frequently aibificial names 
which have been applied. A consideration of the list shows tliat the principal and secondary 
triangulation ranges fairly continuously from very high class work in the best of which No. 76 North 
Baluchistan Series mi" = 0 • 221 and M = 0 • 1 7 ; to the least successful secondary triangulation No. 65. 
Siam Branch in which w=3"- 711 and M = 4' 34. The mean square {vide note at foot of table) value 
of M for the triangulation which was utilised in the grinding of the Indian network is 1'04 : that 
for the whole ti'iangulation 1 '.51. In some cases so called secondary triangulation proves better than 
poor principal ti’iangulation : in general there is no marked gap between the two classes. This 
classification of triangulation into principal and secondary is accordingly dropped after the completion 
of the series and both are classed as “ geodetic ” triangulation and placed according to the values 
of M yielded by them. The further distinction in Indian triangulation is between “geodetic ” and 
“ minor ” triangulation. The former is always rigorously computed taking account of spherical excess. 
The latter, which is generally very much rougher, disregards-spherical excess. 



9^ the EAKTH’S axes and triangolation. 

TABLE XLir. 

T=au« of and “M ” for all Geodetie Series of the Indian Triangniation. 


No 


Name of Seriei 


8 


10 

11 

12 

13 

14 
16 

16 

17 

18 

19 

20 
21 

22 

23 

24 

25 

26 

27 

28 
29 
80 

81 

82 

as 


South ^Parasnath Mer. 
Sudhon Meridional 
Amm Meridional ... 

Jlan^lr Meridional ... 
Calcutta Xon^itudindl 
Great Ate MertdionaL 
Section 

Bombay Zonyitudinal 
Great Arc Meridionals 
Section 18^^84^ 
Great Arc MeridicnaL 
i>eetion 

Singi Meridional 
^outh Konkan Coast 
Kardra Meridional 

North Maluficha Mer* 
Chendwdr Meridional 
Gora Meridional 

Calcutta Meridional,, 
South Maluneha Mer. 
Khduptsura Meridional 


North-East Ion, 

£f wtild ong Meridian al 

North-West Himalaya 
Ourhagarh Meridional 
Bast Coast 

Karachi Longitudinal 
Alu Meridional 
North Edrasndth Mer, 

Kathiawar Met'idional 
Gnjardt Longitudinal 
Kathiawar Minor Lon. 

Sabarmati Secondary 
Great Indus 
Rahun Meridional 


treasons 


1 


■s 

S 

1 

« 

1831-8S 

)S- 80 J 

5 24-( 

6 

1833-4i 

2-24S 

il9-S 

S26 

1834.3{ 

I- 641 

'18-£ 

134 

1884-64 

(1-648 

• 206 

32 

1884.6S 

0-86S 

26-6 


1835-66 

0-708 

22-2 

10 

1837-63 

0-844 

27-6 

1 

1888-41 

0-667 

21-8 

17 

1840-74 

0-390 

23-7 

1 

1842-62 

1-187 

24-9 

18 

1842-67 

2-176 

29-6 

16 

•1843-46 

1-507 

16 '4 

21 

1844-46 

1-266 

18-4 

6 

1844-69 

0-841 

15-1 

17 

1845-47 

0-973 

15-6 

23 

1846-48 

1-173 

8-5 

45 

1845-53 

1-606 

15-7 

11 

1846-62 

1-227 

27-3 


1846-47 

1-165 

13'8i 

32 

1846-55 

0-446 

ll-ll 

96 

1848-52 

1-602 

14-3! 

20 

1848-53 

0-641 

25-3. 


1848-62 

0-914 

13-6: 

70 

1848-68 

0-608 

16-9; 

22 

1849-63 

0-658 

15-8. 


1861-52 

0-C17 

16-9 

i 

1861-52 1 

0-895 

12-6S 

20 

1862-56 ( 

0-990: 

17-4 

7 

1862-62 ( 

0-859: 

14-28 

J1 

1858 ; 

1-481 i 

23-1 

1 

1863-54 • 

1-348 

5-81 

5 

1863-61 ( 

0-369; 

12-7. 


1853-63 ( 

0-327 ; 

14-1. 

•• 


Number of Independent Figures 


1 
8 

4 

5 
8 

l,lfl 


2 

6 

6 

10 


^liol 

3| 


I-on. •"Longitudinal. 


3 

5 

2 
9 
2 

* One centred A. ■ 



1 

!±]V1 

Order of 
Merit 

/ 

-13£ 

3-2( 

5 92 

-185 

2-4( 

5 86 

-167 

1-88 

3 77 

-167 

l-7£ 

>72 

-051 

0-8S 

28# 

-109 

0-71 

36^ 

•077 

0-74 

38 

•118 

0-59 

GO 

•054 

0-36 

13i 

•131 

1-14 

51 

•140 

1-93 

79 

•146 

1-81 

73 

•130 

1-42 

60 

•146 

1-06 

45 

•161 

1-21 

52d 

•167 

1-99 

82 

•141 

1-97 

81 

•071 

1-07 

46 

•167 

1-55 

65 

•156 

0-65 

SIS 

•142 

1'92 

78 

•021 

055 

26 

•157 

1-21 

52i 

•116 

0-70 

34S 

•015 

0-60 

30 

•042 

0-68^ 

33 

■167 

l-25i 

54 

■101 

1-11- 

49 

•157 : 

1-12J 

50 

•028 : 

l-84i 

58 

147 ! 

2-84! 

38 

008 ( 

0-43 S 

20S 

009 { 

3-37] 

L5# 


Centred Quadrilateral. 
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TAB LM X LI F.— (Oontd.) 


Values of “w” and “M ” for all Geodetic Series of tlie ludian Triangulatioxi. 


No 

Name of Series 

Seasons 


1 

Number of Independent Figures 

H 

1 

1 

Q3 

'T3 

OQ 

TJ 

u 

s 

'oQ 

4 

*s 

US 

'S 

es 

T3 

S 

'5 

■s 

‘S 

00 

t: 

e 

r® 

*0 

a 

Q 

'S 

6 

•r 

a 

*0 

*S3 

eq 
1— 1 

ns 

fl 

P 

o 

fU 

6 

o 

o 

1 

S4 

Assam LongitudinaL,. 

1854-60 

0-679 

12-£ 

... 

2 

t. 


L.. 

] 






•025 

0-71 

86a 

36 

Cutch Count 

1855-58 

0-986 

12-5 

... 

5 

t 

. . 


1 





i 

•074 

1-27 

556 

36 

Kashmir Principal . , , 

1855-60 

0-884 

19-2 


18 

' 1 

] 

L.. 







-004 

0*86 

40 

37 

Jogl~Tlla Meridional 

1855-63 

0-481 

12-3 

k.. 



7 

1 

1 






•009 

0-59 

28a 

38 

Sambalpur Lon. 

1856-57 

0-806 

19-3 

7 

2 


1 








•117 

0-87 

41 j 

39 

(Cutch) Coast Line Sec. 

1856-60 

0-975 

10-3 

.33 











•167 

1-47 

61 i 

40 

Kathiawar Minor 
















Meridional No. 1 ,,, 

1858-59 

0-930 

9-1 

13 

1 










•166 

1-61 

64 

41 

Kathiawar Minor 

















Meridional No. 2 ... 

1859-60 

1-247 

12-1 

14 

1 









1 

•145 

!i-75 

70 

42 

Kathiawar Minor 
















Meridional No. 3 . . . 

1859-60 

0-969 

10-0 

17 

3 

1 









•139 

•064. 

|1 48 

0 - an 

62 ^ 

43 

Bider Longitudinal ... 

1859-72 

0-311 

22-0 


1,111 

2 

1 


3 





1 

44 

Eastern Frontier or • 











... 





UO‘ ' 


Shillong MeHdional 

1860-64 

0-409 

13-2 


6 

2 

1 

1 


1 



1 


•028 

0-49 

28a 

45 

&utlej Meridional ... 

1861-63 

0-346 

10-6 

60 











•i67 

0-63 

26 

46 

Madras Mer. and Coast 

1861-68 

0-426 

21-6 


' 8 

2 

6 

3 

2 






>026 

0-40 

19 

47 

Kathiawar Minor 



















Meridional No. 4 ... 

1863-64 

1-154 

10-8 

14 










1 

•157 

1’73 

6Q 

48 

Eaat Calcutta Lon. ... 

1868-69 

0-379 

10-7 

32 

’’’■ 


2 








•157 

0-67 

27 

49 

Mangalore Mendional 

1863-73 

0-440 

20 7 

1 

1 

1 

4 

2 






2 

•096 

0-46 

22 

50 

Kumaun and Garhwal 

1864-65 

1-742 

26-7 

2 

.4 


1 








•048 

1-50 

63 

51 

Nasik Secondary 

1864-65 

2-033 

10-5 

26 











•167 

3-12 

91 

52 

Burma Coast 

1864-82 

0-380 

19-8 

14 

18 

5 

5 

1 

2 





4j ■ 

•078 

0-39 

18 

53 

Jabalpur Meridional 

186.5-67 

0-340 

22-4 

• # « 

2 


7 

1 







•008 

0'31 

7 

54 

Madras Longitudinal 

1866-80 

0-384 

21-4 

1 

1 

3 

6 








038 

0-37 

16!? 

55 

Assam Valley Triangu- 

















latioii 

1867-78 

1-690 

9-5 

46 

5.113 

1 










0 ■ 6^ 


56 

Brahmaputra Mer, ... 

1868-74 

0-.564 

12-0 



1 

6 


i. 





i - 

009 

til QU 

0-70 

0/ 

34a 

57 

Coimbatore Minor No. 1 

1869-71 

1-547 

13-6 

19 


1, 









163 

2-07 

83 

68 

Bildspur Meridional . . . 

1869-73 i 

0-302 

15-7 


6 

4 

6 








021 

0-33 

ll' 

59 

Cuddapah Minor 

1871-72 

0-826 

17-6 

’s 

1 , 










148 

0-96 

43 a ' 

60 

Hydei'abad Minor . . . 

1871-72 

1-405 

19-9 

9 











167 

1-56 

66 

61 

Malabar Coast 

1871, 74, 80 • 

1-632; 

17-4! 

12 











167 

1-82 

74 

62 

Jodhpore Meridional 

1873-76 ( 

3-291 : 

15-6. 


"s 

i 

7 

i! 


i. 





019 

0-32 

8t '■ 

63 

South East Coast ... 

1875-79 ( 

3-522 ; 

Ll-7. 

.. 

8 . 


LI 

2. 





•• 

1 • 

007 

0-65 

3ia 


Mer. —Meridional. Lon. — Longitudinal. fcec. — Secondary. || Centred Quadrilateral. 
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THE BAETH’8 ASES AND TBIANQULATION. 


ta:ble X -C J r;-^(Contd.) 

Values of ‘W and “M” for all Geodetio Series 


of the Indian Triangulation. 



Her. -Meridional. 


Jor 42 Series euterio. 1 ,Mai.e™a. 

= (slossa i. ^o. aW) 

3691 Mean Square M= + ^ X 45*359 1_ , ' .. 

~ V 25 ± 1 ' 04 

For Series up to No 


M 42 

SM --214 3199 Mean Square M= + a /^i4. 3199 


= +1-51 
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4. Eeplaee each trianguktion series by one of its flanks. The network is then neai-ly gltni'Ini. 
to a traverse network, with the addition that closure of the length of the last side is necessary as well 
as its azimuth and the position of its terminal point. The flank of any series is usually not far from 
straight : or else consists of two or more portions with approximately straight flanks. Consider each 
such portion separately and denote it by the name “ friangulation line'’ 

Each triangulation line is liable to be slightiy bent and to have its length slightly alter-ed in 
the course of adjustoent. This is effected by the angle at eaeli station, and by the ratio of successive 
sides (between stations) of the trianguktion line being slightiy changed. Triangulation lines may be 
of different strengths aecoi-ding to the series from which tliey are derived : but it will be assumed that 
the strength of any one trianguktion line is uniform. In other words, if it is neeessaay to adjust the 
azimuth at the end of a tiiangulation line this would be done correctly by giving the angles at all its 
stahons an equal change : and to adjust the length of terminal side it would be correct to change the 
ratios of successive sides each by equal percentages. 

When several triangulation lines ai-e concerned the angukr adjustment at any station of one 
will in general be different from that at any station of any other on account of both the different 
strengths of the several trianguktion lines as well as their directions. The question of strengths has 
been considered in some detail above {vide § 1 ) and can be talcen into account by means of M. 

Adjustments of latitude and longitude at the end of a trianguktion line may alsQ be effected 
by a combination of small changes of the angles at the stations and tire ratios of sides between 
stations : but in these cases the most probable adjustment would not be that of changing all the angles 
and the successive side ratios by equal amounts. The actual difference of this latter course from 'tire 
most probable one is not very gr-eat in trianguktion lines of moderate length, and it may be deemed 
justifiable on the ground of simplicity to make the adjustment by adopting the latter. This would 
bring the four types of adjustment into one simple scheme : but the more general ease will now be 
explained and the simple ease can easily be deduced from this if deshed by omission of certain terms. 

5. Consider any triangulation line and let the successive stations along the line be denoted by 

the numbers 0, 1, S, . . . n, there being altogether n sides in the hue. Let Aj be the a.g:in> ii tf b 

at / of r+.l and Lj the latitude and longitude of r. Denote by Cr the length of the v*** side and 
by AXr, A-Zr, Air the increments of latitude, longitude and azimuth along this side (r— 1 , r). 
Suppose tliat the angle at the station r is changed by 17 , radians and the ratio of the7+l|‘’* to the 

side to (1 + e,) and consider what changes will be caused thereby. 

The following expressions hold appimimately 

AX, 

Ah, 

AA, 

inwhieli AX„ AL„ A.ii.ai'eexpr’essed in radians. The differences between p, v the principal radii of 
curvatiu’e and a the mean radius are neglected as only approximate equations are required in what 
follows. 

Differentiate (5) with regard to c,., A,_i , X,,_i . Denoting the changes in latitude, longitude, 
back' azimuth and forward azimuth at station r by v„ w„ w,+r}, it follows that the change in 
AXi is «r— Mt_i etc., so that 


A 

= ^ — eos A 


r-l 


= — — sin seeXp-i 
a , 

= sin -4r-i tan\r-i 


• ( 6 ) 



9 ^ BABTH-8 axes xbiangtjlation. 

%-%-.= AX, 

*-1 A A. I — + oot A,_, -t !)_1 j + rec X_, eosK X,'.iti,_, j ' ’ 

In these eqoations cot , or fen ;» i;„ui x i. ■ 

accompanied by either AX, or Ai;, bein^ corresTDon^nSv ® but this is always 
by means of (5) and to write (6) pondin^ly smaU. It is convenient to eliminate A,^i 

= AX,^ - Ai,o<^..(»„ + ^_ .) 

o. ^ 


’•-1 Xl-I, ^ '*' ''’^”“'“'(“'-i + ’;-i) + Ai.t»nX„n^_, 

■ -«V-. = AZ,.taV-,-|.+ AX.tanX^,(»^.^ _____ 

mJXI- - i • • _ ^ 


• (7) 


In accordance with notation explained above, since -£l = _£^ . 

«r . , , . c. ^T-i Cr^2 -r^ and 

ng ^(l+er_i): then is changed into— liVi+e\ rr Sc, ° r-i 

:i:a 

Now suppose that the changes in successive side ratios andanolesare in arith « 

G aie in arithmetic progression : 

and , • . . e 

•k.-v,-v =%- v= .... 

““ &=E + r. + ' 0 :^,. 

K",- = (e +re + ’•(^■- 1 ) A ) '' 

. +<-.taV.Ai, .... 

X ^ I e ) eosec l"sinX,_i 

■ , . ax.no. AX, AA^i„„ji^, , jj - 

^ w <• 

..paratslymjtto m quantise, giv, Sse to Sva 

~atototo.no..a^ 


}■ • ( 8 ) 
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The coefficients etc . . have to be determined for each triangulatioii. line and then the 
latitude, longitude and azimuth changes are expressed by ( 9 ). The r*"* side is changed in the ratio 

T (f* ““ 1 ) / 

1 + E + re H- ^ : 1 j so that the solution is complete. 


It is convenient to denote the changes at the end o£ any, the triangulation line in lati- 
tude, longitude, azimuth and side by m CT ^ ni® • then taking account of different values of 

€, Tf which occur in different tiuangulation lines the change in latitude, longitude and azimuth of the 
station of the line may be written 

m-1 E f nA + m®tt ^m) COSeC 7 /^ + rJ)n «o + ni^K \ 

M— lE -t- xw^w^iu H- ) COSeC -f ni^to m-Kio ^ ( 1 ®) 

mEr = m— lE + H — ^ e'lii \ 

Equations ( 10 ) give in the most general form the changes that are effected by introducing the 
alterations 77, 77', e, e different for each triangulation line. 

6. We may now consider the probable relative values 
of € and 77 (the latter expressed in radians) for this purpose treating 
€' and 77' as zero.. Take the ease of a series of simple equilateral 
triangles and let ^ — 2., jo — 1, p be three successive stations on a 
flank: also let etc. be changes which are applied to the 

several angles, as indicated in the figure. The ratio of the successive 
flank sides Q R/P Q being denoted by r, then 

d log r=cot 600 “^p) 

Hence 

2 d log r - d log n r 

= cot 60 ® ^ -f ^ r — + yp — ^ 

Hence the most probable way of getting a particular value for the change in logarithm 
of the side is by making all the a?® equal to each other and of opposite sign to all the 
which will also all be equal. The y* do not come into the case at all except at the two ends, unless 
an azimuth change is also required. 



For the azimuth it is clear that 

S9;p-i = 2 (^p + ]y'p_i -}- Zjt^i) =py 

is the azimuth change, since the are all to be equal. 

Now in the most probable distribution of changes obviously all the are equal as are the 
y® and z^. Hence 

+ +^{y-y) 

and p 7 ] = jo (:p + y' 4- z). 

Now = — y 

n = / - y 



and 


( 11 ) 



5 THB BAETH’S AXES AND TRIANG0LAT1ON. 

The probable values of tj oi.« j- -i 

of a ,l,id. tk «*,■ “oorin'Slf in th« of the mort probeM. wloe. 

— a ,heh the joeoffee aa eof,-«* to the edetioe 


Following the usual plan of iuuopenae 
the two eases (a) of y and (5) of a- - ^ 



and 


=1 

- k = \ =0 

etc. 

“l = «3 = «8 =1 


below (Chapter VII § 4 ) we hare for 


3^j = 1 in ease ; ai —o • ,,, 

•• ttr =l_i_9' >V in ease (6) 

Hence the ratio of probable values rf /aTdTis IniL ^ case (6) 

7. Now it is clear that in tbo ^ f’ **'’ ^ ® weight. 

•qMltalo.e of r^oS hy !Z°o 1™“' ‘"o" “ 

angu a on Bnes of equal strength: and if the fn* ^ round a circuit composed 

rf ! I*" that tho direoHon, of th. to “ ?? ' ■ 

rf a tmo^lahoo line along a moddiat. a ch^or- mportaoco. Thos m tho o„o 

So5r f Moreoyorto grt aoy dedti'^h!” ‘ *■” " '“‘‘'“'i'’ W 

y >» eq^ at L tho ^f ““f iwlable values of changes it 

ptohaUothat thqrwoidd not alts ’much triaugulation Bne ; though it is 

.^soohliues. .TaWogthseasoratieT^S^” ““ “ ^ 

^™th.u change, h. the s^gle. ‘ «» 

length the meotprohahU Chang® be iu^h 1 “a* were of eooal 

d»n.g« at the yariooe smL oTa it," llh complexity of filtS 

SWnd tooy»halanc. the digW >' »" *“»"”» •* «n. hi hoLlel^^ 

^■^rijustoonts which nto about to r™'S(rnT'' °' “■* ”■* ^ i- »■«« 

hoconsld,™, f„ll,..,o^;'- — 

triangnlationKnemay 

ftomfiTt?' »f qnantiti® ffonr) at 510100? ’’'‘J'®” *"» preyloudj fixed sH® 

fif^r f . ®^*ed at the end of § 18 that for +hp ^ condition. It is clear 

r^ru ease of closure tee changes at the 

tede m ® ^^jastment firstly for log siteTnd^ “ combination 

te i a«mber of ^ and e- at choice is in colS^S lo^gi- 

tionsof 

by equating the right hand sides to the several iSbg 
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errors which arise, four equations are formed for each circuit together with one extra for each extra- 
base line or Xiaplace station. These may be used to determine the most probable values of ^ , e (and 
V 3 ^ 11 ' js thought desirable not to put these equal to zero for each triangulation line) , due regard 

being paid to the strength of each triangulation line. 



is the triangular error of any one of the triangles of a series, -then 


the probable value of r/ in the c^e of a series of simple triangles in which the triangular error has been 
dispersed is, by ( 11 ), ^ j»v /2 x •6745=-779>«. Account may be taken of the series eompnsing 

quadrilaterals and other figures by the introduction of a factor {see § 1 above) so that the 

probable values of tj and e (which are equal) are both equal to 

•779»»^ = 0 - 668 «»(l+/)= a ( 12 ) 

in which m is supposed to be expressed in radians. 

The equations for and e accordingly have to be solved subject to the condition that the sum of the 
squares of the corrections multiplied by their weights is a minimum. In one triangulation line the sum 
of the squares of the corrections is 

when r is the number of sides in a -triangnlation line. 

Hence the condition to be satisfied is that 


^ ^(’7"' + “3 (’7'^ ® 1 w*^^l +/ ^ J = a minimum 

the summation extending over all the triangulation lines. 


(13) 


Mechanical Analogy 

9. Suppose that there is a network of ti-ilateration, in which the lengths of all sides have 
been determined by direct measurement. Let I be the measured length of any side, I + SI the adjust- 
ed value, and ie the weight of the determination 1. In middng any adjustment of the network, for 
example to bring a terminal side into agreement with a line slightly differently placed, the princi- 
ple of least squai’es demands that 2 w shall be a minimum, all imposed conditions being satisfied. 

Now consider a similar framework foi-med by rods of material obeying Hooke’s law of exten- 
sion and compression, and suppose these rods are freely jointed at their junctions. If this framework 
is in equilibrium without any strains in action, and, the first side being held fast, the last side 
is brought into a slightly different position and its length slightly changed, then the several rods will 
undergo compression or extension and their lengtlis will be slightly altered. If the unstrained length 
of any rod is I and its strained length is ^ + 8 ^; and the force in action in it causing this strain is F: 
then the work done on the rod is ^FSl. Now by Hooke’s law 

= Z 

l aE 

where B is Young’s modulus and a is the cross section. 

Hence 





100 


THB BiETH’S AXES AND TRIANGELAnON. 
and this represents the work done on the rod The i. 

•"PP*. it i, to „ tJ- „ »»y le T»t.ri by .uitably ch«mg « , 

l«rtwkiimQ«Ji»tdyd.ow.thatf<a.lb,Lr^f°°’ it <» JiP. Th, prmoiple rf 

P^“ the total wifc doae m„,t b« a mimm™ ^ ““ 

10 NnTO'+ siinilar trilateration network. 

■to ^ .f couat,^ , 7dfebl°Tr iT r”!f., 7 “ a- ““ «“»« ‘W 

A^Wa^nd,.™ ^rttoaeto .ad it i,^ .^“iL "fTT Tri.aguI.tioa oa th. 

A m^ameal analogy can be supposed for triano-n] 9 +; ^ ^“iportanee to geodesists, 

cnbed for trilat^ation and to give it Zi Z d^- 

set of ro(^, the medial parts of Tvhieh are laterally riffid bit ^ h"' ^^*** 1 ' difficulty. Imagine a 

ap^ication of (appreciable) force*. Let tbse fo^ b^f longitudinally extensible mthout 

to aneWork of iriangulation, the angles of the teL tkl T a framework similar 

^ freely ma^osiblebetrfn^^^^^ rigid pieces. For 

value and so on. It will be\e^n”then ^ 

enlarged to any size but that it will al * *' be 

the pieces J, !„ B, t cc T 

“hosing their cross section it is possffilf to m t !i^^' P^perly 
« strength ” of the angles A, B (1 Whon Tif ® j;epreeent the 

the work done on vl wn*li k • system is deformed 



rions, central station eoridittens IdTr T"* ^ 
cannot be avoided in the meehamRsl ^ eonditionfe obviously 
of the mechanical pro 
triangu^onadMmenta.^^^^^^^ 

extension of a rod which obeys H^Sr kw^and* quantity can be made to correspond to the 

avmy as to represent the geometrical non^v ^ if a system of such rods are linked up in such 
amlogyforthe set of observations is obtainable °b®ei^ations ; then a mechanical 

rod IS proportional to the square of its extetlion • lo 1-W ^ct is that the work done on any 

^tat one w more points. ^ It t^ngulation and suppose that it is held 

predetermined value and position, fo do this four^condittei h" 

(3) One extremity of the Wf. i ^ azimuth. 

5 unnnn,ete. The adjustments may also be performed 
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in any order and the final result is the same. This is immediately obvious mechanically, for it is 
clear that the final configuration due to small strains has nothing to do with the order in which they 
are applied. ^ 

13. The analogy ^us proves an^ impoi-tant theoi-emt in the adjustment of observations, 
namely that promded all imposed condUio?is are maintained, the adjustment conditions may be 
introduced separately in any order, the previous adjustment conditions in each case being maintained; 
and the most probable ctmplete adjustment is obtained after the last adjustment condition has been applied. 
This enables the circuit adjustments of triangulation to be applied after the figm-al adjustments, as has 
b^n done m the Survey of India. A further theorem is also easily deducible. In the ease of the closing 
of a simple triangulation circuit in which there are four closing conditions to satisfy ( i.e, the ease 
m which there are no additional base lines or independent azimuth determinations) denote the four 
closing quantities by X, Y, Z, U. To effect the closing X alone in the most probable manner, changes 
are concurrently introduced which affect the other quantities by amounts y„ z„ u ,, : and similarly for the 

other quantities. From the mechanical analog}^ it is clear that adjustments as follows should be 
made : — 

(1) « Zx «X 

( 2 ) aiy y Zy iiy 

i'i) yx z Ux 

(^) y„ z„ u 

in which a? + -i- a?, -f ig„ 

Px + y + Px + y,, 

-f -h Z + Zu 

, Wjt Uy 4* -4- u 

and the quantities with suffixes are geometrically related to the suffix quantity, i.e. 

Zx % 

O’x Dx 

£l. ^ 3 

Cy £>y 

etc. 

where the coefficients A B C D depend only on the form of the triangulation and are independent of 
the closing errors. It accordingly follows that 



h 

Hx 




x + Ayy + A,z + A„u =X 

BxX + y + J5,a = Y I 

CxX + Cyy + z + C„u =Z { 

DxX -i- JDyy + DxZ + u =U J 

and by solving these the following equations may be obtained 


(16) 


X = OxX ■+ ay Y + axZ+a„ U') 
y = bxXJrhyY->rbxZ->rb;,U{ 
z = CxX + jyY CxZ-rCuV X 
« = dxX + rfy r + dxZ+d„ U J 


(17) 


If the adjustments x,y,z,u are applied independently and then combined the total effect 
will be the same as that of the single adjustment X, Y,Z, j7 taken simultaneously. By use of 
the quantities x, y, z, u in place of the related quantities X, Y, Z, U it is accordingly possible to treat 
each closure entirely independently of the remaining three. 


t Ihis Uieorexn was proyed analytically in ‘‘Acconiit of the Operations of the Q.X. Survey of India, Vol U ” 

Appendix No, 8, pp. 161-168. j », xi, 
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t » rtJl to . to W “’^=' *• “»• ’ 

e quantities was independent of the other. Proceed as though each of 

^ aS.fenVSf*“ffl *“ “ »* triangutKon. A. 

9 ( ) would become more difficult : but this is n equations which correspond 

^orem^ It au importu^t feet that an 

r.tv others. TbethJ^l^?^"^;V^^^^^^^olosaresrnayberega^ed 

indeJ T Jf"*^**^ several closing errors sue/th f ^ follows:— /if is y)ossible to find 

^^epeniemy of He oHers, and such that iZoo^l separately and 

^osiproldhle einrdtanco^L^::^;;^^^ 

wdependen% of errom of anotfer^^ert^ lther™^“S“* “ ^^^b is adjusted . 

^ they^U^aturalfydo while the 3 *° oomei^ just 

e manner, then the combined result of the ad • + independently in the most 

table adjustment of the closing errors ^ P- 

wychhas\ot":tXeou“y“^^^^^^^ than one circuit forming a networl 

winch have a common portion is circuits r *=* . 

^ lead to a result gen^^ apl^^'^P 1 -IP be seen 

be considered as formed each f^ four ae ’ cii-cnits may 

occurs in taking these eirclt f" 6, 

senes may be characterised by the numhei ®brength. The seTeral 
(1) and (2). '’5^ ''"“bei-s 1-7 and the circuits by 

The adjustments along any side Tna^r K. j , ^ ^ 

values may be represented by 

C -A ‘^ + r-l|/i , Vk + fZJj^’^: 

4 / 



®‘ •'> + '-4 -A + D. -) 

S.SA7/ 


as 

- -..ns™. . ^ to_ 
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The solution of this accordingly gives definite value for aU the 6* and as linear functions of 
iX and The associated quantities are given by equations of form 

i^xi^+^Sx ga: 


Similarly for the other closure 


— 2 ^x 1 '^ "h %(X} etc. 

= ifity ly -f y gV CtC- 

Equations similar to (14) can now be formed for each circuit 


i* + (iayiS' + ia'v2J') + (i®2i^+i«'s^) + (i»uiM + ia'u3«) = lit etc. . ... . ( 19 ) 

From (19) it is clear that the determination of the “independent' errors” jX aX etc. from 
the knovm closing conditions can be effected by the solution of simultaneous linear equations of the 
same number as there are conditions. These equations are soluble without the introduction of the 
principles of least squares. Their solution however will entail much the same labour as the solution of 
the normal equations which would ai-ise in the simultaneous adjustment of all the four types of closure. 
It appears a,t present to be only of theoretical interest that these closures or rather the adjustment of 
the related independent errors may be effected, each type independently of the others. : for no material 
reduction in . computation would be effected. However it is believed that the mechanical analogy 
throws some light on the question, and that developments are likely to result from'its consideration.*^ 

15. The idea of a triangulation line has been introduced in § 4. It is the flank of a nearly 
straight series of triangulation. For the present, disregard the e changes and fix attention on the t) 
changes. Suppose a set of rigid rods are placed similarly to the several rays of the flank and that these 
are freely jointed at their ends, which accordingly correspond to the stations on the triangulation line. 
Introduce constiaints at each junction which tend to maintain the angles between successive rods 
equal to the observed values and such that the force necessary to alter any one of these angles by a 
stated amount is inversely proportional to the probable error of the angle or directly proportional 
to the strength of the angle. Then it is clear that the work done in varying the angles in any way is 
proportional to the sum of the weighted squares of the changes of these angles. It is clear then that 
to bring the system into any given displaced formation the angular changes introduced are such as to 
make either the total work done, or the sum of the weighted squares of the adjustment in the angles, 
a minimum. That is to say the mechanical deformation is the same as the most probable adjustment. 
It is clear from this why when the angular strength is given the strength of the triangulation to 
resist either angular deflection at the end, or linear deflection, or a combination of the two, is the 
greater according as the number of stations in the line is less, or, in other words, according as the length 
of side is greater. The quantity M already introduced takes account of this (see Chapter VII § 1) 
certain considerations of probable error makes it unnecessary to consider the triangulation 
line in any detail. 


The e changes in a triangulation line (due to the extension of its sides) are precisely 
analogous to the t] changes, if for angular deflection, change in ratio of final to initial side is taken, 
and for linear deflection at right angles to the line, linear deflection in the direction of the line is subs- 
tituted. In the case of a single triangulation line (which is a straight line) the rf changes are 
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tWe i. . ^ LnZZ, Wto d *' '■o,.v^ 

ot ft. .e™^ lia» get ^ g,, jy, ^ “°^ 

complete analogy. But in the ease of fn‘flno*n7o+‘ ^* 4 . • trilateration to obtain a 

cl^ng.. l«.gft®ft. .«clt Z ate °T? *” **“ '■' 

bft.| mT.l™l. A .imp!. jS.^; W'*”” 

yet been discovered : and for this ease it at r>r«!or.f ^ P ® a triangulation hne has not 
complete s^es instead of only le S i ^ of the 

would be possible to replace the series by a simnie senVc, } a T of probable errors it 

way that in the triangulation line it may be a of equilateml triangles, in the same 

accuracy would be lost by so doing. mechanical analogy that little 

m.nl foZfi “a°S,^Ltn K T'T ““ 

Mooimto preporti. 11.1 to that prebshl. .not. : to fti. corttopood. to ft.^ “f 

which the first is held fast and to the last of whir.!, « = oorresponds to the mechanical set of rods of 

deflection the most probable adjustment is Lt tfe ^ ® ® 

Aouid I, to «iftp.Zi p»*i7^ to Zat ri ™ 

O.. to.d totjtotod to J^simple f.™ .t ZZ^LTo thf ! "Zr* •* 

be simplified for the ease of a triangulation line S^^^Tei statements can 
equal It appears that a determination of the weights Tf "the considered 

of ft. torito. Apj dtoormtotio' .T ^‘7 ^1™ »< »"7 4l. 

ti. g»du.ti.n to™ „ZZ 7’'''^ "“'=‘ "«*“ V 

triangulation line with all sides of ^Z.’lZli'ar.”^”'™' “""PlMod stotomento to . 

ftat a. ,■ or ^ are^ll .qiml!’” ” O' “ gn'.n ohtoig. of i»tio of foal sid. to inittol ia., 

toiftmtoiil *‘ "S'"* to or Jong ft. lit,., that ft. .f or .• .to to 

w « .°;.s zizzizit.: 

(10). S.m. departoto from rigH accuZ ZiZLT’ TT. (8) ^ 

of m«j«a leogto. "‘■en ft. s.y.ral ..do of th. friaogulation lino aro 
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Probable errors of triangulation before and after adjustment. 


!• Expressions will now be formed for the probable errors of points and sides generated in 
one or more series of triangulation, in which only figuml conditions have been adjusted. 

( 1 ) Probable errors m logarithm and azimuth of terminal side. 

Equation ( 12 ) of chapter VI gives a the probable value of either 97 or e. The probable error in 
the logarithm of the terminal side after n sides of a triangulation line is clearly •fn log io( 1 + ^ ) 
= *484j3a »yn \ and in azimuth is a n. Considering the triangulation line as practically straight and 
the distances between stations as equal then, if I is the average length of side and s the length of the 
Hne, so that nl = 5 , 

o-^/n = -eesm (l+/)y^^r = W»(l4/) \/~ • \/ ‘^ x-668 

^ I V J^g 

= -1575 M v's ( 1 ) 

Hence if M is expressed (as is always done) in seconds of arc 

Probable error in azimuth at end of a triangulation line = 0"- 1575 M 

Probable error in log. side at end of a triangulation line = *4348 sin 1 ' x 0'1576 M 

= 3-32xlO^M 

Por the case of a number of triangulation lines it is necessary to substitute for M v'« . 

It is convenient to measure lengths of triangulation lines in units of 100 miles : so replace t by 100 's 
where the unit of S is 100 miles and then 

Probable en-or in azimuth of the terminal 
side of a series of triangulation lines 

Probable error in seventh place of logarithm 
of the terminal side of a series of 
triangulation lines ... 

In the above S is measured along the triangulation, and it is immaterial whether this is 
straight or not : but if the elements of the summation indicated by t are straight, then 8 may be 
replaced by L the length of any triangulation Hne, bringing formul® ( 2 ) into aiTYiiW terms to those 
of (5) below. 


1"'576 v'SMSS 

38-2 


( 2 ) 
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(2) Prohaih errors in easting and northing of terminal points. 

makes ^ ^ the angle the taag«it 

7^ ^ 0^- Let this curve be divided into elemente of length /. Suppose that for pur^,ses 

uf^ 3 ustment,oron account of errors, the ratio of the m+l(«> element to the is changed by 

7 . 

/eos 2 €— Zsm(f>„ 2 t? 

1 1 


in easting 

and /sin</>„ 2 €-fZcos(^„ 2 ^ in northing 

and the total change relative to 0 of N is given by 

Aaf= Z i (cos Te) - 1 1 (sin i"i ) 
Ay=Z 2 (sin <f>„ t-z|(cos 

^ ft f} 

Azr=^6i2eos^ + cos 9b 4^632 eos(i> -j- 

=€i(®*-«o) + e3(^»-afi) + ej(«,-a?3) . 



Hence 


n 

. . — 2sin0 — 

-Viiyn-Vo)- . 


since 


cos^ , and sin 


The most probable value of Air is accordingly 

.... ] w{{yn-y,f + {y„-y,f+ . 


}] 


and since the probable values of e and ^ are both equal to « this reduces to a ^ where r is the 
radius vector measured from the point JV. The probable value of Ay is the same!'^ When the elements 

are increased in number may be replaced hj^fr^ds-. also by (12) of chapter VI and (1) 


a=-1575 Msinl'Vj= '1575 Msinryi 

and a becomes equal to • 1575 Msin 

, Hence the probable value of Aa? or Ay= ■ 1575 Msin 


(3) 

^ °°‘V t*'t, H tl»r, ^ it i. d»r 

Thi. i. ezpre^td ta 

rf f to ">»«», r „d . in unit. 

Qt lou miles . denote their values in units of 100 miles by R and 8 Finally if P rw^ • +i, 

n^Si.tl»»ains ™nt.r n.»Ld£\“^dT“ 

a nangulation, both R and ^ being expressed in units of 100 miles, then 
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P = • 1576 X 6280 x 10* sin I'' v' SM* fS? dS ' 

=4*03 v^S M* fB?dS (4) 

The integral dS may be taken out for each triangulation line (assumed to be a straight 
line). If .4 B be one of these and S is measured from ikf the foot of the perpendicular from .N on . 
A B and iV M = p, then B* = S® + jo* 


[ "I acB 

=AB(iAB^+p»+MA.MB) 

Now if G is the middle point oi A B 

MA. MB = - (A + MG^=- ^ + JfG® 

Hence fR^dS = L (iZ»4 p^- W + MG^') = L (/V+ 



•where is the i-adius vector to the middle point of .4 J5 and I is the length A B. Therefore for a 
series of triangulation lines 

P= 4 • 03 L (Bo® + (5) 

in which the quantities L, Bq may be measured off a chart in units of 100 miles. From either 
(4) or (5) it is clear that the probable closing error in northing or easting is different according as 
different points of a circuit are selected on which to close and from which to start. 

2. Formula (2), (5) show that the probable errom in azimuth and logarithm of terminal 
side increase as the square root of the length of the several triangnlation lines involved, while those 
of easting and northing increase at a much more rapid rate namely as the three halves power of the 
lengths, the triangulation lines remaining similar and similarly situated. ,On account of this 
latter fact it is desirable to have more frequent checks to prevent accumulation of errors tlian would 
be necessary if only length and azimuth of side were required. These checks may be obtained by 
measurement of bases and by forming Laj^lace stations, that is stations whose longitudes are observed 
telegraphically and at which astronomical azimuths are also observed. These two cheeks are of 
precisely equal importance ; and applying only one of them does not serve a very useful purpose. In 
the Indian triangulation eight base lines have been measured to date (1916), excluding the short 
Mergui base in Burma, and these have been made use of in the adjustment of the triangulation. The 
longitude arcs were not available when (previous to 1879) the main adjustment was carried out. They do 
not all admit of the formation of Laplace equations, as the longitude stations are not coincident mth 
the triangulation stations, nor can they bo connected with satisfactory accuiacy (as regards azimuth) in 
all eases. Only latterly* (1906) have they been apjJied to control the azimuth observations with a view 
to determining corrected plumb-line deflections in the prime vertical. This application does not 
improve the j^robable error in easting and northing of the points concerned or any other points of the 
triangulation. 


3. It is necessary for the full consideration of the problem to find expressions for the 
probable errors after certain further adjustments, viz, closing on extra base lines, closing of circuits or 
(what'ha6 not been done in India) closing on Laplace stations, have been effected. Before treating 


^ Account of the Operations of the G. T. Survey of India, YoL XVIII, Appendix 5. 



Jo8 


THB BABTH’S AXES AND TRIANGTJLATION. 


this qu^tion qmte gener^y rt may be of interest to consider a special ease. Suppose a series of tri- 

r Tj, in easting or northing at any point of it 

Jw? adju^ment hM been performed as required. It is to be noticed in (4) that each Srtion of 
tte taangtoation is fully token actant of by theportioh of the integral fW li^ dS whieh^PDlies to 
It: toat os to say, this portion of tdto integral represents the errors of dispCemlt glem^ to tht 
rf fte t™ng.Ialion, .. if ,»med ou to the cl<«i„g p„L by 

let 0,K be the two bases and suppose <5 2* is 
the portion whose error as generated at iV is required. 

As to § 1 the expression for Aar for 5 T may 
be written 


■A* = 


The adjustment under consideration does not 
affect toe ij terms. The condition of closing gives 
(assuming uniform strength along 0 K) 


/e 

S^r = a kno'wn quantify 



and in adjusting for this e, is replaced by ^ 

k I * ' 

Denote the adjusted value of by Then 
«Aa? = S { 

= kvrVr 


where X is the ^r-coordinate of the centre of gmvity of S T. Hence 

Ar O fr h» boon due to th. portio. S I i. 

(.A«)>+(,a,)> = (»_<+,) ,!2VG>+o»Sii! 

-ettby f,, tbio b, 


2)3 «y. iVGS.fiS + ^3 + 

- « 
= |« J\7Q3 + 2 li*^} + 3,* 222*^ 


( 6 ) 
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where n = * — / 4 « is the number of sides in the line S T. Hence 

If the portion iSr is a single triangulation line this becomes 

1 ^ = ^ + 

where Rq are the distances of the centre of gravity of ST from N and Q respectively and S now 
bficemes equal to L. Putting in numerical quantities and expressing the results in feet it follows, as 
in (4), that 

0 = 4 03 M ^ + iVQS ^ 

Finally if is composed of a number of triangulation lines, the probable displacement in any 
direction 

P = ^=2-S5\/ tM^L (/V + Po® + -^ + W) (7) 

where the points Q differ for each triangulation line and are found for each as has been done above 
for 6T alone. 

If closure had also been effected on Laplace station as well as on base lines at 0 and K this 
clearly would become 


P=4-03 /y/ tU^L (po®+ ^ +^Q3 j (8) 

Equations (7) and (8) illustrate the statement made in that closure only on a base and not 
on a Laplace station does not improve the results nearly so much as closure of both kinds 
simultaneously will probably do. 


Probable errors after adjustment. 

4. Consider any function F of quantities .rg, a?g . . which have been found by 

measurement. If the true values of these quantities are d?i-Fi7j, + . . and the true value 

of the function is F-\ dFthen 


dF = -rg + rg, 

= +/3’’2+ • 


where 


. dF ^ dF ^ 
fi - - etc. 




Any conditions which may he imposed on 

0 ,\ V] "h ^^2 ^^2 + 
1 1 + ^-^2 + 




etc. 


C9) 


. result in equations of form 
H-fln^n - /i = 0" 


= 0 ^ 


( 10 ) 
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Then dF may be written 

dF=f^Vi + f^v, . . -*i («!», + a, i. f, 

i \ 1 IT j«'ai ■ . (6,Pi + ig»j4. . . -/,)-. . 

xn which any values may be assigned to . .Hence 

- Vi- . . . )», + (/j-V2-Vs- . . . )», 

_ * • +'*i^i + ^s^j+ (11) 

Let the reciprocal weights of a?, . be « « 

Then it follows that • oe<,,«g . . and let the reciprocal weight of J? be 

. ; : ; : ; 

Ui which [« a i] is written for «jaj A, , etc. 

Bevertmg to (12) and developing the squares it Is clear that 

“p = [“//] - 2 [aa/] * 1-2 [ui/] , 

= [«//]- [«a/] 

by using the equations (18)*. 

quantities sand 7 as ewom in^oWi^^qn^titie^^ be permissible to treat the- 

several closing conditions relate them. I>istin!u4 the sev^^^ J 

network of triangulation by the prefixes 1 2 & fifa. an^ f i, bnmgulation lines which make up a 

..fflxe. 1. 2, 8. ^ I, to p^wu; br 

ment to replace the triangulation by its proiection on a nlaupTh'”*'' P'’°^®'ble errors after adjust- 
India naturally being selected for this purpose This ei^hlp«’fJ. ^ *be general map of 

-i-it 


S S r€s =0 

S S r^s =0 

SSr(^e-y7)3 = 0 
^ ^ t(J^^ 'h^)B = 0 


side closure 
azimutli closure 
©asting closure 
northing closure 


• ( 15 ) 


station referred to the closing point of the particular circuit as origlm coordinates of any 


^ * This deduetion is taken from, n 29 Q r^F j rri. ^ 

York, 1884. ^^atzseonthe Adjmtment of Observations hy T, W. Wright, 
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There may be any number of each type of closures, and not necessarily the same number for 
each type. The triangulation lines over which the summations are taken differ in part for each 
closure of any type. Thus in the case supposed in Chapter VI §14 the line 8 occurs in both 
circuits. ^ The quantities whose probable errors are required are of the same form as the left hand sides 
of equations (15) : but the limits are different. 


It is clear that the coefficients in (18) may be written, agreeably with the notation already 
adopted 

[^uaa^ = 

[uah] = 2 f (16) 

etc. J 


and accordingly the portion relating to each triangulation line may be separately computed. [For the 
side and azimuth closures the coefficients a, h are all unity : for the other two closures they are so or y. 
Consider the ease of a triangulation line which forms part of a closed circuit, so that there are closures 
of each type. It may also form part of a closure between base lines and Laplace stations. If so the 
coefficients of the several e® and remain the same as in corresponding type of closure in the circuit, 
and the coefficients reduce to type [ % u. a For the case of clearness take the specific case shown 
in the diagram when there are base lines and Ijaplaee stations at A and H, 


Consider the line 2. It enters into the following relations : 


H 4 i/gCg 4- 2 j€k == 0 

b SgSg 4- ^46;, 4- SgCa 4 == 0 

6 * + = 0 

(I Sg^B 4 4 S5978 4 = 0 



Sg (^€-y97)a424(^€-5yi7)B426(^e-J^77)a428(^€-y77)B == 0 

/ ig {ye 4 4 //€ 4 sori\ ^5(^6 4 so7)\ 4 f oo^\ = 0 


B 


T he symbolic coefficients a b c d t f are each written opposite one of these equations. 

m 

Along any triangulation line for w write a being the probable value of e or Suppose 
that 3^ is the number of sides in the triangulation line, all considered of equal length. Then omitting 
the prefix % for simplicity and considering only the line 2 


[%<*«] = no^ 

[ M rt i ] = wa® 

[ M « c ] = 0 

[ua 

\_ua <? ] = a^]£a?= na?X 
[ M a/] =:a®Sy = wa®F 

where JST, Y are the coordinates of the centre of gravity of the line 2. These are typical of all the- 
combinations of. a b c d with ab c d ef. The remaining typical coefficients are represented by 

[M(9e] = [w//]=a®S (^42^®) 



the EARTH'S AXES AND TRIANGtTLATION, 

H »1 »S are the limits of » and ajj = X- and = jf + 

2af*= r g&^g. 

~ “S (*2®+«2afi-fV) 

“ I ( *o) ^o) + r^l®) 

= n(^+|*„s) 

2y» =«(ys+^y^2) 


Similarly 

Hence 


( 17 ) 


Finally 

Also 


= = 

[wee] = natS^RS^^^ 


[we^] = a*2 (a?y — j/ar) = 0 
The complete result is given in tabular form :— 

Folues of g[u a a] -i-na% eto. 




a 

b 

C 

d 

e 

/ 

Side 

a 

1 

1 

0 

0 

X 

Y 

Side 

b 

1 

1 

0 

0 

X 

r 

Azimuth 

c 

0 

0 

1 

1 

-Y 

X 

Azimuth 

d 

0 

! 0 

1 

1 

-Y 

X 

Easting 

e 

X 

X 

-Y 

-y 


0 

Northing 

f 

Y 

Y 

X 

X 

• 

0 



Sase 


Laplace 


outer circuit or base gives rise to thTs^meS tjpes o£ quantities, and that a closure on an 

. side azimuth, easting, northing are represented by A, E, N. closures. 


Values of ,[b a 5 ] ^wa* 



S 

A 

E 


s 

1 

6 

X 

Y 

A 

0 

1 

-Y 

X 

E 

X 

-Y 


0 

N 

Y 

X 

0 



• ( 19 ) 





PROBABLE ERRORS AFTER ADJUSTMENT. 


The value of net? is given by (1) in terms of M and S, or M and L if straight portions are 
<;onsidered separately. 

The above scheme deals with the cases in which the coordinates (t^y which occur all refer to 
the same origin. It only remains to take the ease where two origins occur and to form the typical 
expression ^[ 7^0 /]. The coefBeients etc. are either 0, 7, a? or ± y in which are the coordinates of 
any point on the line referred to the point of closure for which the corresponding condition of closure 
was formed. When it is desired to fiu4 the probable error with regard to any point 0 (for example 
Kalianpur, the origin of the survey), then the coeflBcients /, etc. are either 0, 1, or + yo where Xq 
are coordinates referred to this point. If the circuit closing point is P let a?p be the coordinates 
of P with regard to origin 0 then 

Xq = + a? 2/0 = yp + y. 

The values of a/] -f- na^ are now indicated in tabular form similar to (19). As only the ratios 
of the coefficients in (13) are required no? may be replaced by TsS?L by means of (1). 



All the quantities X, 7, R are measured from P while a?p yp are coordinates of P and X© Yo are 
the coordinates of the mid point of the triangulation line relative to 0. 

6. The method explained in §§ 4,5 will now be applied to the determination of probable 
errors in the N.W. Quadrilateral of the Indian triangulation, after all adjustments have been carried 
out. The probable errors most generally required will be those with reference to the origin of the 
survey at Kalianpur (Sironj Base). In putting down the conditions of closure any closing point 
may be chosen: but when probable errors with regard to Kalianpur are desired, Kalianpur will 
naturally be selected as the closing point and origin for X and Y. Chart I shows all the triangu- 
lation of India : in charts II .... V it is represented diagrammatically, each series being replaced by 
one or more straight lines, which may be regarded as the equivalent triangulation lines. The Indian 
triangulation was divided for purposes of adjustment into five portions, viz- the N.W. Quadrilateral, 
S.E. Quadrilateral, N.E. Quadrilateral, Southern Trigon, S.W. Quadrilateral. These were adjusted 
in the order stated, so that the first two were quite independently adjusted while the third was 
adjusted on the first two : the fourth was adjusted on the second, and the fifth was adjusted on the 
first, second and fourth. The Burma quadrilateral (chart IV) has just* been adjusted by the methods 
of Chapter VI and is being adjusted on the eastern series (Shillong Meridional, No. 44) of the N.E. 
Quadrilateral. 

In chart II the series which were taken account of simultaneously in each quadrilateral or 
trigon are shown in full lines, while some additional series afterwards adjusted on these series are shown 
in broken lines. The series which are common to adjacent quadrilaterals or trigon are distinguished 
by heavy lines. The numbers written by the side of each triangulation line in the chart are those 
which have been applied in Table XLIV to the several series of the triangulation. The eight base lines 
of the triangulation of India and the Mergui base in Burma are shown : also the points at which it has 
been possible to form Laplace equations. The circuits are indicated by roman numerals and the points 
of closure by small arcs at the closing angle, e. // at D. The junction points of the triangulation 
lines are distinguished by letters A, JB . . Z, b . . with suffixes 1, a, 3, 4, 5, 6 corresponding 

to the N.W. Quadrilateral, S.E. Quadrilateial, N.E. Quadrilateral, S. Trigon, S.W. Quadrilateral, 
Burma Quadrilateral. 
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AXK« ANI» THlASnri.ATIOS, 

^^fi«rt9^«tofin«lM*4foreaphtrmn.^Mlafw^^ / . ■. ., , 

Chart n is on the scale of 100 niiWa 1 inpii "ho tlm< / i ' ’V ” • “>!«• 
^ an example take the line bt ween i|,e Sir,,, j Lh* un.l f ' i‘"‘ *, f ''''f' i® 

tdangulation line. «pre.e„tin« a lHn.io,M.r U^e « oamposed 

the Talue of M is 0-71 and hy meaenivn e.,f »,, i . . .| 1 , I'™*" t»ble XI^ 

The valnesof M'Lforall the fMiit).r,,l, r i- .. ««I>80<av!^ 

■ certain related qnantitie. to wliicli reft.renee"win T nlTL'llLr ^t''‘ 
the equations of form (13) wliieharo n.twm lo.l..( • /. " ‘''® f<>nn*tioa ef 

of ^ee indicated in (20) have to he funued T.,'■ul‘^ ." r’ ■’"’T'l ' ^"»“*****^ ' 

^h corresponding to a I«rtipular iHan-iilnl ion line ' e '"‘’.V"' i " ^ I '“'vml eomixinent termi, 
stable XLV while the remainderare £!,'• these are exhiS 

Qua^Iateral (Dehart II) « divkhal lU,. ,.|r,.niis I M n , i Tv""", 
four types of closure—side, azimnlh, eastin-', norlhin.r ’« i ’ i '™‘’‘ c"’®"* thwe are 

These gi ve riae to twenty eondi) ions I .1 Ti n'" ' by suffixes 

thrw extra base lines giving eoiuiituins VJ v n" vnV ' . ' '. ' “'•'litioii there are 

^vmg as many Ijaplace stations ns tlieiv are Lis.. Ihi,. • * i ’ " I"' ' ''^* '”“*'* "'bbtionol value of 

^place closures at the snino {Mints astlic Ii-tse lineel *'*•'' °“t forthre* 

The id conditions which mailt make it, tim«isi,rv f., .hr."* ' ’ T- " 

ofform(13). lu table Xh\l[ (In. (.ooili;d,.n;s of ‘ ’ by equations 

The method by which these emdileients iii>(. deeie I ''ii* ' 'i " <l»’w vinmtions are given. 

Alw' [«.«]= i!, I = !>'l® from tabu 

coefficients involving any pair ,t ‘ ' ‘‘'"‘'“‘‘t'™ of any 

eircurtl, for theeorreB{iondiiig(>i)mIi1i(ii'is reinti. f. )l V * '!' ‘•’ih’iiils around the 

a coefficient involving one of the (jimiitities u h • '/ "" '’'’"'I'’''*" 'i'lie ease is different when 

this ea^e both circuits 1 and 11 are involved ■,!, l’-.’'- - “'•e eonsideied. In 

has to he considered. Morw.ver in (I.n .1. *" <>«’ <'vo circuits that 

circuits I aud U is the line / 1 7 \ ij, ...:|| i ' '’"'hifcd. 'I’li,. jHjrtioii common to 

[..^ = 0 

[««(']= A',, M'Z for /»'/' y . 

= + -41 " *''' ‘ " In-.-h f, relates, /. e. circuit II 

[««^] = for from einmit 11=-....;,, 

except the base line conditions VI and VIl "'"'in *'*“*'’ *" ” whitdi oer-iirs also in condition a, 

relations in tu-,.'/. ."‘'""'"I eiis.- is the eoeliieient correspond- , 

The circuits involved I {Vr'^^r j" A.” example 

( ) as may be seen op{iosite the entrv l' ii "iily in eoiiimon. Honcfl from 

Similarly [« rf/.] 7 . " "■ <-ble XlA l, \u,/u] ir,r-y,X)=-hU. 

depend on measurements of I' jf 'l'‘i»'l i(u-s in tables XLV, XLVI - 

quan ities deuced from them am not uuite i '* * •" ""I'n'* • 'i’hese a re not ijiiito [ireeise, end so 

0 e eq^ in paij.g sommtelv d 'l'••■<'^titil•s wliiidi are known bv symmetry 

beeeen in teble XLVI. the wor2\7 T."'"’'' - ‘Hfe slightly as wiU 

in line in, II of which the ^ti1„os 2<) • . '7 lo "'’"'(•b ofr-i.rs in line II, III and also 

mean i.9-6a shown in block type. obtained. The quantity made use of is the 



PROBABLE ERRORS AFTER ADJUSTMENT. 


II5 


V PiV, 

U] £j| 

El Jj’I 


TABLE ZLV. 
N.W. Quadrilateral. 



CloBingr 
A 3 point 
M^Ii referred to 
Eialianpur 



^ JE9+5! X 
12 13 . 



83 0*37 5*10 0-6H8 D, . 6-46 2‘17 

25 0-60 0-98 0-358 ®„=“0*91 36*50 0*08 

6 0*71 3*15 1*083 „*^=:+6.i8 17*63 0*39 

6 0*71 2*22 1*109 4*57 0*41 

22 0*55 1*88 0*418 0*46 0*16 


8*62 -0*04 -2*54 
2«*68 -f0*43 -5*13 
18*03 +0*81 -4*12 
4*98 +0*88 -1*95 
0*62 +0*58 -0*42 


23 1*21 1*36 1*990 B, 0*48 0*16 0*63 

23 1*21 1*86 2*706 a?^=-l.S4 6*16 0*29 6*46 

23 1*21 1*13 1*654 + 14*l9 0*11 14*40 

23 1*21 1*44 2*107 "P 26*87 0*17 35*54 

35 0*60 0*70 0*262 83*63 0*04 33*67 

38 0*37 6*10 0*698 11.24 2*17 13*41 

22 0*65 1*01 0*300 0*25 0*08 0*33 


6*46 -0*11 -2*27 


14*19 0*11 14*4.0 -0*27 -3*77 

26*87 0*17 35*54 -0*37 -6*03 

83*63 0*04 33*67 4 0*20 -6*79 

11*24 2*17 13*41 +0*69 -3*30 

0*25 0*08 0*33 +0*32 -0*39 


32 0*43 1*99 0*368 
32 0*43 1*67 0*309 
26 0*60 2*28 0*82i 
26 0*60 1*02 0*808 
26 0*60 1*46 0*520 
28 1*21 1*44 2*100 
23 1*21 1*18 1*653 
23 1*21 1*86 2*707 
46 0*63 0*98 U*276 
45 0*63 1*94 0*546 


37 0*50 2*37 0*826 Fi 1-44 0*47 

45 0*63 0*98 0*276 «_= -2*60 4*95 0*08 

23 1*21 1*36 1*090 2*66 0*16 

22 0*56 Ml 0*336 yp“ + ®-6S q-SO 0*10 


1*00 0*33 
6*71 0*23 
7*81 0*43 
8*53 0*09 
12*91 0*18 
12*00 0*17 
7*42 0*11 
6*90 0*29 
6*90 0*08 
0*92 0*31 


33 0*43 1*73 0*320 Q^i 0*87 0*26 

32 0*48 2*03 0*370 af-=_2.88 7*69 0*84 

46 0*53 1*04 0*545 « _+fi.8n 0*66 0*31 

37 0*69 2*37 0*825 2.26 o*47 

22 0*56 0*^ 0*103 0*04 0*02 


1*33 -0*90 -0*44 
6*94 -1*98 -1*07 
8*24 -1*0<) -2*61 
8*6a +0*64 -2*86 
13*09 +1*86 -3*08 
12-17 +2-45 -2*46 
7*63 +2-46 -1-19 
7*19 +2*61 +0*30 
6*98 +2*21 +1*01 
1*23 +0*88 +0*39 


1*91 -l-O-Ol -1*20 
6*03 +0*46 -3*18 
3*70 + 0*93 -1*30 
0*40 +0*46 -0*30 


1*12 -0*56 -0*76 
7*93 -1*20 -^2*48 
9*86 -0*60 -3*05 
2*73 +0*30 -1*46 
0*06 +0-13 -0*16 


9*38 +0*15 
19*60 + 0*88 
6*62 + 0*98 
0-26 + 0*23 

40*68 + 2*20 

1*36 - 0*08 
14*76 - 0*30 
23*80 - 0-45 
63*80 - 0*67 
8*45 + 0-05 
9*36 + 0-41 
0*10 + 0*10 

lll*6f - 0*84 

0>49 ~ 0*83 
2-14 - 0-61 
6*77 - 0*82 
3*17 + 0*24 

0- 88 + 0*97 
25*61 + 5*16 
12*46 + 4*05 
10-46 + 7-06 

1- 65 + 0-61 
0*67 + 0*48 

70*30 +16*81 

1*68 + 0*01 
1*38 + 0*12 
6*37 + 1*85 
0*13 + 0*16 

8*46 +2*13' 


0*01 + 0*02 


TABLE XL VI. 


N.W. Quadrilateral, Common portions of adjacent circuits. 
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7. To find the probable errors at anj point of side azimuth easting or northing .it is 
necessary to form the right hand sides of the equations of which the left hand side coefiS.cients are 
exhibited in table XLYII, i.e. to complete the formation of equations (18). The quantities [««/] 
etc. are of the same nature as those already formed : but differ in the lines for which they hare to be 


TAIiLK XLFIIL 



TABLE XLIX. 


Oircuit, Base and Laplace closures. 





















THB BAETffS AXES AND TEIANGTTLATION. 


nSte A 21?““ 4"“““ fcr «ei lie, it wffl „u»m the. 

gen“T^ The reference point will be in 

We to be formed m’ P^at could also be used. The quantities of scheme (20) 

Typical are S 7* T n t^jp ^ mi, XLVI. This has to be done for each section. 

?iA enters in clMinL enn/l-+t*‘ ®Wrs only in closing condition of circuit 11 ; 

circuit II as well as base and V ^ I and 11 : and enters into closing condition of 

vaW of “ , jz tetween Dehi^and Chach, VI. For mo^t of the hnes 

forminff ruafl' • t , ‘ ^ aLIX all the quantities necessary for 

Miffed. Md^ht«'i41- 1 1"? ’?'* “?‘” ““ •" 


The sections AiB^, enter into circuits 

I and 

VI 

93 

I « 

VII 

33 

n « 

VII 


n „ 

rv 


TABLE L. (formed by (21)) 







PBOBABLB BRBOR8 AFTIB ADJUSTMENT 
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Th^ are four cases according as probable errors of side, azimuth, easting or northing are 
sought. The scheme (20) may be rewritten, entering the numbers of the column in table YTTT in 
place of the actual symbolical quantities. 



Sf 


Ef 

Nf 

-S 

(1) 

zero 

(6) 

(7) 

A 

zero 

(1) 

-(7) 

(6) 

E 

(4) 

-(6) 

(11) 

-(14) 

N 

(5) 

(4) 

(14) 

(11) 


( 21 ). 


For side error contributes (1), 0, (4) and (6) to equations 1, 2, 3, 4, of circuit I and 

nothing. The numerical quantities taken from 
table XLIX are (1) - + 1 • 08, (4) = + 0 • 88, (6) = — 4 • 46. The complete process is shown in table L. 

The azimuth closure can at once be written down from the side closure by rearrangement of 
terms and changing of certain signs in accordance with (21). 


8. In a similar way all the quantities occurring on the right hand sides of equations (13) can 
be formed as required, the necessary data being taken from Table XLIX. The solution of the equa- 
tions which arise for the N.W. Quadrilateml is effected in the latter portion of the next chapter 
(yill)p It remains only to refer to the quantities [uff] occurring in equation (14). From (19) it is 
clear that the necessary quantities for determining these are AYq^ A (5q® f LVia), 

the suflSx zero indicating A^, or Kalianpur as origin. All these quantities are given in table XLIX in 
columns (1), (6), (7), (15) for each section of line : and the corresponding quantities for a set of ImAp 
are obtained by summation of the sectional quantities. 


From (2) and (5) the probable errors before adjustment are proportional to the 

multiplying factors being 1^-675 for azimuth, 33-2 for 7th place of logarithm of side and 4 -OS for 
casting and northing in feet : for it is clear that [m/] =2M»X in the cases of azimuth and side and 

the ease of easting or noi-thing. By (14) the probable errors after 
adjustment are proportional to [mJT] - [« a/] — [« if] , 

the multiplying factors being as just given for the several cases. The ratio of probable error after to 
adjustment to probable error before adjustment is K where 



Numerical values of K will be given in the next chapter. 
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CHAPTER VIII. 


Numerical values of 
Indian triangulation. 


the probable and actual errors in the 
Note on the solution of linear equations. 


closures of the Ind^n ^ 

errors which have beeu founf in the seveml cirenit t!? tJie actual elosin 

that the triangulation has beeu adiusted in sir n r j question is a little, complicated' by the 
errors are those due to several series some 1°’ elosin 

lateral. In practice this is of little account ^ “ a neighbouring quadri 

adjiMted later are of considerably lower quaUt^- so tL/tt first adjusted and thos 

quadrilaterals form only a smal/part of Ve ^tel w ® ®™rs brought in by the adjust® 

the probable errors be4 or ermranditis of little acLnt whethe 

the feet that the flanking quadrilaterab were nre ’ consideration of this questioi 

said regarding the relative excellence of the ^ afij^sted will be ignored. What has beei 
quadrilateral, whiqh had only been begun when the Sn^^^Ss tTe^^uTeT ^ 

point of the cilit cone 1 ^ 

out (table XLV) forthe^K.W. quaSSS “it reiTto quantities have already been- taken 
^on. For this purpose charts III IV V aw o-' ^^® ®fi triangu- 

100 miles to an inch: so that Z and Ji are theLo-ths ‘on'the 

The actual measurements and necessarv dodnoff charts in inches. See also § 6, chapter VII 

-d^aplace closures it is only^^^ry ^l^heteie 

done for each element of the route which enterinto ot If fi ™ alreadybeen 

to be form^ for the Laplace closures. The values L tL and only a few remain 

™lue. ^ eo„p..t. 

the Base-line and Laplace closure in table III and for thp This is done for 

case the acM error is given and then this “divwfl bv ^ 0 ’’'^ r?® 

the ratio of the actual error to the probable error Thei.t. l ®^™^> gi'^ag a quantity /, 

of ^muttm seconds, of easting Ld norZng ^ 

respectively. * la teet are denoted by AS, AA, AE and AN 
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TABLE LI. 


;iTomt and ® , t a 

Closing Line *fi M L *7 

point & J, 
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THE BABTH’S AXES AND TEIANQULATION, 














































NOMBBIOAL VALUES OF PBOBABLS AND ACTUAL BBEOSS. I23 

The values of A A ia table LII are taken from the second table of chapter IX in which 
the accumulated errors of azimuth at Laplace stations are found. These are the errors aper the 
adjustment of the triangulation has been performed. 

TABLE LIIL 


■ 



38*213 

AS 

pq 

)0 


W 

ti 

o 

4*031) 

A 

A N 

/» 

A5f 

A 

AS 


/n 

Ajy 

4*035 

Beference 

niunber 

33*25 

1*6755 

•d 

I 

3*661 

63*512 

+ 68*2 

3*018 1 

+ 5*906 

40*68 


+ 14*613 


1*074 

1*960 

■Ril 

2*237 

1 

3 

11 

9*?18 

103*484 

-*124*6 

4*909 

+ 1*560 

111*61 

42*557 

+ 18*^8 

- 89*418 

■vrf] 

0*316 


0*926 

2 

o* 

III 

9*679 

103*286 

- 79*6 


- 3*264 


36*887 

+ 26*065 

+ 89*087 


0*664 

0*726 

1*089 

8 

3 : 

IV 

8*426 

61*458 

*f 150*0 

2*016 

- 4*282 

8*46 

11*723 

- 24*477 

+ 3*638 

2*456 

1*453 

2*088 


4 

z 

V 

2*229 

49*568 

- 5*8 

2*361 

mm 

10*06 

13*343 

- 24*688 



1*276 

1*843 


5 


I 

2*120 

48*830 

-54*9 

2*293 

+0*212 

24*28 

19*836 

- 20*676 

+ 5*048 

1*654 

0*092 

iB9 


6 


n 

1.112 

34*003 

•(-81.9 

■0*1^ 

-4*968 

7*78 

11*256 

+ 19*622 

- 21*786 

0*961 


1*726 

1*986 

7 

*(§■ 

III 



-17*6 

2*863 

-3*888 

27*04 

20*966 

+ 23*073 

- 14*322 

0*627 

1.398 

1*101 

0*683 

8 


I 


120*640 

+287*1 

6*724 

+11*598 

128*78 

44*884 

+ 81*938 

+ 94*856 

2*880 

2*026 

1*828 

2*118 

9 


II 

21*630 

154*418 

- 7*8 

7*326 

-14*317 

88*10 

11*961 

- 96*904 

- 35*551 


1*956 

8*102 

2*972 

10 


III 

19*677 

147*276 

+482*8 

6*087 

- 6*798 

62*68 

31*893 

- 16*300 

+ 93*415 

3*275 

0*973 

0*618 

2*929 

11 


IV 


127*222 

RftBI 

6*086 

+10*177 

36*62 

24*363 

- 5*388 

-122*087 

5*038 

1*686 

0*221 


12 

•d 

V 

0*601 


+169*4 

4*879 


21*05 

18*400 

- 21*829 

+ 38*675 

1*647 

0*163 

1*164 


13 

CS 

3 

VI 

12*669 

118*192 

+ 82*1 

6*607 

+ 4*848 

24*84 

20*086 

+ 9*377 

+ 21*806 

0*695 

0*864 



14 

O’ 

VII 

11*630 


-132*9 


- 5*739 

23*13 

19*880 

- 2*710 

- 86*047 

1*178 

1*073 

0*139 

1*860 

15 

UJ 

vm 

6.0.31 

80*875 


8*837 

+ 4*441 

20*44 

18*220 

- 2*449 

+ 30*693 

2*432 

1*157 

0*134 

1*679 

16 

z 

IX 



-284*6 

4*312 

- 2*279 

11*96 

13*986 

+ 3*269 

+ 31*703 

Kgjy 

0*528 

0*234 

2*275 

17 


X 

16*323 

120*978 

+190*0 

6*166 

+ 0*648 

37*00 

24*809 

- 10*284 

- 21*606 

1 1*468 

0*105 

0*414 

0*871 

18 


XI 

11*023 

114*640 

-193*7 

5*438 

+ 2*405 

29*81 

22*004 

- 18*044 

+ 18*023 


0*442 

0*692 

0*592 

19 


XII 

2*362 

51*028 

+102*0 



4*72 

8*767 

- 67*230 

+ 17*465 


b*4us8 

6*642 

1*906 

20 


1 

wmi 

104*447 

+136*6 

4*955 

-0*261 


17*099 

+ 7*624 

+ 2*218 


BS! 

■iffl 

0*130 

21 

g 

H 

2i691 

63*462 

- 22*7 

2*636 

-3*680 

24*88 

20*102 

+ 28*479 


0*426 

1*461 

1*416 

0*005 

22 


in 

1*332 

88*313 

REE] 

1*818 

+4*303 

6*27 

10*091 

- 17*218 



2*367 

1*706 

0*000 

28 

'C 

H 

IV 


84*661 

- 0*4 

1*644 

-9*040 

1 8*8S 

7*411 


- 27*615 

0*012 


6-734 

8*712 

24 

00 

V 


28*917 

+ 11*7 

1*372 

-0*319 

1 1*36 

4*683 

- 0*973 

- 4*235 

0*404 

1 0*283 

0*208 

0*904 

26 


I 

7*677 

91*907 

+180*8 


-7*806 

48*44 

28*049 

- 64*736 

- 64*265 

2*063 

1*789 

1*962 

2*291 

26 

*d 

11 


66i300 

-212*5 

3*145 

-7*U8 

2*Ji8 

6*218 

+ 38*068 

+ 6*862 

8*807 


0*121 

1*104 

27 

3 

HI 

0*162 

100*496 

+ 27*4 

4*7G8 

-6*719 

86*86 

24*182 

+ 6*238 

- 48*878 

0*261 

1*408 

0*258 

1*818 

28 

o 

IV 

21034 

56*872 

-186*0 

2*608 

+2*067 

1*74 

5*820 

- 1*316 

+ 16*238 

8*269 



2*866 

29 

3 : 

V 

4U)S7 

^*632 

- 62*2 

3*161 

+3*046 

3*30 

7*328 

- 6*712 

+ 14*028 

C*93t 

0*9H4 

0*916 

1*916 

30 

cd 

VI 

6*636 

8-1*802 

+267*1 

4*027 

-3*012 

18*93 

17*636 

- 28*569 

+ 6*057 

iumi 

0*972 

1*344 

0*346 

81 


I 

2*032 

47*. ^8 

+ 46*0 

2*246 

-2*267 

19*69 

17*881 

- 47*621 

+ 41*790 

0*961 

1*009 

2*668 

2*337 

32 


II 

3*405 

61iii54 

+ 47*0 

2*006 

-6*002 

14*27 

12*643 

- 17*660 

- 17*663 

0*767 

2*065 

1*399 

1*399 

33 

*• 3 

111 

6*103 

82*037 

-180*0 

3*b02 

+3*606 

4*24 

6*836 

+ 2*914 

+ 1*427 

2*304 

0*027 

0*426 

0*209 

84 


a. It is not to be expected that the actual errors will be the same as the probable errors : but 
in a considerable number of cases, values of the ratio of actual to probable errors, that is f , should 
be distributed according to the laws of probability. In a given number of eases the probability is that 
those values of /which are comprised within certain limits will form a certmn peroentage of the 
total cases. The probability integral, between the proper ordinates, represents this distribution of errors. 
It is tabulated in most books on minimum squares*. By means of this it is seen that 10 per cent 

of the errors will most probably fall in each of the regions A, B, /of table LIV defined by 

limiting values of/. 

The actual values of / found in 167 cases of closures are classified in these columns. Each value 
of/ is followed by a number in brackets which refers to the corresponding closing condition in 

tables LII or LIII. 


* Vide Wright’s “Adjustment of Obseryations”, § 213, 
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THE EABTH’sS AXES AND TEIANGULATION. 

TABLE HV. 


Taluciof/ 

from 


B 

•186 

c 

.876 

I) 

•672 

to 


•376 

•672 

*777 

SidA 





(1) Circuit ... 

•018 (24) 

•261 (28) 

•426 (23) 

•006 (14) 


•047 (10) 
•107 (6) 


•404 (26) 
•627 (8) 

•701 (2)^ 
•707 (3U) 


3 

1 

3 

3 

(U) Blue ... 

•017 (BO) 
*051 54 
•187 (43) 

‘347 (46) 

•406 (44) 

•614 (47) 


3 

1 

1 

1 


Aadmuth 
(i) Circuit ... 


Nortting ... 


(81) 

•S33 

(26) 

•412 

(19) 


•316 

(2) 

•528 

(17) 

(18) 




(ii) Laplace ... 


EaBting 


•601 (8) 


I 

*733 (67) 


•IJH (16) *208 (26) 

‘139 (15) *221 (12) 

•838 (29) 


(23) 

(22) 

•200 

(34) 

•264 

(6) 

(«J 

•810 

(4) 


•130 (21) *816 (31) 



‘-m (82) !!o 74 (1)’ 1.^ nil 1'^ P 2.466 (4) 

lauj .861 (7)’ 1.(78 Id) ' *» W {:“* l-m Ui 8.080 jsjl , 


( 2 ) 


2'S80 (9) 
2-432 (16) 


SSl) *■“’(52) 1'574 (87) !■( 

•063 (11) 


7 

4-310 (40) 


Side and Azi> 
mutli exclu- 
ding Laplace 


Nortliing and 
Easting ... 0 


All except 
Laplace lo 


1-01)0 roa) 
1*073 (ir>; 
l-(«)0 (20) 

1-270 (6) 
1*303 8 
1-'108 (28) 

1*686 (12) 
1*789 (20J 

1- 956 (10) 
1*860 (1 ) 

2- 026 (9) 

2-993 ( 7) 

5- 428 (20) 

6- 600 (24) 

MC7 (10) 

1*451 (22) 
1*453 (4) 


2-065 (83) 
2-260 (27) 
2*307 (23) 


4 

5 

2 

6 

3 

MOO (80) 

1-256 (50) 
1*447 (48) 

1*774 (10) 
1*872 (43) 

1*917 (42) 
1*970 (63) 
2*179 (60) 

2-629 (38) 
2-790 (41) 
2-923 (54) 

1 

2 

2 

3 

8-269 (51) 
6-12 (59) 

5 

1-012 (0) 
Mol H) 
M.51 (13) 

1*314 (.21) 
1*309 {,*») 
1*416 (23) 

1*706 (23) 
1*726 (7 
1*828 ( 9) 

1*962 (26) 
2*088 (4) 

2-659 (32) 

5- 734 (24) 

6- 121 (27) 



1*843 (5) 


6-542 (20) 
8-102 (10) 

3 

3 

4 

2 

5 

1-oni (14) 
M)S0 (3) 
l-lOl (27) 

1*390 (33) 

1-679 (16) 
1-818 (28) 
1-860 (16) 

1*016 (30 J 
1-936 (7) 
1*096 (20) 

2-866 (29) 
2-929 hi) 
2-972 (10) 




2-118 (9) 
2-287 ( 1 ) 

3-712 (24) 
6-013 (12) 

3 

1 

3 

2-276 (17) 
2-291 (20) 
2-337 (32) 

9 

5 



actual en-oi^ls^OTraW^+i” *''*® *** which the 

iB less Oonsidprino- aiwf° computecl probable error are more numerous than the eases when it 
- for the rerJa S.^^^q 7 ® 1^7 eases, /is less than un% for 70 eases and greater than unity 

c eases. This unequality is largely attributable to the Laplace closures,. 








NUMERICAL VALUES OF PROBABLE AND ACTUAL ERRORS. 




although in this case values of azimuth^ adjusted for all circuit conditions^ have been used. In the 
Laplace closures there are 13 eases of actual error greater than computed probable error and only 
4 eases of actual error less than computed error. It is beKeved that the explanation of this is that 
given in § 6, Chapter V. The error due to acceptance of geoidal angles uneorrected, instead of 
spheroidal angles^ to some extent magnifies the triangular error and so increases the value of M> 
and as a result the closures of azimuth in circuits and of the deduced quantities side, northing and 
easting are in better agreement with the formulae than the closures on Laplace points ; since the 
former do not depend on absolute errors while the latter do. If the Laplace closures are ignored the 
number of cases, less than and greater than the formulae give, are 66 and 84 respectively. If the 
formulae values were increased in the ratio 1*1 to 1 • 0* the figures would become 74 and 76 res- 
pectively. It appears then that the formulae give values of the probable error which are some ten 
per cent below what the 150 cases would lead to. This is not a serious deviation from the facts and, 
apart from mere chance, may be attributed partly to 

(1) the use of geoidal instead of spheroidal angles, 

(2) the fact that M is based on certain simplifying assumptions regarding the regu- - 
larity of the triangles and polygons in the series of triangulation*. 

The total number of cases falling in each class A, J is shown at the bottom of the table and 

from this it is seen that the errors are fairly distributed in the various classes, except that in classes 
I, J a considerable excess of eases occur. The excess of large errors over the number which is given 
by the formulae, viz. 45 — 30=16 or 50%, in classes I, J is to be attributed to the neglect of certain 
sources of error. One such source of error is that, already mentioned, of treating geoidal and spheroidal 
angles as identical: and it may be that other undetected sources also exist. However the formulss give 
practically a satisfactory indication of the probable accuracy of side, azimuth, easting or northing. 
They should be a useful guide to the care which ought to be expended on observing and selecting a 
series in order that a result of any stated precision may be arrived at. As work on such a series 
progresses, the value of M may be taken out and observations increased in number, or rays increased 
in length, until the value of M is reduced to a quantity sufficiently small to give the proper precision. 


4. It has just (June 1917) been noticed that the question of probable errors of side, azimuth, 
easting and northing generated in a chain of triangles were considered by General Walker and 
Mr. W. H. Cole in 1882t. The deduction is based on the equations by which the simultaneous 
reduction of the triangulation of India had been effected, and the equations obtained — vide xxviii, 
xxix, XXX ibid — are somewhat complex. These equations are comparable with (2) and (5) of Chapter 
VII of this work. Dealing with the ease of a simple chain of equilateral triangles (on p, 104) 
with sides of 15 miles and chain of length 8® of are, it is found in the Appendix that the 

e. m. s,(i. e, error\ azimuth =6''-93e, average value 

\ *6745 / 

latitude 0"*65€ 
longitude O'" * 59€ 

the first quantity being somewhat dependent on the direction of the chain. It appears that e is 
the quantity now denoted by m. To obtain results by the method of present work put M = 

^ m \/ ^ = 1 • 278«». Then taking 8° as equivalent to 560 miles. 

Probable error in azimuth== 1*675x1* 278e ,y^5 * 5 ^ = 4/' • 72€ 


Mean error in azimuth = e = O''* 99e 

*6745 

Probable error in easting or northing = 4 • 03 x 1 * 278e * 6 x 


-^^feet = 38 ’Se feet. 

Vs 


* iStff also § 4 below. 

t Fida G.T.S. VoL Yll, Appendix No. 8. 






- tte EARTH’S -AXES AND -TEIANGULATION, 


Mow 6rror in oastihg 


or north:ng= §§^ = 66 • 8e feet. 


,:«a it fa Sfw th.t “ "‘T"*’? “ •«8M»tmg64 

Jhe introduction of this ?7 a' -1 4 m hilly country and «= 1-1 in the plains”, 

work in ratio 1 • 1 an amount which ° “ost. of the probable errors computed in the present 

as far as can be seen^^S^^^ight rf^^S^are ^5®e° much use; and 

Straight) chains of triangles, andiotto'cim^ts of ^ approximately 

on the solution of equations. 

Jinear equations involvingT^°f n^bw^f the calculation of its probable errors, groups of 

•necessarily required to a hieh order of n ^nently arise. Although the solution is not 

tiecessilyL^perform^d uSa Wn^ tas generally of 

a^umulation of computation inaccuracy. Some S^tS'^muS 

become very large owino' to the feet that fho /i -a 4^tiphers in the process of elimination 
and negative portions am not veL^&^l t denonunaters consist of terms of which the positive 
S«-S;8. whem a,0 mpr^nt the tSZa . t denominator to be of the form 

each be formed to a fairly high percentao-e a^ °®g^ terms r^pectively, while 2a and 2yS may 
tsonsiderable perceniage. ^ ^ “^^7 be mancurate by a 

.that mo^ of the sobtion is independent tf^ r'h of^e^^ t foUowed, it is to be noted 
■process of elimination of the sevSral unknnwna t equations, and is in fact just a 

^lutio^ are require for a rbt 

dMuable to retain the R. H. S.t in -svmbolieal fnrm n Ta^' , ^ “ accordingly in this case 

different kind, as it permits of any number of an<w> • ®^^e'°tage of an entirely 

without repeating the eliminating process which^Tord^^7^™**^°*^^ solution being made, 
exactness as would otherwise bo necessary. ’ dingly need not be performed with such 

"" Q.W. method of »rm,gommt 




^2 «-3 ‘ 

• ■ 


%®1 'ti V2+‘ 


«na?u==iV’ 


(1> 


If the first equation is multiplied by- A and added 


to the second, is eliminated. Similarly 


• Fi.. G.T.S. VOL vn. Appendix No. 8. f E.H.8..ri,Ut hand «, 


^ *=»left i|idQ, 



■jrOIB ON THB SOLUTION, or IQUATIQNSL 


lay 


if it is multiplied by — and added to the rth equation is eliminated. The following equations 


are formed 




= B- 








. ( 2 > 


To eliminate a ?2 the same process is applied, the multipliers in this case all having the- 
denominator 3g— —a^. It is to be observed that the denominator of the multiplying factors is 
always the first coefficient of the first equation of the set being operated on. The successive 


denominators are ig- "^^2’ 


Cg - 


£l 




K — 




etc. 


In the solution of normal equations the diagonal coefficients are generally larger than the 
others. Being of the forms Xwa* and %uah respectively the component parts of the first form are all 
positive while those of the second form are equally likely to be positive' and negative, and accordingly 
tend to cancel. Accordingly in more cases than not a{>aj (r # 1), 5g> 6r =3^ • . . so that 

ig — — is not likely to be small compared with Sg. But as the denominators become more 

complex there is more possibility of their becoming small. To avoid this, as well as may be foreseen 
before the actual computations are carried out, it is accordingly convenient to rearrange the equations 
in such order that the diagonal coefficients are of increasing magnitude. Before doing this however 
it is desirable that all these diagonal coefficients should be brought up to as near as may be the same 
order of magnitude. It is inconvenient to have quantities entering the computation, some with many 
figures preceding the decimal point while in others there are no figures before the decimal point and 
a number of zeros following the decimal point. 




Any coefficient say /J can be changed to lO/r or if at the same time for a?, is written 
‘Xj. or this being done in all the equations ; and solution subsequently being performed for 

or lO^r as the case may be. It is convenient to use as multiplier a' power of ten, as this 
involves no loss of precision in the coefficient and no labour in transforming it. If the process 
thus suggested is carried out in the case of symmetrical equations — such as normal equations — ^the 
symmetry is destroyed. As the symmetry is advantageous it is desirable to avoid destroying it, and. 
this may be arranged for as follows. When any column is multiplied by a power of ten the corres- 
ponding row should be multiplied by the same quantity. Then the equations (1) may be written 

At iPi + tta + . . - + 10® flr-Xr + = ^ ") 

...... ^ (S) 

■ ■ 10® + 10®rga?g+ *. -. - + 10^® rr Ar *= -R* 10 j 

in which Xr = which are quite symmetrical. 


In the solution of (1) the quantities which should be brought up to about the same order are 
the diagonal coefficients, as these enter 'more than the others into the computations. It may be seen 
from (3) that the diagonal coefficiente pan only; be conveniently changed by powers (positive or 





THB BAMH’8 AXBS AND TBIANQDLATION, 


^ S«^ i. to Z S,^CarlS°d a** ! 

t^Wned in §5, aofe. tl^t Ho K. H. S. 

■entirelyindependentof the Takes ui.B.C " ® side of the equation is 

takenout, which is essentially onlvamm-rirnaL ’+T.’ j’ ’ ^^lat a solution has been 

of fi^es retained in the arithmetieaf processes. ' depends on the numbed 

solution will determine slightly different auanti+iAH ». i ° correct quantities a?i, . . this 
L.H.S of (1) the Takes found will bo J-S4 fl-XiJ On substituting these in the 

+ ®s^3+ . . . . . = S^') 

• ; =««[ • . (4) 

•I«aa7 perfomod for **■■*”■ ’ ' ' » «» »m. flat 

putatioii involving A^B G In tliiH xtro'er ^ ^ iificessary to change the portion of the com- 

obtainod. ■mtioata.yaajo.aitirofmoroan^ C-B *>» 

accuracy is arriyed at by means of su>on-ru¥^ . v *ne ebmination process. The gain in 

perfMt by keeping aU the figures resulting from t£' mktitutirn'’'^f absolutely 
solution consists of numbers of 4 sip^ifinanf ft ration. As an example, if the original 

products Ttill consist of 7 or 8 significant figures ^iTmr ?°®®®*®°*s are given to 4 figures the 
are given to much higher accu^v it “ f pointed out here that if the coefficients 

elimination process ; but this must be done in thrsubStution!^ 

ef elimination may all be perfome^by divisions which arise in the process 
titutions must be carried out Ttith hi<rhef or feeilitates the work. The subs^ 

done by arithmometer. ^ ’ solute, accuracy, as can most conveniently be 

St.pi«». th, (1) 


Then 


a^lj a^2 


*1 — a,x^A + hafjB + gie^C + . . . "i 
*r = tiBiA + + ... 3 

are the solutions of 

«i^i + Ojar, + .... =1 > 

®i^i + + . . . . =0 / 

3-ia?i + r,®, + . . . . -0 ? 


( 5 ) 



■NOIB ON IHE. SDEXTEON OJ HfiTTAIIONR: 


{jap 


and are the solutions o£ 

• ’ ■• ■ • * ' • •“ 0 ■ 

"t" ^2^3 ■ • • • • ““1 ^ 

. . ... ... =0 


( 6 ) 


In (6) all the quantities on the E.H.S. are zero, except the rth, -which is unity.; The elimina- 
tion processes are identical for all values of r, but the work on the E.H.S. difEers for each -value of r. 
The adcutate solution of all the sets of form (6) gives -values of all the quantities r*. : but any actual 
solution will give quantities slightly different, -viz. — Sjd?,. On substituting these, instead of 
getting the quantities unity and zero as values of the E.H.S. slightly different quantities are obtained, 
as indicated. 


Values of E.H.S. of equations (6) resulting from an ajpproseimate solution. 


Values of R.H.S. 

Approximate solutions. 


1 

2 

3 « • • * * • . 

. 1 . 

2 

3 


1 ■ 

i+^i 

“s ' 

V • • • • • 


■a«2 

a*^S 


2 

A 

I + E 3 

^8 • • • • * 



bWs 


3 

7i 

73 

1+78 . . . . 

c^i 

0 % 

0^8 





... . . . 

. . . 

i- .. . 

. i . 



If the original equations are symmetrical, so also are the quantities of the approximate solution* 

"it is cl esV that if "the apprdxirhate calculation has been properly carried out all the quantities 
i,^, 7 . . .- . are small compared -with uni-fy. . - • 

8. Suppose the solutions 1, 2, 3 . . .are combined in any way, taking for the value 

AaUi + A «2 +" • • • and ■ similarly for the other Then it is clear that the corresponding 

values of -the E. H. S. -will be . ‘ ‘ 

A(Ti + Ui) -+- Ei* 2 "b > 

+ E (1+ ^ 2 ) "b • • • > 

Ayi + E72 -t* + 7 $) + • • • j . 

Putting A = I - at • ■ E «■ — El - . C = — <yi these become 

' 1 — <*1® — El “s “ 7i “s . • . ■ ■ . ’ 

— ai El “ ^1 ^3 —71 • ■ . ■ > 


Only products of -the smaU quantities a, E * • • * how occur except in -the quantity 
unity in the first line : so that 'a higher approximation is 'r^ly found in this way. The process 
can obviously be repeated as often as is desirable. 




J 3 ° 


thb JUBTH-S axes AKD -TBUNQTJIATIOK. 


« i? U-V, U being *Si,Sed° bf ^ Suppose the trae value of any iuan% 

of equations ' ' correction. Then the sLtions 


«! a?! + flj afj +. , ^ . _ 

+ .^s + = 


And as above 


A 

I 

0 


B. 

0 

1 


0 

0 


are 


A 

.8 

C 

ail?i 



4^8 

ja?g 

«»s 


■ • • (7) 



A 

B 

. =: 

®i 

Og 

• = 

/3i 

/3g 

• * 

• 

* 


Wkfflic bjr me«» rf ,7) tl» eoMom « „pr,«nfed ^ 


% 

^3 


•Hence 


* J. = a, 

' !«*■ C ** "^S-+ A ja’i +.yj .a?, 

3 —as + A »a?j + yj 


■ ' ' • \ 

• • • V .r. 

• • • . j 


. (8) 


hn, **" *'*^' Aii«r + ysc®i + . ia\ 

j ^ "" ^aa^«r *• b% . . , , , , , ^ ^ 

*-"•••• • ■ . - _ 
l~®i’“*os^i— Ogyi 

which may be written with abbreviated form 

1 + ®!' Oo* <1 ' 

P ' -. „. “» .... 

- /Sa' . . . . 

■where - ' _ _ * « ‘ • i . 

*1 oi “ “sPi-flWi» . '. . etc. 


• • • , 

J » 


or 


' ■ * ’ ®i“»~®s^ 3-<**7 j . . 

J 1— ^ ^ 


• • i 

• i 



^ NOTB ON SSHE solution OF EQUATIONS:- 

These residuals a\ /S' etc., are composed of binary products of a, ^ etc. and accordingly are of 
a smaller order than a, /8 . . . . Starting with the second approximate values ?/', . - and 

these residuals a', /S' . . , another approximation maybe made : and so on as far as is necessary 

to attain the accuracy of solution desired, 

10, It may at times be convenient to split up a set of equations and apply the above process to 
any portion consisting of an equal number of rows and columns. This may be done .with advantage 
when a considerable number of the coefiSlcients are zero. It is to be remembered that the actual 
numerical labour of solving n equations varies as the cube of n, so that a group of say 30 equations 
presents a formidable piece of computation. By the method now proposed perhaps this labour 
may be considerably reduced ; but one certain advantage is a substitution check at a comparatively 
early stage of the computation. This is a check against actual computation blunders, as well as 
against accumulation of error due to lack of absolute exactness in the calculation on account of the 
necessity of limiting the number of figures employed. In this way, as has been shown above, much 
of the work can be performed readily with a slide rule, greatly accelerating the work, 


In a large class of equations, the normal equations which occur in the method of least 
squares, there is complete symmetry about a diagonal. This reduces the work of elimination to about 
one-half. It is important then that in dealing with equations of this class that the symmetry should 
bo preserved. Gauss’s arrangement secures this for his method of solution, and it will now be shown 
that symmetry is maintained when the equations are split up as just suggested. 

Denote the equations by 

, + (Ij^) “ W 

• + = (ii) 

. + {n,n)K = W 


Suppose the solution of 

(1.1) h 

(5.1) k, 

(r,i) K 

where r is less than riy is 

= 

= 

h = 

Then from the first r equations of (11) it is seen that 

(1,^) kn ") 

(2,«) C . . (14,) 

{r,n) K ) 

Substituting from (14) in (IS) it follows that 


[i] = (i) -(l,r+l)ft,+x 

hi] = (ii) -(a,r+l)i,+i 


(l,r + 2) ir +2 
(2,r+2) Ar+g 


[r] = (r) — (f,r+l) Ar+i — (»“»»•+ 2) A,+g — 


+ (i,a)A2 

+ (SjS) Ag 

+ (^>2) feg 


f • t 


+ (!,»■) At 

+ (&,»•) Ai 


+ (r,r) Ar = W 



. (la) 


1^1 w 

A [i] 
[i] 


+ 3*1 pi] 

4 - , , . 



.(IS) 


(2»,1) + (3,2) Aj-h . . • 
(w, 1) + (^j3) ^'3+ . . . 



# This may be a first or higher approximation as appears most suitable. 



1^2 TEJSr BABTH'S' AXES ‘AND rTEIAMfaULATIQN. 

+ 2^1 (ii) + • ■ • • + r^l (^0 

— kr+j t Jc^ c^,r+l) — (5,r+2) . . 


^ 1^/ (i) + %kt (ii) + 


+ rh (y) 


— ^r +1 2 fkt {$3 r-f 1) — («,r 4 2) 


. . • r^kn, 2 ^^! {s^n) 

the rommation indicated by t referring to a to which all values from 1 to r are to be given. 

T+ in the latter «-r equations of Ql). 

• ■ •‘. “entered. Th. ori^nal 

^ “r™/ ““ “• ■” *««-effloient of i. in ft. 

^ f J “ ®®®n iiint the change in coefficient of i. in the 


-(r+1,1) _ (r+1,2) S;!,, (s,«)_ . 

while the change in the coefficient of in the a« equation is 
-(«,!) (s,r+l) -(u^ 2 )Xt &3 («f>- + l)- . 


“('’ + !>»•) (j>,if) 


(16) 


-(«,r)SA(^,r-^l) . . (17) 


- (■■el,0™'«"- *** ceeffioientn of A and A in (16) ia 

The ^ a3n„a.etrical. 

ditional conditions ma^ve tote ffitroduSd”'' normal equations has been effected, ad- 

therebj- by the addition of a number oftnnfat ttTend *5® (13), is only modified 

of the same number of equations at the end Tf + 1 , ^ ^ original equations and an addition 

the ““DM expkined above, it is possible to urnp»J^-“ equations have been solved in 

numberof equations, making use ofCsoluZ solution of the larger 

of the on^nal equations had been followed this woSd^h! /t method of solution 

solution of the larger number of equations. ^ ^ ^ proceeding to the 

IntablemilthecoeffieienTarenSStthVsW equations of p. 116. 

Iccaseswhereahi.hlyaecurate 1 K 

sisss =ss 

«n each of theae «*ill «,„! xi • ^ ^^'“'“oo® are equallv Hmoii j /“^ereu. it is not certain 

^ wffi ™k. ‘h..pd.^.it.„,„: «^7'^,.cdc.a^ 

~ blunder. 
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1 2. Application of the method suggested above will now be made to the equation whose 
solution in necessary for the determination of the several probable errors of the N-W. Quadrilateral 
after adjustment. The L.H.S. of the equations are indicated in table XL VII. Conformably with 
§10 only a ])ortion of the complete set is dealt with at first. It is at once clear that the first 8 equations 
and the no.\t 12 ecjuatious form convenient groups. The first step is to solve the first 8 equations 
for < ho tjuaniitioH k, ... kg ignoring for the present quantities k, . . • kjj which occur 

in the rjth — 8th equations. The 11.H.S. are taken as zero or unity, vide (6). As an example of (8) 
rnuItipIicaliuiiH by ijowem of 10 are introduced and the order of equations arranged to make the 
<lingunnl tjuantitios in increasing order of magnitude. In this particular ease there is little gained 
by the forinor pitjceduro, which is introduced merely to illustrate the method. The arrangement 
of the work is shown in tabular form in table LV, of which detailed explanation is now given. 


TABLB LV. 






















fit ii|^wu*i»i»iiori. 
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TABLE LV {Continued). 


Bight Hand hide 


Left Hand Side 



0786 1+ 2 '626 ^ J 

•1401 - -04149 + 1-000 1 ^ 264-0 


*‘526 


- *04149 


‘3''W4'+ -ifuf) i_ « ^ 1+ I'ooo 

r ;'>^ se + ; 04 i 4 er -: i ;^ ijr ^:^ 

— ° r -000002 


— r ' WU 00021 

.. oo , 





CamI ’ I ** *7 ' \ 

'v ; ::»3 -S® ;: 0 ^ 6 S +.00041 

+ 0 «as + - 00000182 -. K® : ‘^*44 --001896 

T j -08428 _.gg°g 5 ■'■•0008096 

TJ I 000172 + *00994 

J ' hI i --000662 

+ 01183 —-0001685 

- +--003987 


-4264-0 


I VlII 

A *-# 

-I- -001396 
+ • 000409* 
-•00994 
+ • 0008091 

+■ •000163 
-.000662 
0 

- oosos ? 
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The first, second, fifth and sixth lines and columns of table XLVII are multiplied by 10 and 
their rows and columns are arranged in order 8, 4, 7, 8, 1, 3, 5, 6 : giving rise to equations whose 
coefficients are written down in column headed “Left Hand Side 1 . . . 8,” and in lines whose 

equation numbers are 1 to 8. The Right Hand Sides of these equations are i a 0 

It is however only necessary to write down the first column under heaffing R.H.S. a V a 

To eliminate the first quantity k, from these 8 equations, the first equation is multiplied q q 1 

.«oc<mTelyb7-j^=0. -• 1807, -280 ..... . . . 

and the results written below the ^nd, 3rd, 4th equations in old face type. These 
multipliers are also applied to the right hand side of the first equation which is unity, and therefore 
appear in this column. The work is performed by sliderule, making one setting representing 
division by 40 '68, and reading off opposite the quantities 0, 7*35, 1 • 14 etc. these quantities being 
at once entered in R.H.S, column (shown in old face type). In completing the multiplication of 
the first equation by these several factors, it is noticed that the quantity to be entered is the product 
of the factor of the particular line by the coefllcient of the particular column in equation No. 1, e, g, 
old face figures — 3 * 975 (line 3, column 5) = — • 1 807 x ^2 * 0. The old face figures thus formed for 
all the equations Nos. 2 — 8, are added to the corresponding coefficients and give rise to 7 equations 
(numbered 9 — 15) from which kg has been eliminated. The process as regards the right hand side 
has only actually been applied for ease I in which the right hand side of the first equation is unify and 
the rest are zero {vide § 7) : but it will be easily seen that for the other cases all the old face quantities 
would be zero having zero as a factor. Case II is accordingly brought in conveniently after the 
elimination of kg has been completed. 

The necessary multipliers for the next elimination, that of k 4 , are now duly entered of the 
R.H.S. for ease II, They are the old face figures +*0280, -*1807, H- 2*562 . . . : and the process 
of elimination is proceeded with. In this way the groups of equations 16 — 21, 22 — 26, 27 — 80, 
31 - 33, 34-35, 36 are formed successively in the last of which only kg occurs. From this values 
of kg are written down at the bottom of the table for each of the eight cases. These values would 
be substituted in 84, except that the coefficient of kg is so small that they are negligible. Thus equations 
34 (1) . , . 34 (7) are formed giving values of ^ kg for seven cases. Then the values of 

and kg are substituted in 31, giving 31 (1) . . 31 (6) from which six values of kg are 

formed. These several substitutions are shown in old face. The results of the terms on the left hand 
sides are combined and with changed sign applied to the right hand side for the corresponding case, 
e.f/. 31 (3) +*0786 = —*04412 — *0011 + *1238. All the values obtained are exhibited at the 

foot of the table: they are the values of in the notation of § 7. Since the equations are 
symmetrical the solution is also symmetrical and r^s — s^r • so that it is only necessary to take out half 
of the quanlities. Had the equations not been symmetrical all work below the diagonal in each 
group of climinants would have had to be completed and the full number of cases, eight, would have 
been necessary in substituting in each of equations 1, 9, 16, 22, 27, 31, 34, 36. 

18. An approximate solution of the first eight equations has now been found. As it will be 
necessary to substitute from the solution in the remaining equations, it is desirable in any case at this 
stage to check the solution; but this substitution at the same time enables a higher approximation to 
be reached by (8). This is desirable; although a high order of accuracy of final solution is not 
desired, yet it is proper to avoid the introduction of computation inaccm*acy at an early stage in the 
work. The first step is to substitute in the equations and so to find the quantities a, ^ . . . of § 7. 

In performing this substitution a sliderule cannot be used, as greater precesion is desired. If an arith- 
mometer is used, then there is little extra labour in taking out the work to the full number of figures 
which occur. When this has been done (10) gives a means of an infinite number of successive approxi- 
mations. As exemplifying this, full accuracy is kept in this substitution, which is reproduced for 
Case I only in table LVI. It is to be remarked that there is no advantage in keeping the solution of 
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presence adds to tbe^ Howe^ latter figures cannot be accurate : and their 

TABLJS LVI. 


Eqnatioa 


+4*183, 088,00 

-0*02©, 588,75 

-0*000,117.90 

-0*136,410 

-2*998,073 

-0*01)0,138 

+0-084,691,5 

+0*099,471,76 


-•000,699,633,2 

+ ‘004,688,85 ' 

-•000,760,736 

+ •888,889 

-•634,370 

-•007,267 

-•000,418,5 

+ •000,072,001,81 


+ -746,760,00 , 
+ ■000,016,803,6 
-•448,827,76 

-•026,235,6 


+ •115,834,00 
- *000,108,889 
0 

-•011,641,286 
+ •141,685 
-•118,228,5 
-•115,703 
-•011.718 


+2 •285,800 , 

+0*001,680,012 
-0*016,602,5 
+0 •003,380,6 
-2-252,780 
0 

+0*028.700 

0 


— 0OOAM.44e.4 +.000.096,876 -0.001,4!1J)88 


+10*646,080,00 

- 0*000,324,28 

- 0*092,676 

- 0*000,424,86 

0 

-10*663.610 

0 

+ 0*097,650 

- 0*008,203,63 


7 

8 

-•030,480 
+ -000,260,898 
+ •033,810 
+ •029,207,7 
-•480,860 

0 

+ •898,110 

0 

+ ■000,068,698 

+1'798,820,00 

+0-000,004,428. 

-1*186,856 

+0*000,869,4 

0 

-2*018,460 

0 

+ 1*854, 645 

-0*000,666478 


in notation of §7. TraJd • < 

IS no^ perfectly straightforward to sLSn^T riT'’ ^ multiplied by 10«. H 
the solution is known to be symmetrical it io + ^ ^ obtain a second approximation. Since 
of the diagonal : but as a cheek it mav soTnAtr° n^essa^- to perform the substitution on both sides 
-Batisknownhysymmetr;t\:l^^^^^^^^ When two determinationsof 

'i uuLy uiner sngntJy, the mean can be taken. 


TAB LB LVI I 



tab LB LVIII. 



a view to substitution for kj ®^P is to.form (16) with 

■are required since the eoeffidents of k T “ - ^e 

1 ' > are also required at a later staon on ^ zero in these equations. However values of 

rer stage, so the complete series of quantities k, to k, are expressed 
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accotding to (15). Denote the quantities given in table LVIII by .K, where r and a have all values 
from 1 to 8. It is necessary to compute all the quantities 2 jK, (», t) where a has all values from 1 to 
8 and is the quantity to which 2 refers, for each value of r from 1 to 8 and each value of t from 9 
to 20 : (s, t) in the notation of (11) indicate the coeflScients shown in table XLVII, while ,K, are the 
quantities of table LVIII. Owing to zero coefficients it has only to be taken for values 9 to 16 and 
so the number of quantities 2,Kf (s, t) actually to be computed is 8 x 8 = 64 ; and among them there 
is a sort of skew symmetry due to equality in pairs of coefficients in table XLVII, making altogether 
only 82 independent quantities. Further the summation 2 although relating to 8 values of a, actually 
only gives rise to four terms owing to zero coefficients. The details of the computation are given in 
full in table LIX. The computation is taken out to full accuracy to exhibit the symmetry which 
afterwards occurs when substituting in equations Nos. 9 — 20. 

tabl:b LIZ. 


Values of .K, («. t) and of 2* (s, t), the latter in old face ty^ 


18 

14 

16 

16 


- *366,766,80 
0 

+ *002,246,64 
+ *202,989,06 


+ *106,266,90 
- *039,094,94 
+ *011,662,20 


- *697,127,80 
+ *192,826,40 

- *060,418,24 
+ *622,148,60 


+ -348.484,8 
+ -264,712,9 
- -100.688,2 
- -261,692,7 


- *109,728,60 
0 

+ *000,136,16 
+ *012,103,05 


+ *032,877,30 
- *002,881,74 
+ *000,706,80 


- *102.009,00 
+ *042,189,80 
*008.488,04 
+ *012,015,60 


+ -142,812,60 
+ -030,099,60 

- -003,814,72 

- *017,846,70 


• 151,569, ai + *0^?, 834, 16 - •322,566,14 + •450,916,8 - -0917.488,49 + -030.752.36 - •0Si.a9a,i4 + -153.750,68 


- *106,266,90 

0 

- *011,662,20 
+ *039,004,94 


- *866,756,80 
+ *202,939,96 
+ *002,246,fl4 


- *294,712,9 
» *348,484,8 
•h *261,692,7 
+ - 100 , 688,2 


+ -102,826,40 

- -897,127,80 
+ *622,148,60 

- -050,418,24 


- -082,377,30 

0 

- *000,706,80 
+ *002,831,74 


- *109,728,00 
4* *012,103,96 
+ *000,136,16 


•077,834,16 - *151,569,81 - *350,916,8 - -339,566,14 - -030,759,36 - -097.488,49 


+ *026,891,130 
0 

+ *006,307,720 
+ -002,402,246 


+ *000,166,92 
- *092,862,37 
+ *000,143,32 


4- *066,365.33 
4- *088,076,62 
- *119,102,02 
4- *006,412,36 


- *026,779,28 
4- -220,738,72 

- -287,641,10 

- -003,213,77 


4- *008^117,210 

4- -000,321,680 
4- *000,148,645 


4- *027,782,61 
- •006,608,77 
4* •000,008,68 


- -030,099,60 

- -143,812,60 
4* -017,846,70 
4- -002,314.72 

- -153,750,68 

4- *007,646,16 
4- «08B.004,24 

- *008,122.42 
4- •000,147,66 


4- *042,180,80 

- •102,009,00 
4* *012,015,60 

- *003,488,04 


- *010,564,61 
4* *025,781,60 

- •006,468,66 

- *000,210,17 


4- *034,19^.095 - 


4- •04t,7Si,i8 - -039,895,43 4* -008,587,535 + *033,333,55 + -035,665,53 4- *009,539,36 


- -000,165,02 

0 

- -000,148,22 
4- -092,302,37 


4* *026,891,180 
4- *002,492,216 
4- *005,307,720 


- *226,738,72 
4- *025,779,28 
4- *003,213,77 
4- *237,641,10 


4- *088,076,52 
4” *006,366,83 
+ -006,412,35 
- -119,102,02 


- *027,782,64 

0 

- *000,008,08 
4- *006,508,77 


4- *008,117,210 
4- *000,148.645 
4* *000,321,680 


- *026,781,60 
4* *010,664,61 
4- *000,219,17 
4- *005,468,56 


4- *036,094,24 
4- *007.640,16 
4< *000,147,66 
- *008,122,42 


+ - 003 , 053,33 + *034,191.095 


4-2*646,788,10 

0 

- *004,081,44 
-2*283,447,70 


4- *039,895,43 + *041,751,18 — -023,333,55 4- -008,587,535 - *009,539,36 4- *035,665,53 


+ *359,356,96 


4- *131,221,20 
- *071,023,24 


4- *071,028,24 

- *131,221,20 

— *060,197,96 


4-2*546,786,10 
-2*283,447,70 
- *004..081,44 


4-6*404,360,10 

0 

4- *001,586,04 
-5*&76,131,00 


-2*487,741,6 

0 

4- *183,787,2 
4-2*044,624,2 


4- *783,323,70 

- *000,247,36 

- *186.191,70 


4- *004,236.04 
- *007,052,80 


4- *728^216,50 

4- *006,246,84 
- *136,197,00 


-1*010,501,70 

0 

4- *004,205,12 
4- *200,808,20 


4. *620,814,14 4- *639,519,8 + *646,884,64 - *003,716.76 4- •599,a63,74 " *814,488,38 


4-2*487,741,8 
-2-044,624,2 
- *182,737,2 


4-0*404,360,10 
-6*^76,131,00 
4- *001,586,04 


4- *007,962,80 
- *004,236,04 


4- *783,323,70 

- *136,101,70 

- *000,247,86 


4-1*010,501,70 
- *200,808,20 
- *004,206,12 


4. *728,215,60 
- *136,197,60 
4- *1)06,246,84 


+ •060,195.96 + -059,066.96 - •639.609.8 + • 6 oo, 8 i 4.>4 + •M3.5i6,56 -I- -646^84.64 + •804.488.38 + - 399 . 063.74 


4- *030,006,24 
0 

- *045,108,12 
0 


0 

- *643,182,70 
4- *786,616,77 
0 


4- *060,306,84 
- *628,271,20 
4-1-014,218,42 
0 


- *019,641,44 
-1*617,400,70 
4-2* 023 ,648,10 
0 


4- *006,168,08 
0 

1 - *002,739,28 
0 


- *197,826,90 
4- *0^0,910,17 
0 


- *035,193,88 - 1 - *143,333,07 + -436,354,06 -I- *386,700,96 + *003,413,80' - *150,915,73 


4- *643.182,70 
0 
0 

- *786,616,77 

- *143.333,07 


4- *020,006,24 
0 

- *046,198,12 

- *025,193,88 


4-1*617,400,70 
4- *019,641,44 
0 

-2-023.648,10 


- *628,271,20 
4- *050,800,84 
0 

1 4-1*014,218,42 


4- *197,826,90 
0 

- *046,910,17 


4. *006,163.08 
0 

- *002,739,28 


4- *006,720,20 
- *267,471,90 
4- *060,166,82 
I 0 


4. *183,008,60 
4- *008,008,28 

- *046,567,76 ' 


- *386,700,96 + *436, * 54,06 + -150.915,73 + -003,413.80 -h - 145 , 349 , 0 * 


- *008,008,28 

- *188,908,50 
4- *046,667,76 

0 

- - 145 , 349 , 0 * 

- *257,471,90 
4- *005,720,20 

4- *069,166.82 

- *183,584,88 


15 . Valuesof kg, kg, ky, kg given in ( 15 ) contain terms in . . k^g of which the coefficients have 
just been found in table LIX. These are to be substituted in equations 9 — 16 , they do not occur m 
equations 17 to aO. The formation of the products and the eolleeting of coefficients is earned out m 
Table LX. In this the values of 2 ,Kr (*, 0 are rewritten with sign changed at the top, kept to six 
places, while the multiplying coefficients are all shown in the first column. The previously existing 
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'CoeflBcients.of kn 


are also included. The complete coeflBleients of to including the 


portions due to substitution of kg to kg, are shown in Table LX in old face. Thus twelve symmetrical 
equations relating kg to k^o have been formed, to kg having been eliminated. The solution of these 
twelve equations is performed in a manner similar to that employed for the solution of the first eight. 
The equations are first rearranged in increasing order of the diagonal coefficients, the whole 
process being given in table LXI. It does not seem likely that a second approximation is necessary 
in this case, so a verification, as described, in . § 11, is carried out in table LXII showing the degree 
of precision with which the last equation of the group of 1^ is satisfied for each of the 12 cases. 

TABLE LX. 

Substitution of kg— kg in equations 9 to 20. 
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TABLB LXh 



ki3 

k.4 

Icq I k 


+ 1-00 
+3’97446 



•09 

•08^99 - 


■20 

1+ *3685 1+ *3084 1+ I '5074 
+1'I2 + 1-20 U -32 


•48 + 

•00326 — 


0 

— *004484 

0 

+ -4439 

+ •sSu 
0 

+ i*8i6 

0 

— *3153 

0 

— *09417 


0023 + *3443 + -1381 

+ *9989 - *1184 

- *27 + 4*84 

0 0 

- -032 

28 - *66 + 1*66 
000 

+ 4*49 

0 

81 0 + 1*83 

+ *38 - 1*22 

- 1-64 

00004 + *00444 + *0023 

+ *0183 — *00313 

— *0009^ 

+ 5*81 - -38 

+ 1*83 + 1*54 

- 1-22 

- *4395 - -3486 

— 1*798 + *3131 


+ 10*96 

0 - *71 

— *1406 

— 1*017 + *1303 

+ 10*96 - 1*86 

- 7*355 + '8717 

+ 1 + 



•f -83 

- *2801 

- *4318 


14 

- -3723 

0 


0 

0 

15 

0 

0 


0 

- *37*8 

16 

- -2466 

0 


0 

0 

17 

0 

0 


0 

— *3466 

18 

- *004484 

o' 

19 

+ *4430 

- ’4439 

0 


0 

— *004484 

20 

+ *3611 

0 


0 

— 1*816 

21 

+1*816 

0 


0 

+ *3311 

22 

- *2163 

0 


0 

+ *09417 

23 

- *09417 

0 


0 

- *2133 

24 

- *3722 

0 


— 1*0617 




+ *68873 



3683 

r 

- 1*5074 + 

>6625 

+ -6242 

- *1319 - 


- *66 + 1-66 

- *0035 — *9()89 

+ -00444 + 1*8336 

- -00444 - *'798 

4-6-3705 -* -6380 

- *0000 — -0182 


+ 1-66 - *27 

— -qqBq + *1381 

+ 1*8336 + *3082 

— 1-798 + '2486 

-* -6380 + -032 

— 'OlSs + *0033 

•1-10-8104 - 1*017 

— 7-3SS t 

+ 3*6ti6 


+ 4-94 
+ *033 

- 1*22216 
+ *0932 
-h 1-7631 
+ *00094 

~ *5806 

- *0327 
+37*3067 

— *0198 


+ 4-40 

- **184 

- 1*54004 

- *2131 
~ 1*1268 

- *00213 

+ 1*4127 

- *8717 

- *8386 

+ *1303 

- *0462 

+ *0432 

+87*4503 



- -6347 

+ -10 

+ 1*1168 

-2*5515 

+ 

+ *01866 

— *00171 

+ *30976 

+ -33678 

+ 

— *01085 

— *00394 

+ *09933 

- *47945 

— 

— *10384 

+ *00240 

— *38033 

-2*33044 

— 




+2*041 

- *10 

- *6347 

+2*6516 

+1*1163 


•3074 

+ 

•5284 

+ *4362 

- 1*2987 


+ *00394 

+ *01085 

+ *47945 

— *09933 

— 

*03393 

+ 

•30713 

+ *002064 

+ *01877 

(a) 

- *00171 

+ *01866 

+ *32678 

+ *20976 

+ 

•17868 

+ 

•03712 

+ *006333 

— *00612 

(3) 

— *01636 

— *01333 

— *86930 

+ *97584 

+ 

•0383s 

1 — 

-0^96 

•00626 

— *00464 

— -06831 

U ) 

+ *00240 

— *10384 

— 3*33044 

— *38033 

"" 

•03383 

1 “ 

— *03312 

+ *01373 
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TABLB XXI.-^(Oontinued). 


H' 

'Right Hand Side. 

kl4 

k. 

kitt 


El 

Side. 

kio 

B 

B 

m 

85 

- -8623 

0 

0 

. >01834 

f -su 

0 

0 

+ *049 


-(-4-8466 

- -0049 

♦- -0311 

- *0311 
(-4-5^1 - 

- *1974 

•31U ■ 
^:57§ ; 

-2693 

V *0324 
- -0x506 

(- -6352 

- -5656 

(■ *0259 

- -14090 

^ 3-9977 
•(• *02X5 

4 6-0556 

1 : 
- -Mja • 

- O-liSO‘7 

- -0636 
¥ 4*3931 

86 

87 

+ -01834 

+ -199116 

- -2466 

- -1157 

- -44^ 

- *040 

0 

- -647 

0 



tar : 

-3*19 

t {.^ 

-1-3955 

f *3843 

- -6606 

i-itiSi 
¥ 1*6235 


0 

+ *4653 

0 

-1*35 




-(-2*181 

t- -0138 

+ -4188 

+ ‘1.305* 

- 1-07075 

88 

- -0214 

- -001484 

•(•1*25 

0 





- -6x05 

t- -1681 

- -289 

- *2397 

¥ -7*03 


0 

4 .3036 

0 

- -547 





(• 3*8276 

- -0796 

+ ‘1281 

+■ *0544 

39 

+ *8476 

-1-816 
- -0561 

- -2589 

0 

0 

+ *1506 






- *0463 

+ -0796 

+ 8-4181 

+ -0660 

- •JJ45-* 

- *1056 

- *1431 

40 

+1-8721 

+ -2511 

- *1506 

0 







- • 1368 

- '1*34 

4* *3362 


0 

+ *0964 

0 

- *3589 








+30-5205 

- -2788 

41 

- <452 

+ -09417 

+ -6868 

0 








- -0941 

+ *2788 



! -M 

0 

- *3147 








+37•2.^ii8 


- -17407 

+ *2147 

0 








1 

- •82(»4 


0 

- -3368 

0 

+ *6363 








1 

— 

43 

- -3623 

- -01824 

+ *311 

+ *049 

+1*00 

+4-3417 

!»i 

0 

- -1904 

- -03578 

- -2146 
+ *01907 

+ -01734 

+ -00187 

- -6390 

- -3*304 

- 3 -9893 

- -01879 

- *07503 


— -13^64 






— -01693 

— -04033 

— -01008 

- *05834 

- >05765 

- *03445 



+ -07423 

+ *71033 




+ -06487 

- -1876 

— -00217 

- *04183 

- ‘04225 

- *2739 




— *1041 

+ 1*43637 

W 

(5) 

0 

0 

+ *16644 

— *00408 

+ -07311 
— -015x2 

- -oors+t 

— -00020 

— •o(>7(»7 

— -02439 

- *210.(5 

- ‘13H9 

— *05498 

- • 253(18 

41 

+ -01824 

- -8623 

- -049 

+ *311 

0 


+4-8417 

+ -2146 

- *1904 

+ -6390 

+ -91734 

0 

+ .5*1919 

0 

+ :i-989S 

0 

0 

0 

0 

0 

0 



+ 1*67 
- -00835 

0 

+ -1298 

- -1819 

- ‘(MW 

+ •1(»)16 

45 

46 

47 

+ -199116 

— -01589 

- -0211 
- -0179 
+ -8476 

+ -0214 

— -0008 
+ -190116 

- -000901 

-1-8721 

- *647 
+ *01364 
+1*26 

+ *0154 

- -2689 

—1*26 
+ *00315 
- *647 

+ *0034 

+ *1506 

+ *04385 

0 

+ *04943 

0 



-oioG 

+ -00076 
+ -1810 
+ -0009 

+ 3 -2813 

— -OOOl 

- ‘0237 
+ ‘1298 

- -0267 

9 

+ -00315 

+ ‘197a 
+ *19(1 
- *01593 

- *2377 

- *90013 

- *256(1 

*(• • 15H8 
+ *o»o7 


+ *00145 

+ -OOOl 

— -00134 

— -0003 

- *003995 





+ 3 *2813 

‘4r»K‘( 

+ *1941 

48 

+1-8731 
- -0450 

+ -8475 

- -0033 

- -1606 
+ -03865 

— *2689 
+ -0061 

0 

+ -1343 






— • oU^o 

+ ‘4956 

+ 30*4304 

.9450 

0 

49 

- -462 

+ -17407 

+ -6363 

- -2147 

0 







- 3 •964 

+ 4*769 

60 

+ *333 
- -17407 

+ -01675 
- -462 

- -3858 
+ *2147 

- *045 
+ -6363 

- *9188 

0 







+ 00- 4264 
6*2oH6 


- -43*3 

— 10318 

+ *3713 

+ -0585 

+ i*ig6 







.w, . 


1 

51 

+ -01824 

- -3623 

- -049 

+ •m 

0 

+1-00 

+4-8417 

(i) 

+ -2146 
+ -04033 

- -1904 
+ -01693 

+ -6890 
+ *05834 

+ -01734 

+ -OiooH 

f 5*1919 

-(- *02445 

( 3-9H92 
“ *05765 


•07433 

- -13764 





(a) 

+ -01907 

- -03578 

- -313(4 

+ -00187 

1* *01503 

+ *01879 



+ -1041 




(3; 

— -07311 

— -16644 

— •o67()7 

- *ooi34.j 

- *05(98 

+ *31045 




+ -71033 



(4) 

— -1876 

+ -06487 

+ -04183 

- -00217 

- *2V36 

*04215 





0 


(5) 

+ -0046 

- -01341 

— -oofioi) 

+ -00078 

- .iKilX 

4 *1946 







+ 1-43637 

(6) 

— -01513 

i 

— -00408 

— >03429 

— -00020 

- *25368 

- *,381, 

62 

+ -18323 

+ -0206 

- -5334 

-1-24785 

+ *04386 

0 


+1*5616 

- -0094 

+ -133(1 

- •2050 

- *79ir* 

i- -ll8^ 

53 

- -ooogo 

- -0393 

+ -0179 

+ -1982 

+ -0034 
+1-26^ 

- -0154 

- -54^ 

0 

+ -0484 

- '04943 
0 


— -0106 


— -0267 

+ -1828 

— -0009 

+ -loid 

— • 25(1(1 

+ *988 

- *1973 

I-- l-22‘S6r. 


+ -0008 

— -0159 

— *00315' 

+ -01364 

0 

+ *04385 



- *00835 

+ -0237 

+ >00076 

+ 

\ *17-2 

11 • n-M 
j 4 - 179N 

54 

+ -349 

-1-872 

- -2601 

+ -1504 

- -00899 

0 




+ 3-2812 



— *0033 

+ -045 

+ -0061 

- -0386 

0 

— *1343 




— *0670 

— -00215 

— ♦(1450 

•465<» 

55 

+1-837 

+ -3452 

- -112 

- -2528 

+ -1842 

0 





+ 3-31U4 

+ •9.6;M 

*4:8(9 


- -OOOl 

+ *00145 

+ -0002 

— -00134 

0 

- *00399 





— -OOOl 

“ *0207 

— *0159 

ii 1*769 

56 

- -119 

+ -1903 

+ -3505 

- -2597 

- -9188 

0 






4 32 >702 4 

57 

- -0318 

+ -4333 

+ *0585 

+ -69^ 

0 

-1-196 






— (»>2rjSf» 

■ . 4- 799 

- -60687 

- -4738 

+ *686 

+1-196 

0 







j I 3(1 ’i.' 178 


- -01675 

+ *333 

+ *045 

- -3858 

0 

- -9188 







-- 3 •'•64 

58 

+ -1823 

+ -0385 

1- -531 

-1-26326 

+ -04385 

- -0494 

+1-00 

+1*561 

0 

+ -1039 

- •2fHJ5 

- 1*6-481 

- * 31:17 


+ -29144 








0 

+ *01123 

— - 1 200 

- *oo493f 

1 1 ‘^>4563 


+ *13785 






(2) 

13 ) 

0 

— •o(io39 

- -02232 

- *01515 

* *001487 



- *53843 





0 

- *01303 

+ -OltlOl 

(- *0111 

*01(19(1 





-1*33583 




(4 

0 

+ *00805 

+ -oasij 

+ *05529 

1 •fi03343 





+ -03326 




0 

— -00117 

- -0093 

f -03(149 

- ’oie+l 






— -10925 


(6) 

0 

— -004(18 

+ *00233 

+ -05121 

4 *0^1,9 







+1-04117 

(7) 

0 

— -00186 

- •001,14 

- *0274 

- *1(01773 

59 

- -0835 

+ *1823 

+1*26325 

- *531 

+ *0494 

+ -04386 

0 


+ 1*55: 

1 + -2005 

+ -lO^O 

(- *3157 

- 1*9181 


0 

0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

60 

1 + -8167 

-1-827 

- *254 

+ -1118 

- -rasgs 

- -1242 

0 



+ 3-2142 

0 

- -U?6H 

- *0l(!l 


— -0132 

— -0026 

+ *0356 

+ *0847 


+ -0033 
- -00^ 

— -06703 



— -0070 

+ *01384 

+ -0702 

+ -031X6 

61 

. +1-827 

+ *3467 

- *1118 

- *254 

0 



+ 3-2M3 

+ -OKU 

- .(lUdH 


+ -0343 

+ *0051 

— *0716 

- -1681 

+ -00584 

- -00657 

+ *1331 




- *0275 

- ‘1395 

- *0430 

6£ 

1 - -1408 

+ *6381 

+ *409 

- -631 

- -9188 

-1*196 

0 





+3(i*r)fi:iH 

0 

6! 

+ -1231 
{ - -6231 

+ -0360 
- *1408 



+ -osgd 
+1-196 


+ -6754 
0 





- -7078 

- *2132 

+‘2(t..Vi:w 


+ *0371 

+ *0078 

- *108 

- *357 

+ -0089 

— -0101 

+ *2034 






- •0((43 







iquatioiLl 


NOTE ON THE SOLUTION OF EQUATIONS. 

TABLE XX/.— -(Concluded). 


Left Hand Sid 


Biglit Hand Side . 



•1823 -I- 1-26325 - *531 + -0494 + -04385 

.29144 

Hr 1*35583 

— -52849 

+ -10935 


+ 1-04117 


B5 + 

•3345 

- 1-8296 

— 

•2184 

+ 

-1905 

- -00693 

— 

•12U9 - •0670S 

+ 

•0051 

— -0243 


•1681 

+ 

•0716 

— -00657 

— 

•00584 0 

66 + 

1-8518 

+ -’3618 

— 

•1834 

— 

•4221 

+ -ISOl 

— 

•01U66 + -1331 

+ 

•0026 

— -0122 

— 

*0847 

+ 

•0356 

- -0033 

— 

•00294 0 

67 - 

•0177 

+ -6491 

+ 

•0502 

— 

1-484 

- -8892 

_ 

1-2294 + -6754 

+ 

•00*^8 

- -0371 

— 

•257 

+ 

• 108 

— -OIOI 

— 

•0089 0 

68 - 

•586 

- -133 

+ 

•623 

+ 

•152 

+1-2049 

— 

•9289 + -2034 

— 

-026 

+ -1231 

+ 

•853 

— 

•3588 

+ -0334 

+ 

•0296 0 



3865 + *2681 

39877 

+ -24649 



1831 

+1*00 

•14073 

+ 1-00261 


+ -3396 - *2681 


•3865 + -12674 - -0135 + -1831 


- *0099 + -612 - -2068 - 1*376 - -8993 - 1-2383 + -6754 - *2034 0 

71 + *0468 — *2558 — *0533 + *037 — *00186 - *0175 - *00924 — *01836 + -13705 

- -612 - *0099 + 1-376 - *2068 + 1-2383 - -8093 + - 20 ^ + -6754 0 

72 — *0154 + *0842 + *0176 — -0122 + *0006 + *00576 + *00305 + -00605 — *04545 


73 + 1-8539 + *3398 - *2681 - -3865 + -12674 - -0135 + -1331 - *06703 0 + 1*00 

+ 1-8482 

+ *34375 

- -24649 

- *39877 

+ *14314 

- *03583 

+ *14073 

— *05683 


0176 + *00576 
219 +1*2389 

0533 + *0175 




76 

+ -1211 

77 

- -3716 
0 

78 

- -8716 


+ -3716 

- *2733 

- 1-3566 

- -8954 

- 1-2564 

+ -C722 




- -8964 

+ *2258 

+ -6722 

- .0454£ 

+ -13796 


Case I 

n 

m 


- -5202 - *33746 - 

+ -33746 - -5202 + 
“1+1-8675 + 

r 1 1+1-8675 - 



+ -66616 

- -22276 

+ -13795 

0 

+ -00605 

— - 00305 

0 

+ *04545 

+ -20646 

+ -68145 

- -04546 

0 

+ -01836 

— -00924 

0 

+ *13795 



- -0171 + -1879 - -08888 + -1081 + -68126 + -004709 

- -0294 + -08888 + -1879 - -58125 + -1081 + -01445 

+ -02398 - -3407 + -87417 - -1264 - -07752 - -01069 


+ -1636 - -87417 - -3407 + -07752 - -1254 

0 + -02144 + - 07044 - -01127 + *04602 

+ -3308 - *07044 + * 02144 - -04602 - -01127 

■ " !+ -6713 0 - -01787 + -04426 |+ -02614 1 + 

— — 1 +. 6713 - -04426 - -01787 ' '• 

' + -3163 0 


-;+ -3163 I + -0017676 + 
\ .038888 


* As the coefficient of k.a vanisheH no elimination is required, and this equation gives ku direct. 
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Verification of solution of 12 equatioDs. 


+ *8654460 

0 

- *1092420 

- *0708686 

- *0061740 

- *0086910 

+ *0394690 

—0186648 

+ •0227010 

+ *1220626 

+ •00098889 

- *00303460 

0 

+ •8124460 

+ *1619808 

- *2496960 

+ *0082080 

- -0141120 

+ -0426624 

+ •0901020 

-*2700000 

+ *0518880 

+ *00693600 

+ *00226032 

+ •1872720 

-*1214666 

- *6728000 

0 

- *0588960 

- *0086328 

+ *1226520 

-•3147012 

+ •0451440 

+ •0279072 

+ *00381240 

- *01899216 

+ •8779662 

+ •5826240 

0 

-2*0016000 

+ *0268576 

- *1832820 

+ *9790704 

+ *8816840 

-*0868224 

+ *1404480 

+ *05908672 

+ *01186080 

+ *1452360 

-•0844740 

- *8081840 

+ *1184612 

-1*6341520 

0 

- *1059136 

—8479786 

+ *0666788 

-*2228988 

+ *17201080 

- *24136840 

—0767790 

—1820060 

+ *1076702 

+ •7845640 

0 

+1*4852920 

- *3162766 

+ -0962656 

-*2021898 

—0506023 

-*21988140 

- *16634180 

-•2898660 

-•1368762 

+ *6246780 

+1*8462218 

- *0880176 

+ *1084776 

-1*0838020 

0 

+ *0275198 

—0681604 

-•04026560 

- *01362274 

+ •1084886 

-•2292880 

-1*0664874 

+ -IIOOSIO 

- *0859868 

- *0261668 

0 

-•8189860 

+ •068f»972 

+ *0218014 

+ *01071282 

- *03189080 

+ •1470160 

-•7905000 

- *1705440 

+ *1064272 

- *0153272 

- *0812272 

- *0243032 

-•0601936 

+ •4288080 

0 

+ *00729586 

- *00240380 

-•4126876 

-•0767610 

+ *0660392 

+ *0890340 

- *0310642 

+ *0080017 

- *0314246 

+ •0126877 

0 

—2238630 

-*00126493 

- *00380887 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

-•6414416 

+ •17614623 

+1*97676732 

- -8968073 

+1*8807842 

-1*8047054 

+ *32902407 

+ -9794658 

-*06622828 

+ *20101156 

0 

+1*45713336 

+•0010848 

+ *00018843 

— •0006a 188 

1 

8 

+ 

+ *0003830 

+ *0001141 

+ *00114887 

— •0003341 

1 

1 

1 

+ *00009416 

+ •00015136 

+ *99989141 


16. The residuals in table LXII are sufficiently small. Accordingly the values of kg . . , kgo 

have been found satisfactorily for the 12 latter cases. It remains to find their values for the first 8 cases, 
and also values of kj to kg for all cases. In this the work is much simplified by the known symmetry 
of the solution. The introduction of cases 1 to 8 — Le, giving the R.H.S. of the first 8 equations values 
1^0 ... , (ease 1) 0, 1, ... (ease 2) etc. causes the R.H.S. of the latter 12 equations to 

take the values — 2® ( 5 , pKg for case r and equation ^ being taken from 1 to 8 : and these 
quantities accordingly have to be found for each of the cases 1 to 8. Values of these quantities with 
sign reversed have already been given in table LIX. It is necessary then to combine these cases 9 to 20 
in such a way as to give the solution for kg to kgg for these related eases. For case r the value of ku is 

,ku= — 2*tkn 2 ® (^, 0 , i being given all values from 9 to 20 : but in fact 2 ® {s^t) ^Kg vanishes 

for values of t above 16. The process is carried out in table LXIII. 

The next step is to find tku for values of t and u from 1 to 8. Having found values of tka, for 
all values of u and values of t from 9 to 20, it is possible to write down values of ukt by symmetry* 
Equation (15) then enables the remaining quantities to be found as is done in table LXIY. The 
symmetry occurring largely simplifies the process while still afEording a check. 

This leads up to the solution of the combined 20 equations for all the 20 fundamental 
cases. The results of the solution, compiled from tables LXI, LXIII, LXIY, are given in table 
LXV. The solution of these 20 equations enables the probable errors of the N.W. Quadrilateral 
after adjustment of circuit conditions only, to be written down. By the incorporation of the next 
three equations, corresponding results can be given for the case when circuits and base line closures have 
been made (the actual adjustment carried out). Finally by incorporation of the last three equations 
the corresponding results obtainable if Laplace closures were introduced at each extra base can be 
given. Accordingly before giving the application of table LXV, the further solution of 23 and 26 
equations will be carried out, 

17. In table LXV are also shown certain multipliers. They are the coefficients of kgj, kgg, kgg in 

table XLVII. It is necessary to find ku in terms of kgp kgg, kgg, for all values of u between 1 and 20 
by means of (15), with a view to substituting in equations 21, 22, 23. For this values of 2® (^,0 

are required, where gkr are the values given in table LXV and t has values 21, 22, 23, so that {s,t) 
are the multipliers just alluded to. Each of these products gkr {s,t) are given in table LXVI, and 
their sums 2®Bkp {8,t) for values of s from 1 to 20, the latter in old face type. These are the 
coefficients of— ku in the expressions for k^ , , . kgg as found from the first 20 equations. These 

q^uantities have to be substituted in equations 21, 22, 28, and accordingly multiplied by the respective 
coefficients. The process is carried out in table LXVII, where the coefficients of the three equations 
giving kg^, kgg, kg,, are formed. The process has been carried out -with full accuracy to illustrate 
the complete symmetry of the resulting equations. The solution of these equations is very simple 
and is given in table LXVIII, with verification at the foot of the table. 
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TABLE LXIIL 
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TAB LB LXIV. 


TABLE LXr. 

Values of gkr for 20 conditions. 



tKu 2* r^a 


1 + -00511 + .00330 + *00464 - -00668 + -66364. + *60286 + -(^6331 + -ofillo = 

2 + *00262 - *00643 + *003fJl + *00074 + *00115 - *00791 + *00668 - *00037 + *00001 

8 — OOllB - *00009 - *00060 + *00009 - *00032 + *00180 - .00154 + *00007 - *06144 = 

4 - *00007 + *00146 - *00067 - *00010 + *00083 + *00070 + *00041 + *00026 + *28814 = 

6 - *00874 - *00255 - *00894 - *00147 - *02413 - *00030 ^ *02582 - *00686 - *05614 = 

6 - *00203 + *01100 + *00921 - *00143 - *00014 + *05247 - *03610 + *00431 + *01627 = 

7 + *00086 + *00608 - *00628 - *00089 - *00013 - *01224 + -O* *787 - *00105 - *00170 = 

8 + *00483 -r00107 + *00667 - *00100 - *00563 + *00028 - *00620 - *00132 - *00884 = 

1 + -00642 - *00262 - *00058 - *00360 -f *00790 - *00116 + *00037 - *00658 + *00001 

2 + *00330 + •(K1511 - *00074 -I- *00463 + *00249 + *00363 + *00110 + -00221 +1*13260 = 

3 - *00145 + *00007 + *00009 + *00067 - *00070 - *00083 - *00020 - *00041 - *28814 = 

4 -*00009 -*00116 +*00010 -*00060+ *01 180 -*00032 +*00007 -*00164- *06144 = 

6 - *01099 + *00203 + *00147 - *00918 - *05245 + *00014 - *00433 + *03509 - *01627 = 

6 - *00265 - *00873 - *00143 - *00891 - *0<'030 - *(»2410 - *00689 - *02682 - *05614 = 

7 +*00107 “*00483 +*00089 -*00565 -*00028 +*00562 +*00132 +*00626+ *00884 = 

8 + *00607 + *00085 - *ii0100 - *00626 - *01224 - *00013 - *00106 + *00787 - *00170 = 

1 - *00166 + *00002 - *00004 + *00024 - *00148 + *00012 - *00017 + *00112 - *06144 = 

2 -*00080 -*00003 -*00003 -*00031 -*00047 -*00010 .^*('0049 -*00037 -*28814 = 

3 + *00036 - -OiKJOO + *00001 - *00004 + *00013 + *00009 + *00012 + *00007 + *10165 = 

4 +*00002 + *00001 +*00000 +*00004 -*00034 +*00004 -*00008 +*00026 0 

6 + *00265 - *00001 +*00008 + *00061 +*00988- *00002 +*0<-194- *00695 +*00408 = 

6 +*00062 +*00005 -•0<Kj08 + *00060 +*00006 +*00268 +*00264 +*00487 +*01394 = 

7 -*00026 +*00003 +*00006 + *00037 +*00005 -*00061 -*00059 -*00H6- *00402 = 

8 -*00146 -*00001 -*00005 + *00042 +*00229 +*00001 +*00047 -*00133 -*00011 = 

1 +*00008 +• 00.179 +*00032 + *00003 +*OOOW +*00047 +*00037 +*00049 +*28814 = 


I'he same mimbeiB oconr as for u =; 3, differently arranged. 


1 -*02377 -*00912 -*01104 + *01462 -*03610 -*00952 -*01112 +*00786 — 05614 

2 — *01220 + *01777 - *<»0858 - *01867 - *01109 + *030121- *('3312 - *00247 - *01627 

3 +*(K)536 +*00025 +*00148 -*00231 +*00310 - *00686 + *00774 +*00046 +*004 8 

4 + *00033 - *00401 + *00136 + *00242 - *00800 - *00266 - *00206 + *00172 - *01394 

6 +*04065 +*00706 + *02123 + *03703 +*23290 +*00114 +*12993 — 03924 +*39868 

6 +*00944 -*03040 -*02188 +*03694 +*00133 -*19990 +*17658 +*02888 0 

7 - *00^5 - *01680 + *01492 + *02239 + *00122' + *04663 - *03959 - *00700 + *00309 

8 -*02247 +*00295 -*('1322 +*02527 +*05432; -*00105 +*03150 — 00880 +*09941 


Tlie same num'bers occur as for u = 5, differently arranged. 


1 + *00221 - *00018 - *00498 + *00130 +*00422 - *00233 -*00063 - *^0544 —00170 

5 “ *00384 - *00168 + *00183 + *00789 - *00188 + *1.0188 + *00884 

? ” *00000 + *00064 - *00021 -*00037 - *00168 + *00044 - *00084 -*00402 

4 — *00003 —•001.08 +*00061 +*00022 +*00096 —*00065 — *(10012 —*00127 +*00011 

a ” " * 02800 + *00028 + *00737 + *02900 + *00809 

6 — *0()0^ — * 00060 — *00978 + *00328 — *00016 — *04904 + *01002 — *02133 — *09941 

7 + *00037 — *00033 + *00667 + *00201 — *00015 + *01144 — *00225 + *00517 + *08424 

8 +*00209 +*0001.6 -00592 +*00227 -00653- *00(16 +.00mi. 00650 0 


ri^*15442 
0 

= -*06318 
=+ *29104 

- *13294 
+ >05464 

- *00748 

- *01846 

0 

+1*15412 

- *29104 ' 

- .*06318 

- *05464 

- *13294 
+ *01346 

- *00748 


The same ntunhers occur aa for u = 7, differently arranged. 


=—01348 
=-•00748 
= + •00026 
=-•00604 

= + •16795 
= + •02092 
0 

= + •05717 



NCO-'fl' UdCOJNOO COSfl»jg» ^..0000 


•01 127 + * 00177 . + * 00536 . 














TABLE LXVI. Values of ak, («, t) and sk, (s, t), s from 1 to 20, the latter in old face type. 


NOTE ON THE SOLUTION OB' EQUATIONS. 
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18. To pass to the complete solution 
of the 23 equations the process is precisely 
similar to that already followed after the 
solution of 12 equations in §15 : the notation 
given in the corresponding tables concerned 
— viz tables LXIX, LXX — explains itself 
and the solution, keeping only 4 decimal 
places, is exhibited in teble LXXI. 

In this table are given also the value 
of 2* gkr for all values of a from 1 to 23. 
These obviously should correspond to the ease 
where all the R. H. S. of the 23 equations 
are unity. This solution, which depends on 
all the fundamental cases, can be verified in 
the original equations, and affords a complete 
cheek of the work. The substitution is carried 
out in table LXII. It will be seen that the 
values of the R.H.S. obtained by substitution 
differ slightly from unity, the greatest diffe- 
rence being *035, showing that no gross error 
has been committed. It is of interest to con- 
sider to what these differences may be attri- 
buted. Each value of gkr is given to four deci- 
mal places : and accordingly may be in error by 
• 00005. The sum of 23 such quantities may be 
wrong by ’ 00115 : and in substituting intheori- 
ginal equation such an error is multiplied by co- 
efScients, the largest of which is 1 1 1 51, which 
would admit of the corresponding term contain- 
ing an error of * 1. That this extreme value 
should beobtainedis mostunlikely: butitisclear 
that the actual discrepancies obtained may 
easily be attributable to this cause. This line of 
argument shows how many figures it will be 
necessary to keep to be absolutely sure of all 
errors being less than a stated amount. For 
the present object, the solution as found may 
be considered sufficiently precise. 

19. Table LXXI also contains the 
necessary multipliers to proceed to the solu- 
tion of the complete 26 equations. The 
process is exactly similar to that already 
described in passing from 20 to 23 equations. 
All results are given in tables LXXIII— 
LXXIX, and the verification, similar to that 
0 LXXII, in table LXXX. This completes 
the solution of the equations of table XLVII. 


TABLE LXIX. 


T 

t 

21 

22 

23 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

ii 

"TT 

1 + 1 ++ 1 + 1 1 1 + 1 1 + 1 ++ 1 + 1 

3- .3964 
3 + -0483 
5+ ‘0044 
5- -0991 
1- -0662 
5 + .0481 
5- -OISO 
5- -01721 
3- .0109 
5- .0108 
5 + -0049 
1+ -00161 
5- •8266, 
3+ -0810 
3+ -0844 
3- .20131 
1- -lOOtf 
1- -0646 
1+ .00321 
k- •0675J 

0 + -0093 
5 - .0088 
9 + .0027 
9+ -0026 
9 - .0548 
7 + -0822 

0 - .0232 
B- .0162 
4- -ISSS 
5 - .0991 

1 + ‘Oess 

5 + '0084 
5+ *1091 
5+ .0978 

- -0760 
3 - -0249 

- *4220 
1 - -2345 
J+ -1344 
J- •0632 

8 

0 

8 

1 

2 

9 

5 

1 

0 

8 

8 

9 

1 

5 

4 

5 

6 

5 

7 

8 

"T 

r 

21 

1 22 

1 23 

+1-37317 
+ -29277 
+ •0032C 

+ -29277 
+1.12562 
+ -06870 

+ •0032{ 
+ •0687( 
+1‘12448 

Values of 

tku 

21 

1 


-.664587 

—115761 

+ -000030 

= -•780818 


2 


+ •169010 

+ •014155 

-•000038 

= + 088137 


3 


-•07121i 

+ •001816 

+ •000009 

= -•069889 


4 


+ -054416 

-•029040 

+ •000008 

= + •025414 


5 


+ •140214 

-•019408 

-•000176 

= + •120631 


6 


-■107286 

+ •014103 

+ •000263 

= -•092920 


7 


+ ‘035744 

- -004070 

-•000074 

= + •031600 


8 


- -015036 

-•005062 

- -000040 

= -•020144 


9 


-•073300 

-•00320S 

-•000606 

= -•077009 


10 


+ •035084 

-•003177 

—000317 

= + •031690 


11 


-•034123 

+ •001488 

+ •000200 

= -•082486 


12 


-•005644 

+ •000483 

+ •000027 

= -•006134 


13 


-•086320 

-•096386 

+ •000349 

= -•131300 


14 


+ •116115 

+ •023729 

+ •000318 

= + •140157 


15 


-•054913 

+ •010074 

—000240 

= -■046079 


16 


+ •010930 

-•068958 

-•000080 

= -•048108 


17 


+ -006369 

-•047039 

-•001360 

= -•043020 


18 


-•049352 

^•018916 

-•000760 

= -•069018 


19 


+ •007607 

+ •000946 

+ •000430 

= + •008983 


20 


-•022575 

-•019771 

-•000203 

= -•042649 

22 

1 


-•141696 

-•446070 

+ •000548 

= -•686217 


2 


+ •036034 

+ •054424 

-•000617 

= + •089941 


8 


-•016183 

+ •005054 

+ •000163 

= -•009966 


4 


+ •011608 

-•111660 

+ •000163 

= -•009889 


5 


+ ‘029895 

-•074617 

-•008218 

= -•047040 


6 


-•022874 

+ •064221 

+ •004830 

= + •036177 


7 


+ •007621 

-•016646 

-•001366 

= -•009390 


8 


-•003206 

-•019461 

-•000893 

= — 023550 


9 


-•016628 

-•012314 

-•009292 

= — 037234 


10 


+ •007480 

-•012213 

-•006822 

= -•010666 


11 


-•007276 

+ •006627 

+ •003662 

= + •001014 


12 


-•001203 

+ -001867 

+ •000498 

= + •001152 


13 


-•007744 

-•866636 

+ •006406 

= -•367875 


14 


+ •024757 

+ -OOISSS 

+ •006744 

= + •121733 


15 


-•011708 

+ •088733 

-•004406 

= + •022621. 


16 


+ •002330 

-•226677 

-•001405 

= — 225812 


17 


+ •001146 

-•180863 

-•021775 

= -•204483 


18 


-•010623 

- -072726 

-•013708 

= — 007016 


Id 


+ •001622 

+ •003636 

+ •007893 

= + ■013161 


20 


-•004813 

-•078013 

-•003716 

= -•084641 

23 

1 


—001649 

0 

eq 

0 

1 

+ •010491 

= -•014268 


2 


+ •000394 

+ •002838 

-•009805 

= -•006663 


3 


-•000160 

+ •000264 

+ •003126 

= + •003224 


4 


+ •000127 

-.006832 

+ •002935 

= -•002760 


5 


+ •000827 

-•003891 

-•061644 

=-•065208 


6 


-•000260 

+ •002828 

+ •092533 

= + •096111 


7 


+ •000083 

-•000816 

-•026144 

= -•026877 


8 


-•000035 

-•001014 

-•017103 

= -•018162 


9 


-•000171 

-•000642 

-•178005' 

=-•178818 


10 


+ •000082 

-•000687 

-•111626 

=-•112081 


11 


-•000080 

+ •000288 

+ -070146 

=+•070353 


12 


-•000013 

+ •000097 

+ •009547 

= + •000631 


13 


-•000086 

-•019114 

+ •122692 

= + •103493 


14 


+ •000271 

+ •004768 

+ •110030 

= + •115069 


15 


-•000128 

r 

4- 

-•084381 

= -•082489 


16 


+ •000026 

-•011821 

-•028056 

= -•039862 


17 


+ •000013 

-•009431 

-•474598 

= -•484016 


18 


-.000116 

-•008793 

-•263747 

=-•267666 


19 


+ •000018 

+ •000190 

+ •161209 

= + •161417 


20 


-•000063 

-•003964 

-•071157 

= -•075174 




NOTE ON THE SOLUTION OF EQUATIONS. 


TABLE LXX. 



15 

+ -03121 

-•02017 

+ -00107 

+ -04308 

1! 

+ 

OI 

16 

-•0062^1 

+ -11800 

+ • 00036 

- -00723 

= + -105(1 

17 

-•00361 

+ •09420 

+ -00603 

- -01607 

= + -0821 

18 

+ -02801 

+ -03787 

+ -00336 

+ -03310 

= + -102.1 


20 +. 01280+ •03057 + ■ 000911 + * 0082*11 



16 +‘00147- 
]7 + -00071 - 

18 --00664- 

19 +-00101 + 

20 -- 00300 - 

1 + -03383 + 

2 -.00860- 

3 + -00363- 

4 -.00277 + 
6 -.00714 + 

6 +-00510- 

7 -.00182 + 

8 +.00077 + 

9 + -00873 + 

10 --00178 + 

11 + - 00174 - 

12 + - 00020 - 

13 + -00185 + 

14 --00601 - 

15 + -00280- 

16 --00066 + 

17 -.00027 + 

18 +-00251 + 

19 -.00038- 

20 + -00115 + 

1 --01229 + 

2 +-00318- 

3 --00132- 

4 + -00101 + 

5 + -00259 + 

6 - -00198- 

7 + -00066 + 

8 --00028 + 

9 --00136 + 

10 +-00066 + 

11 --00063- 

12 -- 00010 - 

13 --00067 + 

14 + -00215 - 

15 -•(K)102- 

10 +-00020 + 

17 +-00010 + 

18 -• r )0091 + 

19 +-00014- 

20 -- 000.12 + 

1 --06837 + 

2 + -01486- 

3 --00626- 

4 + • 00478 + 

5 + -01331 + 

6 -.00942- 

7 +.00314 + 

8 -*00133 + 

9 --00614 + 

10 + -00308 + 

11 --00300- 

12 --00049- 

13 --00818 + 

14 +-01020- 

15 --00482 - 

IG + -00096 + 

17 +-00047 + 

18 --00133 + 
10 +-0U)GC- 
20 --00198 + 

1 + -04496 - 

2 --01144 + 

3 +-004S2 + 

4 --00368- 

5 --00949- 


+ -00720 + -00174 + -00783 + -82433 
-• 003421 --OOOBOl- -00221 --16791 
•00145 + -03091 
•01605 --11723 
009.13 - -15684 


6 + -00720 + -00174 

7 -*00342 -*00050 

8 + - 00102 - 
9 +- 004 £) 6 - 

10 --00337 - 



00637 0 

00151 + -02091 
00009 + -16701 
U1033- -15084 
00647 + -11723 

00407 --03423 
00066 --05785 
00711 - -86002 
00G38 + -30896 
00429 - -21076 

001C3- -04821 
02753 + -16319 
■01530 - -13870 
■00877 + -05408 
■00413 --00838 

00088 + -05454 
■00084 - -13294 
•00027 + -02484 
•00025 + -01322 
•00621 0 


20 

+ -00126 

+ -00261 

+ -01132 

I 4-04502 

= +•0001 

1 

-•01620 

+ • 00419 

-•00104 

b - -61236 

l =-.0616 

2 

+ •00860 

- -00051 

+ -00001 

) +- 0336 S 

1 = + -0381 




4 + -00125 +- 00105 

5 + -003231 + • 000701 + -006141 + • 117231 = + . 1373 





















THU BABTH’S AXES AND TEIANGULATION. 


TABLE LXX. — (Continued). 



00(184 +'a4,119(+ *01210- *08888=- *0359 
17. -*00017 +*03286 +-20480 +1*69260 =+1*9296 
18 + *00154 + *01321 + * 11355 0 = + *12831 

W -*00(24 -*00066 -*06610 + *10810=+ *0421 
20 +*00071 +*01380 +*03064+ *68126= + 


8 1 +*03840 +*08836 -*00249 + *08316=+ *1 

2 -*00850 -.00469 +*00286 - *01607=- *0 

3 +*00368 -.00044 -*00075 + *00263=+ *006 

4 -*00273 +.00962 -*00070+ *00628=+ *01: 

5 -*00706 +.00643 +*01467“ *18870=- * 

6 +*00639 -.00467 -*02203+ *16810=+ *141 

7 -*00179 +.00185 +*00621 - *08963=- 

8 +*00075 +-00168 +*00407 - *02250=- 

9 +*00368 +.00106 +.04238+ *01710= + 

10 -*00176 +.00106 +*02666- *02940=- 

11 +*00172 -.00048 -*01670 + *01445=- 

12 + *00028 -*00016 -*00228 + *00471=+ *00 

15 +*00182 +-03168 -*02021 + *88746=+ -341' 
14 -*00684 -*00786 -*02621 - *62020=- *6601 

16 +*00276 -.00334 +*020('8+ *08888 = + *1084 

16 -*00065 +.01064 +*00669 + *18790=+ *2186 

17 -*00027 +*01569 +*11300 0 =+ *1283 

18 +*00248 +.00626 +*06280 +1*69260 =+1*7641 

19 -*00038 --00031 -*03001 - *68125=- *6179 

20 +*00113 +.00664 +*01696 + *10810=+ *1827 

) 1 -*00435 -.00622 +*00141 - *00479=- *0120 

2 +*00111 +.00064 -*00133 - *00824=- *0078 

3 -*00047 +.00006 +*00042 + -00042=+ *0004 

4 +*00036 -.00181 +.00039- *00063=- *0012 
6 +*00092 -.00088 -*00830 + *06408=+ *0458 

6 -*00070 +.00064 +*01246 + *00888=+ *0206 

7 +*00023 -.00018 -*00361 + *00693 = + *0085 

8 -*00010 -.00023 -*00230 + *01830 = + .(U07 

9 -*00048 -.00014 -*02397 - *01127 =- *0369 

10 +*00023 -.00014 -*01602 - *04503=- *0600 

11 -*00022 +.00006 +*00946 + *00536=+ *0147 

12 -*00004 +.00002 +*00120 - *00177 =- *0006 

13 -*00024 --00480 +*01652 - -12640=- *1134 

14 +*00076 +-00107 +*01482 + *07752 =+ *0942 

15 -*00086 +.00045 -*01136 - *01787=- *0291 

16 +*00007 -.00266 -*00379 - -01426=- *0606 

17 +*00004 -.00212 -*06391 + *10810=+ *0j21 

18 -*00032 -.00085 -*03662 - *B'126=- *6179 

10 +*00005 +.00004 +*02036 + *81530=+ *3368 
20 -*00016 -.00089 -*00968 0 =- *0106 

' 1 + *02068 + .03341 - -00070 + *00824 = + *0616 

2 -*00523 -.00409 +*00066 - *00479 =- *0134 

3 +*00221 - *00038 -*00021 + *00063=:+ *0023 

4 - *00168 + -00838 - *00020 + *00042=+ *0069 
6 -*00434 +.00660 +*00112- *00838 =- *0030 

6 +*00332 -.00407 -*00619 + *06408=+ -0471 

7 -*00111 +.00117 +*00174- *01330=- -OllS 

8 + *00146 + .00146 + *00114 + •0()603 =+ -0100 

9 +-0O227 +.00092 +.01190+ -04502 =+ *0601 

10 -*00108 +.00091 + *00746- *01127=- *0040 

11 +*00106 -.00041 -*00469+ *00177 = - *0023 
1? +-09017 -*00014 -*00064+ *00536 = + -0048 
1.3 +*00112 +.02751 -*00820- *07752 =- .0671 
14 -*00860 -.00685 -*00736- *12640=- -1432 
16 + -00170 - .00291 + *00564 + *04426 = + .0487 

16 -•00084 + .01703 +.00188- *01787 =+ .0007 

17 -*00017 +.01869 +.03174 + .68125 =+ .6264 

18 +*00153 +.00646 +.017'64+ .10810=+ -1327 

-"•9592® -’00027 -.01011 0 =- .0106 

20 +*00070 +.00570 +.00476+ *31630 = + -3266 



















TABLE LXXL Values of .k, for 23 conditions. 



1+1*1887 + *0120 0 

- *3029+ *075d+ •1110 




















































TABLE LXXIII. Yalues of .k, (a. t) and .k, («, t\, s from 1 to 23 , the latter in old face type. 


THE) BAETH'S AXES AND TEIANatILATION 
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- j ++ i j +++ i + i + ++ i -i- 

+ + +I I 1 -i-^i 
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III Ilili illl IIII 

- +^+ + +J. + 2 ^ * I i + + i 4- 
■ + 11 + 4-1 I i + ++? Tif] 
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|ii fiiii iiii pis 
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‘00284108 +1*00278252 
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TABLE LXXVIII. Values of X for 26 conditions. 
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NOTE ON THE SOLOTION OE EQUATIONS. 



+1-1725 + S' 
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THB BAETH'8 AXES AND TEIANGDLATlON. 


T^robaibie errors after adjustment. 

9 A obtaine^the solution of the normal equations corresponding to either 20, 28 

TortLr^ri error. rf»d., wtouth, eating . rt- 

.ortta^ attheendof Ch.ptoTO. TW, i, tot don. lor to point U, fcr 

■ Md'^™ ,?Sr^r’T? '“f eqnafion. hare already teen lonni- 

and pven in table -t ■ Tie compntation. are giren in fnll lor tlii point ; after wiich other point, are 
^d^ „_Ie» dtoJ. It i. nee..^ to lorn, the ,..ntiti.. [n/] and 

enm+iin HAM 'rrvt* ' ’ ^7 «/ “d respectively [t'ide Chapter -VII, 

equation (14)] These are the reciprocal weights before and after adjustment and their square roots-- 

le. giro to' protau. error, in 7th plane rf. 
log Bde,^nlh (in Meonds), eaatmg or northing (in leet) as erplained in § 8 ol Chapter VIl. The totor 

^ * V ^ improvement (or otherwise) caused by the adjustment. 

Side closure at Til 

.[“#] = («1/) +(tt2/) =2-61 +2-80 =4-91 , 

[«"/] =2'61 

[«i/] =0 

etc. as given in Table L. 

For 20 conditions 

B..H.S. of normal equation ( 18 ) are 2 -Cl . , . . o 

ir= 2-61 ikr+ 2-(}8gky- 6-80*ky + 2-30 gk, + -02, k, - 1*49 gk, + 1-99 igkg 
+ l-86„ky-2-59i,ky. , “ 

and this is^uired for values of r 1, 8, .4, 5, 7, 8, 18, 16, 16, Jk, being taken from table LXV. 
follows:— the coefficients of 2-61 etc. from table IXF the eomputatioh of k, stands as 


TABLE LXXX. 



r 

1 

3 1 

4 

5 

7 

8 

13 

16 

16 

8 

[wr] 

Yalufs of [wfl 



1 

8 

4> 

5 

n 

8 

13 

15 

16 

+ 2-61 
+ 2-08 
-6*80 
+ 2-30 

+ 02 
-1*49 
+ 1-99 
+ 1*86 

-2*69 

+ 3*018 

- ‘331 
"•1-979 

- *806 

•000 
+ *020 
+ *074 
+ -080 

+ *019 

- ‘166 
+ *218 
0 

+ -030 

•000 

•000 

- *030 

- *006 

+ *019 

+ *760 
0 

- *696 

- -067 

•000 
+ -009 
+ -008 
+ *014 

+ *008 

- -347 
+ -028 
+ *169 
+ 1-896 

• 000 

- -260 

- -716 

- -401 

+ -326 

- *020 
- -018 
+ 002 
+ -048 

+ -001 
0 

+ -086 
- -028 

- *092 

- -036 
+ -000 
+ *041 
+ -386 

0 

- -086 
-•361 
- 066 

+ -032 

+ -097 

- 032 

- *028 
- 828 

+ 001 
+ 113 

+ 3-716 
- -630 

-2 264 

+ *112 

- -007 

- -060 

- -499 

•000 
+ 068 

- *678 
+ 1*242 

0 

- -019 

- 016 
+ -022 
- -Ill 

+ -001 
+ -018 
+ 1-740 
0 

-1-739 

Suin-tj. 

+0-’790 

+ 0-061 

+ 0*047 

+ 0-604 

-0011 

+ 0-122 

+ 0-146 

+0 m 

■ 

-0-108 

1 Multiplier 

-[«*/] 

+ 2-61 

+ 2-08 

-6--80 

+ 2-80 

+ -02 

-1*49 

+ 1-99 

+ 1-85 

-2 69 

C»»/]kr 

+ 2-062 

+ -127 

- -820 

+ 1-159 

•000 

- *182 

+ *289 

+ -320 

+ *267 

t^4*91 «!..= 

= Vf-t [«r/] kr =4-91-3 

•72=1 

•19 

K= a/^ 

. ^ Uf 

= •49 




.'BEOBABLB BBBOBS ABTEB ADItTSTMEBT.. 


TAB LB LX XXL 


iS5 


Values of .ki from Table LXXI. * . 

For SS conditions Side elostire 



Azimutli closure at XTi 

[«/] =a-6H-2-30=4*91 

k,=2*61 gkr +6*80 gk* +2-08 4kr +2*30 gkr +1-49 ^k, +0-02 gkr +1*99 14k, 
•j” 2 " 59 igkj “I"’ 1 ’ 85 igkf* 

This holds for either 20 or 23 conditions. But the values of are different in the Wo 
cases. Values of r required are 2, 3, 4, 6 .... 16. 

For 80 conditions. 

Comparing terms in kj side closure and kg azimuth closure 

2-61 iki = 2-61 gkg since ikj = gkg 

2*08 gkj = 2*08 4kg ,, gkj = 4kg 

— 6 * 80 4ki = 6*80 gkg „ 4kj = — gkg • 

2 * 30 gkj = 2*30 gkg „ gk^ = g1^ 

etc. 

so that kg (azimuth) is same as k^ (side). 

As regards k (side) and k4 (azimuth) 

2*61 ikg = 2*61 gk4 

etc. 

and kg (azimuth) = kg (side). 

For. kg (side) and kg (azimuth) 

2*61 ikg = - 2*61 gkg 

so that . kg (azimuth) = kg (side) 

etc. 






THB BAETH’S AXES AND TBIANCHrLATION. 


TABLE LXXXn. 

Tor 23 conditions 


T 

1 

2 

8 

4 

6 

7 

8 

r 14 

15 

16 

S 

[«»/] 


Values of 

^3 ikr 



2 

3 

4 

6 

•7 

8 

14 

16 

16 

+ 2*61 
+ 6-80 
+ 2-08 
+ 2*80 

+ 1-49 
+ 0'02 
+ 1-99 
+ 2*69 

+ 1-86 

+ 3*086 
-2 042 

- *136 

- -880 

+ *025 
•000 
+ *118 
+ *009 

+ .049 

- *784 
+ -720 

- *004 
+ *069 

- .012 
•000 

- *209 

- -003 

- -on 

- ‘les 

- -012 
+ -286 
+ -014 

+ -oos 
*000 
- *048 
+ *008 

+ *032 

- *374 
+ *205 
+ *018 
+ 1-940 

- -268 
•000 

- *708 
+ *119 

- *420 

+ -045 

- *063 
* *004 

- *398 

+ *088 
■000 
+ *160 

- * 031 

+ *071 

- *028 
+ *007 
- *010 
+ -046 

•000 
+ -001 
+ -076 

- *089 

- *014 

+ -ISf 

- -071 

- -045 

- -819 

+ *112 
+ -001 
+ 8*790 
-2*290 

- -680 

+ -009 

- -007 
+ *006 
+ *106 

- *018 
- *001 
-1*760 
+ 1-766 

- *005 

+ -069 

- *040 

+ -ose 

- *623 

+ *067 

- -001 

- *732 

- *008 

+ 1*829 

StLxas 

■kr 

+ -780 

- *234 

+ -069 

+ -517 

- -124 

- *012 

+ -ISS 

+ -095 

+ *187 

Mxiltiplier 

-[«»/] 

+ 2'6 i 

+ 6*8o 

+ 2 *08 

+ 2.30 

+ 1*49 

+ 0*02 

+ 1*99 

+ 2*59 

+ i ’85 


+ 2*039 

-1-691 

+ *144: 

+ 1189 

- ‘186 

•000 

+ *806 

+ *246 

+ . ’346 

1^=4’ 91 ttjp = 

=iV-2[«rf]kr=4-91-g.49=:a-42 K 

tn T> r nrt •w ^ — " 

;= •v/”j = 

•70 


, 2 {^ For 26 conditions 


Yalues of ^kr from Table LXXVIIL 


07,' 


Side closure 






PROBABLE ERRORS AETBR ADJUSTMENT. 


No special explanation is required for tables IXXXIV^LXXXVII, which are now given. 


TABLE LXXZIV. 


For SO conditions At Ui Lasting closure 


r 

1 

2 

3 

4 

6 

6 

7 

8 

13 

14 

15 


B 

Luff] 

Values of [ ow/lgtr 

1 

- -30 

- -846 

0 

+ 

•019 

- -087 

+ *040 

- *016 

+ *002 

+ *004 

- *.on 

+ *024 


*013 

+ -002 

2 

- 6-72 

0 

-7 *768 

+ 

1-956 

+ *425 

+ *367 

+ *81)3 

— -OOU 

+ -060 

- -545 

- *260 


*049 

- *289 

3 

-11-83 

+ -747 

+3 *448 


1-210 

0 

- *156 

- *204 

+ *071 

- - 0 ^ 

+ *180 

+ -048 

+ 

•038 

+ -086 

4. 

- 4*69 

-1*336 

+ *290 


0 

- *469 

+ *114 

- *061 

+ *001 

+ -028 

- *019 

+ *070 

“ 

*034 

+ *016 

5 

- 3-51 

+ *467 

+ *191 


•046 

+ *087 

-2-893 

0 

- .073 

- *689 

+1-264 

- 1-084 

+ 

*761 

+ *169 

6 

-12-16 

- - 6 ^ 

+1 *616 

i— 

-302 

- *161 

0 

-10*016 

+2-040 

- *254 

+3*754 

+ 4*374 

— 

*586 

+2*634 

7 

- 7-63 

+ -066 

- *101 

+ 

-046 

+ -002 

- *167 

+ 1*264 

- *430 

0 

- -326 

- *571 

+ 

*093 

- -268 

8 

+ 2-18 

- *029 

- *016 

+ 

•001 

- -013 

+ *366 

+ *046 

0 

+ -126 

- -166 

+ *004 

“ 

•078 

- *027 

13 

- 3-18 

- -117 

- *264 

+ 

•04S 

- -013 

+ 1*127 

+ -967 

- -136 

+ -237 

-5-845 

0 

+ 

1*066 

-2*736 

14 

-10-44 

+ -846 

- *389 

+ 

*042 

+ *159 

-3-226 

+ 8*769 

- -791 

- -452 

0 

-19*497 

+ 9*126 

+3*567 

15 

-16-22 

- *699 

- *117 

+ 

•063 

- -118 

+3-616 

- *783 

+ *200 

+ 

+5-526 

+14-179 

— 

LO -888 

0 

16 

- 5-64 

+ -041 

- *243 

+ 

*041 

+ -018 

+ -272 

+ 1*223 

- *201 

+ -070 

-4*930 

+ 1-922 


0 

-3*786 

Sum : 


-1*033 

-3 *339 

+ 

*647 

- *170 

- .630 

- 3*017 

+ *693 

- *206 

-1-117 

- *691 

- 

*564 

- *643 

Multiplier ss[urfl 

- *30 

— 6*7* 


n -83 

“4*69 

-3*Si 

— la-ig 

-7*53 

+a*i 8 

“3*13 

-10-44 

- 

x 6 *aa 

“S-64 


+ *310 

+32*438 

- 

7*664 

+ -780 

+ 2*211 

+36*667 

-4-465 

- *449 

+3-496 

+ 7-214 

+ 9-148 

+3*627 

93*29 

w J 2 [«»■/] kt = 

93-29 

-73-31 =19-98 

K= V 

CO 

II 


TABLE LXXXr. 


For S3 conditions At Ui Easting closure 


r 

1 

2 1 

3 

4 


6 

7 

8 

13 

14 

15 

16 

21 

22 

B 

[m/J 

Values of [ 

1 

- *30 

- *629 

+ *087 

+ 

•008 

- *005 

+ *052 

- *026 

+ *006 

- *002 

- *074 

+ *059 

- *017 

- -032 

+ *334 

+ 

2 

- 6*72 

+ *836 

- 7*939 

+ 2-017 

+ *436 

+ *278 

+ *964 

- -115 

+ *073 

- *310 

- *899 

- *024 

- -179 

-1*230 

- *6041 

8 

-11-83 

+ -300 

+ 3*651 

— 

1*263 + *021 

- -078 

- *356 

+ -092 

- *013 

+ -116 

+ *124 

+ *012 

+ -070 

+ *827 

+ *118, 

4 

- 4*69 

-1-461 

+ *298 

+ 

•008 

- *520 

+ *071 

- *028 

- *009 

+ *021 

- •m 

+ *098 

- *014 

- *078 

- *117 

+ *469 

5 

- 3*61 

+ *607 

+ *146 

_ 

•023 

+ *054 

-2*960 

+ -060 

- *092 

- *591 

+1-246 

- 1*084 

+ *766 

+ *126 

- *423 

+ *168 

6 

-12*16 

-1*046 

+ 1*744 


*366 

- *075 

+ *208 

-10*221 

+2*102 

- *241 

+3-741 

+ 4-331 

- *569 

+3*760 

+1-129 

— -441] 

7 

- 7*63 

+ *146 

- *129 

+ 

•069 

- -014 

- *197 

+ 1*303 

~ .442 

- *002 

- *321 

- *666 

+ *090 

- -289 

— *238 

+ *071 

8 

+ 2*18 

+ *012 

- *024 

+ 

•002 

- -010 

+ *367 

+ *043 

0 

+ *127 

- *162 

+ *033 

- *075 

- *016 

- *044 

- *061 

13 

- 3*13 

- *774 

- *146 

+ 

*080 

- -Ill 

+1-110 

+ *964 

- *133 

+ -218 

-6*266 

+ *096 

+ 1-114 

-2-957 

+ *411 

+1*162 

14 

-10*44 

+2-046 

- *620 

+ 

*110 

+ -223 

-3-226 

+ 3-712 

- *784 

- *396 

+ *322 

-19*841 

+ 9-231 

+3-831 

-1*464 

-1*271 

15 

-16-22 

- -895 

- *067 

+ 

*016 

- -050 

+3-541 

- *746 

+ -193 

+ *666 

+6*773 

+14*342 

-11-031 

+ -047 

+ *732 

- *867 

16 

- 5-64 

- *592 

- *150 

+ 

•033 

- *096 

+ *203 

+ 1*281 

- *217 

+ *041 

-6*328 

+ 2*070 

+ *016 

-4-046 

+ *271 

+1*274 

21 

- *14 

+ *109 

- *026 

+ 

*011 

- *004 

- *017 

+ *013 

- *004 

+ *003 

+ *018 

- *030 

+ *006 

+ *007 

- *193 

- *041 

22 

- *53 

+ -311 

- *048 

+ 

•005 

+ *053 

+ -025 

- *019 

+ *006 

+ *013 

+ *196 

- *065 

- *012 

+ *120 

- *165 

- *697 

Sum = 


- *932 

- 3*368 

+ 

*657 

- *188 

- *522 

- 3-066 

+ *602 

- *103 

-1*206 

- *782 

- *497 

- *636 

- *269 

+ *047 

Multipliers 

=C«r/] 

- *30 

— 6*73 

“ 

11*83 

-4*59 

-3‘Si 

— la-xj 

“7*53 

+a*i8 

“3’i3 

-10*44 

— 16*32 

“S -64 

- *14 

“ '53 

LurflK 

+ *280 

+22*599 

- 

7*772 

+ *868 

+1*832 

+37*130 

-4*533 

- *421 

+3-772 

+ 8*164 

+ 8-061 

+3*687 

+ *036 

- *026 

Vf=i 93'29 

Uf =«/■— S[«r/]kr=93'29 — 

73-57 

=i9-7a 


£ = 

\/? = 

46 

1 














V Uf 





. THE BAHTH’S AXES ASD TBIANaTOATION. 


For S3 conditions 


lU 3 f 2 




+ 6-73 
- -SO 
+ 4-59 

+11-862 
+ -087 
- -117 


TABLE LXXXVL 

At Tji 


Valnesof [«•/] ,kr 


Northing closure 


1 * 18 16 ax 


+ 1.553 - .670 + -OeS + -SSI + S-iao - .708 + .286 + .537 + -072 4 -414 4 .604 - 1.587 4 2.244 41-76 
M:»iapller=[«:ri 4 e-J, - .30 44-59 -11-83 4..-,5 -3-31 -,-,8 -7-53 41.-44 -3-13 45-64 -i6-m 4 4-73 -^3-69 
[<»:/] \ 410-436|4 -201 4 -289 ^ 6-637[ 487-908 42-465 - -514 -4-044 4 -762 -1-296 43-407 424-980 410.614, 46-50 

«7=98-a9 k,=93-29-85-04=8-a6 K= a/-*'— = - yjn 

^ Uf 


Tot 86 conditions 


TA3ZJS LXXXriL 

At 


Easting closure 


13 14 


Uiilfipiliers [«ry3 

C^flV t+ *17l|+10'« 


- - , ov -3-51 -12-15 -7-53 +3-I8 -3-13 -jo 

6-8«)j+ .821 +2.4U +38-628 4-142- .2a5+2-J+ l-^+lS- 


B7-98-2^ «p=iUf-t[urf} kr =98-29-79-27=14 


! 4 -027 4 -OSS 410-876 46 


-89 

























PfiOBABKB HBEORS APTBB ADJtrSTMlNT. 


To consider the probable errors at some other points the values of the E>.H.S. of tiie corresponding 
equations have to be found as was done in table L for TJ-y. The details are given below in table LXXXVJII, 

TABLE LXXXVni. 

















6o IHiBl EABTH’S AXES AND TRIANGtJLATIOJiir. 

The computations of k, for the following are oniitted, and only the values of as/and k, for Side, 
Azimuth, Sasting and Northing closures are given in the following Table. 

TABLE LXXXIX 


Otv—iPontmtied) 


Gi— (ObnrtnMed) 


Ji—( GontinuftJ) 




20 oonditionfl S. dosaxe 23 oonditloiis— A. closiufe 26 conditioBs— E. closure 20 oouditioiis — B. closure 23 conditions— A. olosore 


K Zv/rf] \luif2K 

1 + -488 + 2*19 + 1*058 
8 + *052+ 1*86 + *097 
4 1- *040 - 6*62l+ *285 

2 [urfjk, =+ i*4ao 
fy=2-19 ' K=*69 


I C«r /3 |Cw/ik^ 


4 - *018 + 
6 + *033 + 


-126 + *86 - 
■092 + 1.81 + 


8 + *078 + -05 + .0041 6 + 

10 + *435 f- 2*40 + 1.044 7 - 

11 + *118 + 6*50 + *638 8 — 


018+ .16- 
033 + -26 + 
059 + 1.46 - 
078 + .05 + 


1 - *446 

2 + *126 

3 + *050 

4 + *049 
6 + *139 
6 + *296 


28 conditLons— A, closure 

2 1+ *4791+ 2*16|+ 1*049 

3 + *041 + 6*62 + *271 

4 1 + . 0371 + 1 * 86 |+ *108 

2 =+ I •4*6 

«^=2*10 ^ K=*69 ' 


18 + *865 + 


‘118- -65 + 


19 - *089 + 1.17 - -104 

20 I- .1641- *63]+ .103 

S [ur/] t, = + 3*048 
«/=8*70 ^ K=:.67 

20 conditions— E. closure 


9 -1*776 
10 - *889 

11 + *382 

12 1+ *402 

17 + *430 

18 -1*575 

19 + .493 

20 + *002 
23 -4*616 
26 -2*861 


20 oonditioiis— E. closure 

1 - *521 - .14 + *073 

2 -2*042 - 4*73,+ 9*650 

3 + *265 -10*96 - 2*904 

4 - *111 - 3*61 + *401 


k, =+ 7*a2g 
' K=:*69 


[ut/J [urf}\ 

- *17 + *076 

- *02 - *008 

- *18- *007 
+ *87+ *043 

- .34- *047 

- *04- *012 

- *30 + *071 
+ 1*95- *474 
-10*76 +19*081 

- 2*55 + 2*287 
+ 3*fl2.+ 1*268 
+26*28 +10*163 

- 2*63 - 1-181 

- 3*57 + 6*623 

- 2*79 - 1*376 
+ 7*65 + *016 

- 6*46 +29*819 

- 6*17 +14*791 


[urf] [ui/]k^ 

- *17 + *011 

- *02 + *004 

- *13- *011 

+ *87 + *052 

- *34 + *060 

- *04 - *042 

- *30+ *108 

+ 1*96- *647 

-10*75 + 26*725 

- 2*56+ 4*836 
+ 3*32 + 2*166 
+26*28 +13*661 


1 - *064 

2 - *222 

3 + *088 

4 + *060 

5 - *148 

6 +1*048 

7 - ‘Seo 

8 - *832 

9 -2*893 
10 -1*896 

11 + -652 

12 + .640 


23 conditions— E. closure 


r k^ [urf] [w/]k, 

2 - *114 + *36 - *040 

3 + *089 + 1*81 + -161 

4 - *019 + .15 - *003 

e - .021 + .25- .006 

7 - .043 + 1*46- .063 

8 + .049 + *05 + -003 

10 + *278 + 1-72 + .478 


•107 + 4*1 
•057 + -i 


k =: + 1.034 

^ B:=*75 


23 conditLona— E. closure 1 

] 

1 - .431- .141+ -059 ] 

2 -2*078- 4*7a+ 9*805 ] 
8 + •279-10*9®- 3*068 1 
4 - *181- 8*61 + *478 

21 - *278 - *14)+ *088 

28 oonditioxis— E*. closure 

1 +1*089+ 4*78+ 6.151 

2 — *259— *14+ *036 

3 - *007 + 8*61 _ .026 

4 + *387 -10*90 _ 4.242 
21 +2*048 + 4*78 + 9*687 

2 [urfi it sz +io*6o'j 

ty = 18*e7 E=.47 

26 conditions— E. closure 

1 - -OSlr- *14.+ *011 

2 -1*144^- 4*5^+ 5*411 

5 + *407 -10*9®- 4*461 


3 + *076 - * 

4 + *050 + *1 

5 - *297 - • 

6 + .491 - . 

7 - *281- .: 

8 - *340 + l.| 

9 -2*002 -10* 

10 -1*706 - 2* 

11 + *687 + 8* 

12 + *607 +28* 

17 - .272 - 2* 

18 -8*629 - 8* 

19 +1-226 - 2f 

20 + .202 + 7* 


17 + *011 
02 + .002 
13 - -010 
87 + .044“ 
34 + .100 
04- .020 
30 + .084 
95 - .668 
76 +21-622 
55 + 4.350 
32 + 1.949 
28 +15.846 
63 + .715 
57 +12*599 
>79 - 3*421 

■66 + 1.545 


= +S4-I62 
K= .62 


^[urf] k, =+ 8o*i68 
«/ = 87*31 K = *29 


20 conditions’— S. closure 

I - *085 + *36 - -080 

3 - *024 + *16 - .004 

4 - *079 - 1.81 + .143 

5 - *077 + *26- *019 

7 + *076+ -05+ *004 

8 + *041 - 1-46 - *060 

9 + .519 + 2*40 + 1*246 

II - *120 - *65 + .066 

12 I- *088 - 6*50+ *484 


1 - .443 _ .17+ .076 

2 - .126- *02 + *003 

3 + *051 - *13 - *007 

4 + *067 + *87 + *050 

5 _ -017- *34+ *006 

6 + *878- *04- *036 

7 .312- *30+ *094 

8 - *315 + 1*96 - *614 

9 -2*167 -10*75 +23*295 

10 -1*721 - 2*65+ 4*389 

11 + *534 + 3*82 + 1*773 
32 + *523+25*28 +13*221 
23 -1*631 - 3*83 + 6*247 

= + 48*497 

Uf— 58*83 E — *4l 


20 conditions— E. closure 

1 - .080 - *171+ *014 

2 - *082 - *02 + -002 

3 + .063 - -IS- *007 

4 + *042 + *87 + *037 

5 - .061 - -84 - *021 

6 + .303 - *04- *012 

7 - .202 - *30 + *081 

8 - -247 + 1*95 - *482 

9 -1*270 - 6*93 + 8*788 

10 - *943 - *95 + *896 

11 + *271 - 1*03 - *279 

12 + *435 +19*22 + 8*861 

S [ ttr/]k, = + i 7'3S8 
32*28 K=*6S 


23 conditions— E. closure f ^ conditions— S, closure 


4 - *003- 8*61+ *011 
21 - .229 - *14 + *032 
24 -2*247 - 4*73+10*628 


+ *018 - 
+ *026 - 
+ *086 + 

- .075 - 
+ *180- 

- *193- 

- *297 + 1 
-1*502 -10 
-1*368 - 2 
+ *861 + 3 
+ *576 +25 
+1*076 - 2 
- 2*866 - 8 
+ *678 - 2 
+ *888 +7 
-8*306 - 6 


1 + *186+ *85 + 

3 - *002+ *15 

4 - *090 - 1*81 + 

5 - *128+ *26- 

7 + *068+ *05 + 

8 + *043- 1*46- 

9 + *500 + 2*40 + ; 


■75 +16*147 
■55 + 3*463 
■32 + 1.199 
■28 +14*661 
■63 - 2*830 - 
■57 +10*233 
•79- 1*892 
■65 + 2*968 
•46 +21*357 


1 - *092 - *66 + * 

2 -*084- 6*60+ *. 

3 1+ *254+ *681+ * 


iy==18*^ 


= +11*633 
K = *39 


20 conditions— S. closure 

1 - *103+ *361- *036 

3 - *021 + *16 - *003 

4 - *081 - 1*81 + .147 

5 + ■ WS + .26 + .003 

7 + -072+ .06+ .004 

8 + *053- 1.46- .077 

11 - .122- .66+ *067 

12 - .103- 5.60+ .667 

17 + .425+ .70+ .298 


23 oonditious-N. closure 

i (" + -02 - .001 

4 + *089- *13- .012 

6 — .e07 + .04 - .024 ' 

3 -1*093 - .34 + .372 

7 + -284- 1«96- .664 

8 - .328- .80+ *098 

9 +1.281 + 2*66 + 3.189 
11 “2-^-10.75 +24.881 
U - .437 -26*28 +11.047 
13 + .609 + 8.82 + 2*022 
17 +2*831 + 8*57 + 8*322 

J® + *184 - 7.65- 1.408 
S + -Wl - 2*79 - 2*626 ; 
83 1+2*868 + 5*17 +14*802 | 


j 23 conditions — A,, closure 

J 2 [- *106 + .36f- *037 

^ 8 + *089 + 1*81 + *161 

^ 4 - *026 + *16 - *004 
i 6 - *060 + *26 - *015 

7 - *046 + 1*46 - *067 

* 8 + *077 + *05 + *004 

10 + *506 + 2*40 + 1*214 

11 + *099 + 6*50 + *546 
^ 12 + *116- .66|+ *064 

I 2Cttj:^k, = + 1*865 
I «^=3*0O K = *61 

26 couditions— S. closure ' 

1 + *118f+ *85 + *041 

8 - *001 + .15 .000 

4 - *0^- 1^1+ .177 

5 — .112 + .25 - *028 

7 + *061 + .06 + .003 

8 + .048- 1.46- .070 

11 — *092 - *65 + -061 

12 - .094 - 5*60 + .617 
23 + .268 + .68 + *172 


23 couditions— I 

1 + *071 + *1 

2 - .038- *: 

3 - .074- *1 

4 + .090- . 
6 -1*070 + •< 

6 - *100- -J 

7 + *320- 1*1 

8 - *877- *! 

9 +1*746 + 2*J 

10 -2*467-10*^ 

11 - *494-25*5 

12 + *667 + 3*^ 
23 + *819 + 1*( 

26 oonditions— £ 

1 - .414 

2 + *020- .( 

3 + *063 - • 

4 + .068+ *J 

5 + *041 - *! 

6 + *901- *( 

7 - *326- *J 

8 - *806+ 1*1 
9 -2*243-10*: 

10 -1*676 - 2*i 

11 + *639 + 3*: 

12 + *473 +26*1 
23 -1*629- 3*i 
26 - *819 - 1*( 

- 


23 conditions— B. closure 

•N. closure 1 _ .420 - -17 + .071 

•02+ *001 2 - *017 - *02 *000 

•17+ *006 3 + -030- -13 - *004 

•87 + *064 4 + *038 + *87 + *038 

•13- *012 5 - -107 - *34 + *036 

396 - *04 - 

229 - *30 + 

270 + 1*05 - 


56+ 4.452 
76 + 26*520 
28 +12*498 
32 + 2*181 
60+ 1*310 
= + 46:j|0. 


4 + *038 + 

5 - -107- 

6 + *396- 

7 - -229 - 

8 - *270 + 1 

9 -1*528- 6 
10 - 1*076 - 
11 + *848 - 1 


- *270 + 1*05 - *644 
-1*528 - 6-92 +10*674 
-1*076 - -05 + 1*0*23 

+ *848 - 1*08 - *368 
+ *446 +19*22 + 8*672 

=+ *9*4ss 

= 32*28 K=*68 


23 conditions— N, closure 


•17+ *070 

•02 *000 
•13 - *007 

■87 + *059 

-34- *014 

•04- *036 

-SO + *098 

•96 - *696 

•76 +24*112 
•66 + 4*016 
•32 + 1*789 
•28 +11*957 
83+ 6*239 
60+ 1*310 


9 +1*038 
10 -1*188 

11 - *490 

12 + *264 

2 [«« 


20 conditions — S. closure 
1 - *092+ *36 - *082 

8 - .017+ *16- *0OS 

4 - .079- 1.81 + .148 

5 - .042 + .26 - .QIC 

7 + .048 + *08 + .002 

8 + .037 - 1.48 - .064 

» + *295 + 1.72 + *50? 

11 - *060 + *89 - *028 

12 - .094 - 4*82 + .458 




- *17 + *006 

- .87 + *056 

- .13 - -008 

+ *04- *009 

- -34 + *060 

- 1*95 - *634 

- *30 + *058 

+ *96 + *986 

- 6*92 + 8*221 
-19*22 + 9*418 

- 1*03 - *272 

K = *67 


26 oonditions— E, closure 

1 - *878f- *17 + *063 

2 + .160 - -02 - .003 

3 + -037- .13- *005 

4 + *069 + *87 + *061 

5 - *189 - *34 + *064 

6 + .345- *04- *014 

7 .220 - *30 + *066 

8 - *306 + 1*95 - *597 

9 -1*448 - 6*92 +10*020 

10 -1*178 - *96 + 1*114 

11 + .340- 1.08 - *860 

12 + .497 +19*22 + 9*552 



PROBABLE ERRORS AFTER ADJTTSTMEKT. 


The results obtained in tables LXXX to LXXXIX are now collected in the following table 
showing values of Uf and for Side, Azimuth, Easting and Northing closures of several points of 
N,W,Q., the latter for 20, 23 and 26 conditions. 


TABLE Xa 



Cl or Dehxa hiise 



[Ji 


Oi or Ohaoh base 




Ni or XaraoM hose 



20 

23 

26 

ttjpi 

Uf 

20 

“P 

23 

26 

^F 

“/ 

20 

28 

“JP 

26 

“/ 

20 

28 

26 


20 

28 

26 

^F 

Side 

2-19 

•77 

0 

0 

4*91 

1*19 

•49 

•46 

3*70 

1*67 

0 

0 

3*00 

1*17 

1*00 

*97 

2*32 

1*34 

0 

0 

Azimutli 

2*19 

•77 

•76 

0 

4*91 

1-19 

2*42 

*46 

3*70 

1*67 

1*67 

0 

3*00 

1*17 

1*14 

*97 

2*32 

1*34 

1*30 

0 

Eastdng 

13*67 

6-44 

6*86 

2*04 

93*29 

19*98 

19-72 

14*02 

87*31 

83*16 

22*60 

7*14 

58*33 

12*43 

0*88 

0*88 

32*28 

14*02 

12*88 

12*82 

Northing 

13*67 

6*44 

8-06 

2*04 

93*29 

19*98 

8*25 

14*02 

87*81 

83*16 

24*18 

7*14 

58*83 

12*43 

11*84 

9*33 

32*28 

14*92 

14*31 

12*32 


These values all seem reasonable. Itather unexpected results are 2*42 and 8*25 for 23 
conditions for Uj . 

It appears that the greatest probable error of the adjustment of Easting or Northing is 
4-v/^=23 feet: in terms of deflection this is negligible and of the order of probable error of 
latitude (astronomic) result. 

As regards azimuths for 20 or 23 conditions the worst case is 1*6 v^2*4 i.e. probable error 
of 2" *4. Error of is in this ease possible and liable to occur. 

In N. E. Quadrilateral where triangulation is not so good there will be greater errors. 
Closed on Laplace stations, however, errors are probably reducedtol'6 -v/^and 1*6 yjTO 
probable error to 1 • 6 and possible to 

In the above the “possible error’’ is regarded as three times the probable error. 

As further discussion of these results is at present impossible, for reasons explained in the 
preface the chapter is concluded with a tabular statement of the probable errors of log. side to 7th 
place of decimals, azimuth in seconds and easting and northing in feet; these are obtained as 
explained in § 20. 

TABLE XOI 



C 

'<1 or Dehra base 

Ux 

G-x or Chaoh base 


J 

rx 


Nx or Karodii base 



20 

23 

26 


20 

23 

26 


1 20 

I 23 

26 


20 

23 

26 


20 

23 

26 


“/ 


«F 

^F 

V 

«1P 

1 «JP 

ftjp 

Uf 

Ujp 

Up 

Up 


up 

up 



Ujp 

tfjp 

Up 

Side 

49 

29 

0 

0 

74 

86 

23 

23 

64 

48 

0 

0 

67 

36 

34 

33 

60 

89 

0 

0 

Azimuth. 

// 

2*83 

l'*89 

1*37 

0 

8*'60 

1*72 

2"46 

l"07 

3"02 

2"03 

2"o8 

0 

2*72 

l"70 

1-69 

1^64 

2*39 

1*'83 

i"eo 

0 

Eaiting 

Northing 

f«0t 

14*01 

14*01 

feet 

10*24 

10*24 

feet 

10*16 

7*05 

feet 

6*76 

6*76 

feet 

38*93 

38*93 

feat 

18*01 

18*01 

feet 
17 89 
11*67 

feet 

15*07 

16*07 

37*64 

feet 

23*21 

28*21 

feet 

19*10 

10*88 

feet 

10*76 

10*76 

^*79 

30*79 

feet 

14*28 

14*23 

feet 

12-63 

13*86 

/bet 

12*29 

12*29 

feet 

22*89 

22*89 

feet 

16*66 

16*66 

feet 

U*43 

15*28 

feei 

14*16 

14*15 






CHAPTER IX. 

Deflections of the Plumb-tine and values of “g” derived from 
observations of the Survey of India. 


mconvemeiit formal the date **®*“^°“ aTuilable up to the time of writing (LJ 

i- + comment is necessary. The results of observation 

^ It has been 

oW^ n? ^ ^^usted on the longitude ares, which have heeh 

tnangulation accordingly is burdened with an accumulation 
rf^rm azimuth w^eh may be largely reduced by adjustment on the longitude arcs. For this 

St as ree^Te^•^°^t® ^ adjustment of the whole triangulation 

OoloLl S™^ azimuth, and the process foHowed will he substantially that followed by 

SjwS!— the improved methods of computing the effect of a change in 

f ^Ji!^T developed in Chapters I-ni; the differences will depend mainly 
»..ideSrrZtS1^1^^ o* . el»»g. .. ™th .t tk. origin on longitnd* of pdnl. 

ib. fanZI^iS* »* ™» “ajosted Gemial -Walka aocHed to ndopt n ™Iae of 

^°‘ ““>1®-) "“«!■ torn tko oboorriTnlno by . ' 

g^^oont^ofe Cb.^1 54 „d thi, rf o,„,» bnpUri . doMon in prime vertical .1 

S^r -, a. regard, tbe longitndjof India. Tbe 

^.o^ b ytaj.,jK ^p„ ^ alined mtb ,rfer»me to Greenwich, bnt no «»onnt 

te. been bithorto eonridered.* Colonel Six Sidnov 

Everest spheroid with Walker’s initial azimuth Ih d^l “ “endian remained in terms of the 
accordinelV be hetter to Vppt, fL • 1 .^“ ^ ^ deflections as a whole it will 

arcs have been nerformed thfirflcnl+o the adjustments on tbe longitude 

<* Ever^t^Sd rrffl be in eonunenteM. 

given »‘b» •pb»eid and origin aro 

Kaliannur as derivfiH -fnrtTrh r^'w observed value of latitude and azimutb j 

Obserrationb at a gP<mp of atatioM SBrroundln 




DEFLECTIONS OF THE PLUMB-LHSTB. igg 

a. As the correction for azimuths has already been treated by Colonel Sir Sidney Burmd 
Iqc. cit» it will not be necessary to state afresh the various practical difficulties which arose omng tp 
longitude stations not being in general identical with azimuth stations. The observation results 
^exhibited by him will be taken unaltered, and immediately applied to Laplace’s equation. This 
equation has been given in somewhat amplified form in (3) of Chapter V. There is now no occasion 
to consider observation errors of astronomic azimuths or their determination. The accumulated error 
of geodetic longitude determination is certainly small compared with that of geodetic azimuth and so 
will be neglected. The equation may accordingly be written 

(A— G — 8G) cosec \ — (Ao—Go) cosec Xq ........ (1) 

where the notation has been changed in conformity with the usual practice and A, A and G, G 
signify astronomic and geodetic determinations respectively, roman letters referring to azimuth and 
italic letters to longitude determinations : 3G is the correction necessary to the geodetic value of 
lazimuth : as this is the quantity required it will be convenient to rewrite (1). IVom Chapter I § 4 it 
is seen that Aq — G o=+l’29, \q = 24° 7^ (Aq— -Gq) cosec Xq= 8*16. Hence 

SG=A-G-(8"-16 + -4-G) sinX .......... (&) 

which serves to determine SG. So long as Walker’s value of azimuth is adhered to 


aU geodetic longitudes of India require a correction of 16. 

For the Helmert spheroid an additional correction S^Gr is necessary. The corresponding 
equation to (1) is 

(A-G-SG-SiG^-w?) cosec X=^-G--% ......... (3) 

since G,G are changed by v and w respectively and the astronomic and geodetic azimuths at 
the origin have been made identical. Subtracting. (3) from (2) it follows that 

S2G=3 -1671 sin X-fv sin X—«? (4) 


The solutions of (2) and (4) and the deduction of SG and SjG are now shown in table XCIII. 

3 Having obtained the values of SG and Sg G at all Laplace stations it is next necessary to 
find values at the intervening azimuth stations. This is done in table XCIV, interpolating according 
to the number of removes from terminal stations. The Laplace stations are shown in block type. 
Azimuth stations between which adjustments have been performed are shown in italics. 

4. The precision of deflections in prime vertical so far as is due to the astronomical observa- 
tion, obtained from azimuth observation, is much less than those in meridian.* As may be seen from 
results obtained in Chapter VII the probable error of azimuth generated in triangulation is much 
greater than that in latitude or longitude, all being expressed in seconds. The deflection in prime 
vertical is derived from the azimuth anomaly by multiplication by cot X — a quantity which ranges 
from 7 to 1 • 4 in Indian latitudes — and this further increases the lack of precision. Considerable 
improvement on the other hand should result by the use of Laplace stations, which has been made. 
A further source of weakness, of varying amount, is the actual azimuth observation itself. The 
observation is not nearly so satisfactory as that for latitude and involves graduation error of the 
instrument which, especially in the older observations, introduces a serious uncertainty. It is 
desirable then to consider the relative degree of reliability of the azimuth observations. On account 
of the other sources of error, mainly that of accumulation of error in triangulation it is not useful to 
' dp this in very great detail, and it is considered sufficient to work out. the probable, error from the 


♦ For probable errors in astronomio latitude vide VoL XI, pages 882 — 982 and Q,T.S, Vol, XVIII J.pp* T 

Table IIL These are seldom so great as O"«0. The worst case (Gogipatri) is i <y'*68. 
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THE BARTH’S AXES AHH TRIANQTJLATTON. 


Tesulte obtained on the several zeros. This tates nA «« 4 . ± 

^ more serious iu the early days of the survet 2 

>n the instroments has improved at much ths so ^ a* present. Probably graduation error 
f proUbh error .ai b, .L.5 1 o.^^Z'of't “ ““-f ord a to ertfaab, 

formula used is ^ tion of the probable error due to graduation only. The 

p. e. of mean of observations on » zeros = -6745 a/IAK 


*5 arioralb ^ 


... ( 6 ) 

— - , given in table TPTV q ‘j a 1 result. The results of 

. latitude, longitude and azimuth is sdvfln ’ probable errors in the geodetie 

IB considered in detail. ^ “ “ Chapter VUI, where the N.W. Quadrilateral 

given. These have been ajianged by 'deo'reT^f*^°”n of the Survey of India 

^ are expressed in terms of the Iverwt slh^rJT^'- 

d^ue^ value of a.zimuth at Kalianpur ^ eh the 

teble the quantities are given wWcT mL^? 7^“^“ right hand page of 

e^pr^s in terms of any other Spheroid. Th“m ar^fo?^^ triangulated vJufs to 

: th^e are (1) change of semi-major axis Sa (2^ considered, giving rise to four 

t “t? on-si. ^ („ ^ of S,, (8) 

Am., S6 _ 1 «(,=1" Wo=l'' and to ohf»;A + 1 .® ’ Si^en correspond to 

" ’^^°^*“^<=^®g®“ralcasethese must be combined as 

in which Ba, fig are expressed in +^o>! ease IV 

the Helmert Spheroid in which a= 687^ • 2 the ease of 

revised values of latitude 

of ? +? this spheroid are given on the right of the Deflections 

of any other spheroid may be essfly founder P^^® table : but those in terms 

^ the notation of this wort thattii^ c^^Ste SdTde^ 

ValT “ the deflecCi dStd t 1 “T**’ vertical deflection 

o ese quantities have been taken from tables XVII-lxx^ScX-lj azimuth observations. 

St^ “* •*»«<». tb. TOl™ tafcns .re gmeally tbe 

d^t ^.a, *« «» eenerteee de erf ^ * "'“nge ie miA to ^ 

.>f.T^'^‘‘“*"*™^*“”>»ngitadeiiiiatorS? e<|n.tio.,Bligbt diorepmeies ooeor 

ntCbepter V„db.,bee.totoi.4‘^Z:1,°rlrfrHX ■»- bi. erptoS 

mt v , Helmert spheroid iu table XCHI 

ons were made m the transit room adjoining the 



DEFLECTIONS OF THE PLUMB-LINE. 


Dome Observatoiy (new) and the longitude (geodetic) of the transit instrument is 7^*18 (equivalent linear 
measurement being 638*8 feet*) less than that of the Dehra Dun Haig Observatory where all previous 
longitude observations were made. The geodetic values of the eight stations and the astronomic values of 
the latter four are not yet available (1917) and deflections cannot be given. 


TABLE XOIL 



Depsang 

SngetKaranl 

Yarkand 

Kashgar 

* // 
n 66 49t 

35 11 20t 

78 la "t 

36 20 66t 

p / // 

77 16 66t 

33 25 It 

■ o t « 

76 6 47t 

39 24 26t 


TABLE XOIIL 


Azimuth station 
LatitudesA 


Azimuth 

(Everest) 


Ealianpur 
24P 7' 11" 


H.S. A ISO 27 6*30 

O ISO 27 6*10 


Karachi Observatory S. A 221 30 0*6 
24° 40^ 6(y^ G 221 89 10-9 


Debra Dun Ohs. (old) A 165 10 68*8 -11-0 Dehra Dun 


Quetta T.O. 
30“ 11' 67" 


S. G 166 11 10*7 '6050 

S. A 166 31 12-1 - 4'9 Quetta T.O. 


G 166 31 17*0 


Calcutta Base S., T.S. A 177 10 27-3 U 8-9 


Orejhar 
26“ 46' 56" 

Jslpadflruri 
26“ sr 17" 

KagarlEhaua 
22“ 22' 56" 

Dattannff 
20“ ly 14" 

Taungzau 
16“ 26' 40" 

Bolarum P.W.D. 
17“ 80' 13" 


G 177 10 36-2 

A 808 86 18'9 
G 808 36 23-0 


Calcutta 

•8846 


4*1 Fyzabad T.O. 
•4606 


A 821 83 25-3 - 4'7 Jalpaigurl 

I G 321 33 30-0 *4465 


H.S. A 155 47 13<S 

G 155 47 23*6 

H.S. A 171 27 28*8 

G 171 27 38*1 

S. A 109 26 42*1 

G 109 26 68*1 

H.S. A 31 16 18*9 

G 31 16 32*7 


-10'2 Chittagong T.O. 
•3808 


S. A 25 67 35*8 ~ M Bolarum 
G 26 67 36*9 *8008 


VizagapatamBaseN.jS. A 203 44 24*6 — 1*4 Waltoir 


G 203 44 26*9 


Eiaraunai 
23“ 10' 40" 


Colaha Observatory S. A 288 6 27*7 + 1*0 Bombay 


Deesa T. 0. 
24“ 16' 29" 

Mongfblore 
12“ 62' 16" 


G 288 6 26*7 

A 241 16 15*3 - 4*6 

G 241 16 19*9 


S. A 205 62 50*8 - 2*8 Mangalore 


12“ 62' 16" G 205 62 63*6 

BaiigaloreBaseS.W.,S. A 224 81 21*7 

13® O' 41" G 224 81 27*0 


St. Thomas’s Mount S. A 12 30 6*3 — 4*0 Madras 


12 30 9*3 


Endankulam Obs. S. A 185 55 18*8 
G 185 55 26-6 





- 9*8 AJcyabT.O. 
•3466 

— 18*0 Protne 


-13' 8 Mouliucin 


A + 19 68 5-0 

G + 19 68 22-6 

A -f 0 51 50*3 

G -I* 0 51 63*6 

A + 5 30 42*6 

G -f 5 39 45*8 


H.S. A 206 22 35*6 - 4*0 Jabalpur T.O. ... M + 2 17 34*8 


Deesa T.O. 
*4108 


5*3 Bangalore 
•2252 


•2260 

7*7 Hagarkoil 


G + 2 17 46*0 


4 60 21*8 
4 60 28*6 


5 28 16*4 
5 28 12*7 


2 48 32*0 
2 48 36*1 


+ 2 35 29*6 
+ 2 35 86*6 


0 13 15*8 
0 13 14*2 


- 7*0 - 0*9 

- 1*6 + 0*2 


Obs. sobservatory, T.O. = Telegraph office. * Viit G.T.S. Vol. XV, p. (5). t 
Geodetic values. § This is the additional correction for Helmert's spheroid, 
Series. This does not enter into the azimuth correction. 


* Viit G.T.S. Vol. XV, p. (5). t Approximate Talues. $ A, A= Astronomic vidues; G, Gea 
al correction for Helmert's spheroid. || Derived from unadjusted values oflQuetta'.Seco&dary 
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THB BABIH’S ASBS AND TEIANQDIiATION. 


TABLE XOIV. {See Indeapp. 170 - 172 ) 



11 ' fi'i 

, 5 ; ft fS a . 
Hod Kjg' 



Coxxeotions 


J® * 



I laMtipu - H . S . 


KaracM Obs . S . 

Karachi Base S., S. 


I HitK - ka . h&ra H . 8 . 

Ooriria H.S'. 

lUnpara H.S. 


H. 8 . *O S 
H.S. -0*4 
H.S. -*0 5 


0-0 0*34 
0-0 0 44 


7 Anunlia 

S Kifi 4 

9 Tiki 

10 Kian«|par 

11 Gam 8ikkir 
IS Bireoa 

13 Khankharia 
U .SarU 

15 Didivi 

16 Tirana 

17 l.anhi 
16 Bujhm 


a -o-e 

H.8. , 0*7 
HB. -0 8 


~ I — 

H. 8 . -1 0 


0*50 1860 
0*45 I 860 


S. -12 +01 

H . 8 . — 1.3 40 . j 

H . 8 . - i-i 401 

HS '{'I 
«*s. - 1-0 


M B.S 

SO Miirib * ka * Bha})ar 

n Khori tI 


-l-T +0-1 0-28 18S2 


T- 8 . - 1-8 + 0 'l 
T,S. 401 


' 40 Yusuf S. 

41 Blianar T.S. 

42 Kiani T.S. 

48 JDajil s! 

44 Dem Din Panah H. 
46 Jharkil . T.S. 

46 Dinarkhel H.S, 

47 JaoU H. 8 . 

48 MedwSni H.S. 

88 Dehra Bun Obs. 

fold) S> 

25 Earaebi Obs. S. 

49 Andar H.S. 

60 P’aro H.S. 

88 Debra Bun Obs. 

(old) S. 

49 Andar H. 8 . 

61 Gandpahar H.S. 

62 Zawa H.S. 

63 Mashelab H.S. 

64 Qundak H.s! 
66 Salighar H.S. 

66 Tounsa T.g 


- 2-6 +-01 
- 2.4 H -0 1 
-2 0 4 - 0-2 

-1 9 4-0 2 I 
-18 4-0 2 
-16 -^ 0-2 

I - 1-4 4 - 0-2 
- 1*2 + 0-2 
-1 0 + 0*3 

-0*9 +0*3 
-0-7 4*0*3 

-0*5 -f 0*3 
- 2-6 + 0-1 * 

- 2*4 + 0-1 
- 2*4 + 0-1 

- 0*6 + 0-8 

- 2*4 + 0-1 


H.S. -2*1 +0-1 
H.S. -1*9 +0*1 

H.S. -1-9 +0*2 
H.S. -1*7 -hO'2 
H.S. -1*6 +0.2 

T.S. —1*6 +0*2 


2 AUwkkiB T .8 

» CkiiK TS 

24 Iart>thol H.S 

gs ! Kanekl Obs. s. 

I JtallMipBr H .& 

*8 I Pahirmtli 5 g 

*7 ; K*»fri tr a 

» i Caira h ® 

» > Noh to ’ 


Ts ~r? ° ^ 

T3. -2.1 +0.1 

H . 8 . _ 2.2 40-1 

""g-S + 0*1 
H*S« 0*0 n.n” 


- 0*1 0*0 0*22 

h 2 ‘ 0-39 

TS a I * O ' '8 

■» s. -0 3 + 0*2 0*93 


1852 Z -1*6)+o*2 

44 Derg J)%n JPanOh S. —1*4 +0*2 

1862 H. 8 . - 1-9 7 TT 

11^8 68 Z\:l :»■? 

1866 ^oli-i-MalikSialiH.S. -l-g +oil 

I ^ Z T.o. s ~ -nrr 

61 fr?”“ H.S. “.4 0-0 I 

iflo/j ^aiikra H.S -04 


0*80 

1851 

0*60 

1863 

0 34 

1853 

0 19 

1865 

0*27 

1895 

0*27 

1896 

0 34 

1863 

0*27 

J895 

0*13 

1906 

0*20 

1905 

0*84 

1908 

0*22 

1910 

0-19 

1910 

0*31 

1910 

0*25 

1859 

0-20 

1905 

0*18 

1907 

0*36 

1907 


^0 Hatairi 
21 Kaiiifva 


T.S. I - 0-8 40-2 

HS +0 3 

H.b. -O-o 40-3 


W BwOks . 

^ 40.3 

BeirtDii Ohs . ~ j "— 

»4 fUipur**^^ ,S-!-0-6 +o-3 
llj. i -0 


n foitr —. o . c - ajin : « jm ! STlTTr — ' -I 

Ohf, fl I —O'ls * ^ 1 ^ Murrea r.*” ""0 9 + 0*3 0*80 lRi ?7 

a «S. -0 5 n GwgaChoU HS lo'fl to'l ° 

** *«‘? 0-38 ] 9 f ,8 73 Poshfa, A 

'-in I!: :1;i :o;i -| 


^0 5 i-o-s 

- 0*6 + 0*3 

- 0-6 +0 8 I 


0*29 1914 
0*25 1914 


1888 62 Banskho 
1837 03 Taping 
04 Rakhi 

1836 Sheri 
1836 Bow-ra 
aS36 46 Medwani 
il 907 

“ 2 . »’ 

68 Q Jiida 

1853 69 Sirsa 
1914 70 Sangatpur 
47 J&oti 


H.S. —0*4 0-0 

H.S. —0*4 0-0 

H,S. -0-6 +0-1 
HB. -0*6 +0-1 
T.S, —0*6 +0*2 

T.S. -0*7 +0-2 
T.S. —0 7 +0-2 
H.S. - 0*7 + 6 *! 

8 . - 0.6 0*0 
H.S, —0*6 0*0 

8 . - 0*7 + 0*1 

S. -0*7 +0*1 
-0-9 +0.S 


H.8 -0-9 +0-3 

i.8. -0-9 +0-3 
H.S. -0 9 +0-3 

H.S. -0 9 +0*8 
H-S. -0-9 +0-3 
n.s. —0*9 +0*3 

-T.S. -0.0 +0*2 
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TABLE XCIV. — (Oontintied). {See Index pp. 170-172) 



18 

Rojkra 

H.S. 

83 

Malar 

H.S. 

84 

Abu 

H.S. 

85 

Vijnot 

T.S. 

86 

Daowala 

T.S. 

87 

Paphra 

T.S. 

79 

L&dUnsir 

T.S. 


1 Kalianpiir H.S 

88 Budhon H.8 

89 iiangir (old) H.8 

90 

91 

92 Gurwaoi H.b. 

93 Gora H.S. 

94 Huiilaoiig H.S. 

95 Ohendwar (old) H.S. 

96 ParasnatH H.S. 

97 Tilabani H.S. 

98 Maluaoha H.S. 

99 Madhpur T.S, 


Calcutta Base-line 
S.£nd T.S. 


83 

Belura Bon Ohs. 1 


(Old) 

s. 

102 

Kalianpur 

T.S. 

103 

Hauiuapur (old) T.S. i 

104 

Masi 

T.S. 

105 

B^adela 

TS 

106 

Orcjhar 

S.’ 

88 

JBudhon 

H.S. 

107 

Gurmi 

TS. 

108 

Sankrao 

T.S. 

109 

Sirsa 

T.S. 

33 

Belira Bun Ohs. 


(old) 

S. 


RangKr {old) 

s. 


0-69 1842 

1*26 1845 

0-44 1845 


- 8.8 + 0-2 


92 

114 

115 

100 

Gitrto&ni H.S. 

Marar T.S. 

Bisaul T.S. 

Orejhar S. 

-2*2 

-3*7 

-6*1 

-6*8 

0*0 
+ 0*1 
+ 0*1 

+ 0*1 

0*64 

0*48 

0*60 

0*26 

98 

116 

117 

118 
105 

Qora H.S. 

Hirdepui* T.S. 

Sanienda T.S. 

Eajabari T.S. 

JBasadela T.S. 

-2 7 
-30 

-8*4 

-8*9 

-4*6 

0 0 

0 0 

0*0 
i + 0*l 
+ 0*1 

0-62 

0 68 

113 

1*52 

0*32 


94 

Riirllaong 

H.S. 

123 

Mednipur 

T.S. 

124 

Jalalpur 

T.S. 

119 

Raumngarhi 

T.S. 


96 ChendnodT {old) H.S. — 

126 Pota T.S. -2*8 

119 N'attnan^qarM T.S. — 



98 

SJalilncha 

H.S. 


127 

Sirkaiida 

T.S. 

-] 

120 

Chuni 

TS. 

+ ( 


101 

CalcnttaBase-line 



S. End T.S. 

-5*9 

128 

Anandbaa 

T.S. 

-4 2 

129 

Madliijpur 

T.S. 

-2 9 

122 

Jalpaignri 

s. 

+ 3 0 





3-1 -0*1 0.44 I 1849 



-0 1 0 67 1843 

0 0 0 46 1846 

+ 0-1 0-34 1862 


■6 : f . 0-2 
•6 + 0-8 


1848 101 Calcutta Baseline 
S. End T.S. 
1858 180 Daulatpur T.S. 


110 Mohammadabad 

T.S. 

102 KaUWn/pur T.S 


0*0 0-64 


“•1'4 +0*1 0*44 

-1*8 +0 2 0*64 


1834 181 1 Gangapur T.S. 

182 Ltikhinagar T.S. 

133 Seoiu Taa H.S. 

1840 

1850 1 134 Nagarkhana H.S. 


- 6*9 -0*1 

- 6*8 -0-1 

- 6-6 0*0 
- 6*6 0*0 
- 6*8 0 0 

- 6.9 0 0 


0*34 1866 

0-14 1866 

0*39 1866 


* Additional oorreotion for Helmert’a Spheroid. 
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TABLE XOIV, — (Continued). {See Index 170-172) 


Corrections 


Station 

Th^ipnr 

T.S. 

Tepri 

X, 8 . 

Aloakandi 

T.S. 

Hslkacliar 

T. 8 . 

Alangjini 

T.S. 

Atero Bank! 

T.S. 

Mpaiguri 

8 . 


0-1 0-16 



134 Nagarthana H.S. - e-9 0 
143 FiTin H.S. - S-9 +0 


144 

145 

Battaung 

Betkaniauk 

H.S. 

H.S. 

m 

KiMureyi 

s. 


148 Southern MoscobH . K .— 


lU'U +0 
10-0 +0 


149 Mergui Base-line 

I E.Endr.S. 

150 Mergui Base-line 

W.EndT.S.I 

151 Natialintaung H.S 


- 10*0 +0 
- 10-0 +0 


‘5 0-32 

'5 0-20 


MinthangfaungH.S. -10»0 0*24 1881 


Station 


S S 0) g 

g .s .§ ^ 

tScg- 


Prob- 

•« J 

S 43 

able 

o > 

Error 

S 

d= 



o 


Ubyetaung H.S 

- 6-i 

+ 0-1 

0-31 

Sinpitaung H.S. 

- 6« 

+ 0-1 

0*36 

Loi Hpa Lang H.S. 

- 6-J 

+ 0'1 

016 

Loi Hpatnii H.S. 

- 6£ 

+ 0-1 

0*20 

Loi Eiipma H.S. 

- 6*£ 

» +0-1 

0*17 

Loi Hsam Hsum H. 8. 

. - 6-6 

i +0-1 

0*21 

Kumtum Bum H.S. 

- 6*E 

! +01 

0*22 

Kumon Bum H.S, 

- 6*€ 

i +0-1 

0*17 


0 1*29 1905 

‘1 0-62 1866 


jj* Plttamg H.S. - y-l +0 8 0-36 1866 



34 

■5 0-V6 188* 
■» 0-62 1877 


-10-0 +0’6 0 18 1882 


181 

Bolamm P. W. D 



182 

183 

Office 

Pirmulo 

Tanakonda 

S. - 1*1 -0*3 
H.S. - 1*2 -0*3 
H.S. - 1*2 -0 3 

0*31 

0*23 

0*2t) 

1904 

1869 

1869 

184 

186 

186 

Singawaram 

Kaliugkonda 

Sanjib 

H.S. - 1'8 -O’S 
H.S. - 1-3 —0-3 
H.S. - 1-4 -0*3 

0*19 

0*24 

0*18 

1871 

1872 
18G0 

187 

Yizag’apatam Base- 
line N. End 8. -l-4-n a 

0*24 

1863 



188 Patna 

189 Chandipur T 8 

190 Cuttaok H.S*. 

191 Khundabolo H.'s’ 

192 Rawal H g 

187 TJzagrapatamBase- 


6-9 - 0-1 0-37 1846 

4-6 -0-2 0-19 1862 

4-8 -0-2 0-30 1864 

3-4 -0-2 0-20 1854 

SO -0-2 0 36 1857 

i’8 -0-8 0-30 1860 

1-4 -0*3 0-24 1863 


181 j Bolanuu P.'W.D. 


. l’8-0*3 

0*30 

1860 

2-0-.0-3 

0-11 

1914 

2*8 -0*2 

0*16 

1913 

2-6 -0*2 

0*20 

1913 

2-9-.0-1 

0-17 

1912 

8-1 -0-1 

0-44 

1849 

1'2 0-0 

mm 

1865 

1*2-0'1 

0 83 

1865 

l'2-O-l 

0-18 

1866 

1-2 -0-2 


1867 


0-18 

1867 

1*1 -0-8 

0-81 

1904 
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TABLB XCIV. — (Continued). {See Index pp. 170-172) 


u 

0 


Correctioni 

Prob- 

able 

Error 

=b 

rO 

1 

Station 

'a 

0 

OQ 

Everest’s 

Spheroid 

-“S. 

5 2 

as 

91 Karara 

H.S. 

- 1*8 

00 

0 69 

202 Patbaidi 

1\B. 

- 1*7 

-0*1 

0*39 

203 Bamai 

H.S. 

- 1-6 

-0-1 

0-60 

204 Karia 

H.S. 

- 1-5 

-0-2 

0-20 

186 Sanjib 

H.S. 

- 14 

-0-3 

0*18 

97 Tilahani 

H.S. 

- 3*9 

-0‘1 

0*76 

205 Kalsibhanga 

T.S. 

- 4*4 

-0-2 

0 32 

188 Patna 

H.S. 

^ 4*6 

-0*2 

0*19 

1 181 1 Bolarnm P.W.D. 1 




Office 

S. 

- 1-1 

-0*3 

0*31 

206 Aohola 

H.S. 

- 1-4 

-0*3 

0*25 

207 Nitali 

H.S. 

- 1*6 

-0*3 

0*27 

208 Kaiiheri 

H.S. 

- 1-7 

-0*3 

0*32 

209 Alsunda 

H.S. 

- 1-7 

-0*8 

0 82 

210 Khanpisura 

H S. 

^ 18 

-0 3 

0 42 

211 Dhauleshvar 

H.S. 

- 1*9 

-03 

0*18 

212 Mandvi 

H.S. 

- 2*1 

-0*3 

032 

218 Karan j a 

H.S. 

- 2*3 

-0*3 


2I4> Oolaba Obs. 

s« 

- 2*2 

-0 3 

... 


315 

Deesa T.0« 

S» 

- 4*4 00 

0 26 

190i 

216 

Sonada 

T.S. 

- 3*8 -0*1 

0*39 

1861 

217 

I^ltangdi 

H.S. 

- 3*3 -0*2 

0 30 

1861 

218 

Saler 

H.S. 

- 2-7 -0*2 

0 60 

1845 

219 

Parnera 

H.S. 

- 2-6-0*3 

0 47 

1843 

2*20 

Kulsubai 

H.S. 

- 2*4 -0-8 

0 64 

1842 

214 

Oolaba Obs. 

S. 

- 2-2 -0*3 

1839 

1 

25 

Karachi Obs. 

s. 

- 2*5 +0*1 

019 


221 

Hathria 

H.S. 

- 8*1 00 

0*54 

1856 

222 

Dungarpur 

H.S. 

- 3*4 -0*1 

0*31 

1852 

223 

Ingrodi 

T.S. 

- 3*6 -0-1 

0-32 

1862 

216 

SonUda 

T.S. 

- 3-8 -O'l 

0*39 

1861 

222 

Dungarpwr 

H.S. 

- 3-4 -0-1 

0'31 

1852 

224 

Knrikavav 

T.S. 

- 8-4 -0-1 

0 27 

1858 

7 

Aramlia 

S. 

- 0*6 00 

0 32 

1850 

225 

Indrawan 

T.S. 

- 1-0 -0*1 

0-29 

1847 

226 

Valvodi 

H.S. 

- 1-4 -0-2 

0 66 

1846 

210 

Khdnpisura 

H.S. 

- 1-8 -0*3 

012 

1840 


181 

Bolomm P.W.D. 
office s. 

- 1*1 

-0*8 

0-31 

227 

Kodangal S. 

- 2-2 

: -0*4 

0-18 

228 

llarur H.S. 

- 2 7 

-0*4 

0*91 

229 

Bangalore Base- 
line S.W. End S. 

- 6-4 

i, -0-6 

0*16 



Additional correction for Helmert’s Spheroid. 























THE BARTH'S AXES AND TRIANQXJLATION, 

INDEX TO DEELEOTION STATIONS. 


Name of Station 


AcRola H.S. 

Agra-gronp B, Point 
Agra-gronp N. Point 

Agra-gronp 8. Point 
Agra-gronp W. Point 
Agra Longitude S. 

Agra Parade Point 
Ahmadpur B[,S. 

Akampalle h.s. 

Akbar S. 

Aknapnr T.s! 

Akyab Longitude S. 

Alamkhan T.S. 

AlaniTadi H.S. 

Alangjani T.S* 

H.S. 

Alibagh Observatory S. 
Aioakandi T.S. 

Alsnnda H.S. 

Amritsar Longitude s! 
Amsot H S 

Amua H.S. 

Anandalamalai H.S. 

Anandbas T.S. 

Andar H S, 

Andhari H.S, 

Andhiari H.S.* 

Ankora H.S. 

Aramlia S. 

Arasakulam S. 

Asu H.S. 

Ataro Banki T.S. 

Badgaon H.s! 

Bahak H.S. 

Bajamara H S. 

Bandiir 

Bangalore Base, N.E., S. 
Bangalore Base, 8.W., S. 
Banog H.S. 

Bansgopal T.S. 

Banskho H*S. 

Basadela T.s! 

Bellary Longitude s. 
Bbanar T.S. 

Bbaorasa h!s! 

Bbimbbat H.S. 

Bhimsain H.S*. 

Bhureu H.S. 

Biobwi H.S. 

Bibar h!s! 

Birona fi 


Referenoe 
N umber 


Name of Station 


Reference I 
Number *■ 

Table Table 6^ 

xov Ixoiv 


Name of Station 


I Reference |.. . 
Number 

Table Table ® 
XCV XOIV 


281 206 7 Birond H.S. 

201' 6 Bisaul T.S. 

199 6 Bithnok H.S,' 

203 6 Black s. 

187 6 BolMrum P.’W’.D. Lone. S*. 

200 6 Bolikonda H.S. 

202 6 Bombay Colaba Long. S. 

214 174 8 Bombay Colaba Obs. S. 

239 9 Bommasandra a. 

63 82 37 Bosian T.S. 

402 100 6 Bovrra T*s.' 

419 44 Budhon H.S. 

36 22 26 Bulawala h.s 

103 10 Bulbul H.s! 

396 138 34 Burgpaili H.S, 

206 2 Calcutta Base, S„ T.S. 

116 9 Calcutta Longitude s. 

397 136 56 Cliamardi H.S. 

129 209 7 Ohamu H.8. 

66 28 Chandaos T.S. 

145 6 Chan dipur T.S. 

326 90 5 Ohanduria T.S 

274 232 64 Changa H.S, 

401 128 16 Olianiaiia H.s! 

12 49 32 Oharaldanga T.S. 

370 196 86 Chaukola H.S. 

207 2 Oliendwar (old) H.S. 

252 63 ChikaJgurki s. 

oo? ^ Chittagong Longitude S. 

i581 9 Chuni T.S. 

40 84 64 Chutli T.S. 

394 139 34 Colaba Observatory 8 

220 177 8 Cuttack H.s'. 

168 78 Dadaura T.S. 

144 73 Daiadhari H S 

263 9 Dajil g’ 

268 246 9 Dalea H S 

269 229 9 Damargida Obs, S 

160 32 6 Danapa H.S*. 

177 2 Dangarvadi H.S. 

182 62 33 Daowala TS 

316 106 20 Dargawa h!s! 

268 9 Dariapur T S 

26 41 32 Darur H g* 

208 6 Darutippa s! 

216 176 8 Dasti S 

228 199 63 Datairi TS 

869 196 6 Dattaung H.*s! 

364 126 27 Daulatpur T.S. 

362 14 Hawa H.S. 

78 12 26 Deesa Telegraph Offices. 


44 

120 20 


190 24 

20 

6 

43 82 

68 

180 8 
286 46 

28 

86 64 
2 


30 6 

144 62 

130 48 
140 44 

216 26 I 


Debra Dun Base, B., 8. 
Debra Dun Haig Obs. S. 
Debra Dun Obs. (Old) S. 
„ No. ViS 

between 
If ^ 0 . V ^Dehraand 

if No. IV Rajpur 

„ No. Ill J 

Deodonger H.S. 

Deo Dongri H S. 

Dera Din PanSb S. 

Dev&nur 8^ 

Devaragat h.s! 

Dewarsan T.S. 

Dhaigaon g. 

Dhamanva T.s! 

Dlianura s. 

Dhaulesvar H.S. 

Dhulipalla g’ 

Didawa H.S.' 

Diwai H.S. 

Doddagunta s. 

Dotra 3 ^ 

Dubauli T.S. 

Dumb h.B* 

Dungarpur H.S. 

Btora T.S 

Pi Tan H.S. 

Fyzabad Longitude S. 

Oandpaliar H.S. 

Gangn Choti H.S. 

Gangapur T.'g.* 

Garinda g, 

Gattinarayantippa h.g. 
Gaus T.S. 

Qborarao H.c;. 

Godbna T.y. 

Gogipatri H.S. 

Gora H.S. 

Gndali H.S. 

Gundak H.*g.' 

Guraria H.S. 

Gurmi t!s. 

Guru Sikkar H.S.* 

Gurwani H.S. 

Halda s. 

Halkaobar T.S. 

Hamasa T.S. 

Harpalsid T.S. 

Hatbena H.S. 

Hathria H.S. 

Hatni Va. 


193 86 
18 

44 32 


211 7 

237 46 
15 26 

200 68 
9 


222 28 
8 

148 62 


61 32 

72 77 

131 48 

68 28 
9 


*j4i 22 

93 6 
46 

64 76 

5 26 
107 2 
11 26 

92 5 

8 

137 66 


221 86 
6 


Obseryatory, long, - Longitude. * Old Balucbistnn Series. 


Series 



. . DEFLECTIONS OF THE PLUMBrLINB. 

INDEX TO DEELECTION STATIONS— 


Name of Statior 


Reference 

Number 

JNo or 
Series 

. Name of Station 

Reference 

Number 

M m 

O CO 

.*R 

O 

5 

Name of Statioi 


Reference 

Number 

JNO. o£ 1 

Series | 


Table 

XCV 

Table 

XOIV 

Table 

XOV 

Table 

XOIV 

1 

Table 

XOV 

Table . 
XOIV ' 

Hirdepar 

T.S. 

324 

116 

15 

Kheri 

T.S. 

141 

65 

33 

Majhdr 

H.8. 

206 


2 

Honnavalli 

H.S. 

18? 


49 

Khimuana 

T.S. 

67 


23 

Mai 

H.S. 

883 


24 

Honnur 

H.S. 

264 


9 

Khirsar 

H.S. 

62 


62 

Malar 

H.S. 

41 

83 

64 

Hnrilaong 

H.S. 

356 

94 

5 

Khojak 

H.9. 

4 


t 

Male 

H.S. 

423 

169 

66 

Imlia 

T.S. 

306 


12 

Kbori 

T.H. 

37 

21 

25 

Maliincha 

H.S. 

3?6 

98 

5 

Indrawan 

T.S. 

107 

226 

18 

Kbujnanr 

B. 

14? 


20 

M andala 

s. 

235 


8 

Injambakai£i 

H.S. 

860 

233 

54 

Khundabolo 

H.S. 

381 

191 

24 

Mandresa 

T.S. 

59 

80 

45 

Inrojjdi 

T.S. 

62 

223 

29 

Kidarkanta 

HS. 

167 


22 

M andvi 

H.S. 

118 

212 

7 

Isanpur 

H.S. 

139 


33 

KiBanen Chapper 

H.S. 

3 

67 

74 

Mancgandi 

s. 

28? 

264 

68 

1 Jabalpar Longitude s. 

22? 


63 

Kistama 

H.S. 

2?3 

235 

46 

Mangalore Longitude S. 

134 

280 

64 

1 Jalalpur 

T.S. 

352 

124 

21 

Kodanpal 

s. 

240 

22? 

9 

M onichauk 

T.S. 

813 


20 

1 Jalpaiguri Longitude s. 

389 

122 

34 

Koh-i- Malik Siah 

HS. 

1 

59 

74 

Marar 

. T.S. 

319 

114 

19 

Jambo 

H.S. 

72 

77 

62 

Koramur 

H.S. 

133 

241 

49 

Martaban 

h.s. 

440 


62 

Jaoli 

H.S. 

66 

47 

22 

Kudankiilam Obs. 

S. 

284 

250 

9 

Mashelak 

H.S. 

6 

53 

76 

Jnrura 

T.S. 

29? 


3 

Kumbhari 

H.S. 

132 

244 

11 

Masi 

T.S. 

306 

104 

20 

Jotgarli 

H.S. 

86 


23 

Kumt'ii Hum 

H.S. 

430 

173 

80 

Mata-ka-hura 

.H.S. 

185 

4 

26 

J hambhera 

T.S. 

64 

81 

45 

Kumtum Bum 

H.S. 

431 

1?2 

80 

Mavinhunda 

H.S. 

125 


49 

Jliaripani (IX) 

h.s. 

162 

36 

20 

Kundgol 

H.S. 

136 


49 

Mednipur 

T.S. 

864 

123 

21 

Jhnrkil 

T.S. 

27 

46 

32 

Kunkavav 

T.S. 

60 

224 

28 

Medwani 

H.S. 

138 

48 

22 

Kainath 

H.S. 

93 


26 

Kursoong 

ks. 

38? 


20 

Morgni Base E., 

T.S. 

446 

149 

52 

Kaliana 

8. 

163 

31 

6 

Kutiparai 

S. 

289 

248 

9 

Mergni Base W., 

T.S. 

44? 

160 

52 

Kaliiinpur 

H.S. 

196 

1 

6 

Kynunggyi 

S. 

428 

146 

52 

Miani 

T.B. 

23 

42 

32 

Kalianpur 

T.S. 

180 

102 

20 

LachkuM-a 

h.s 

171 


6 

Mingun 

H.S. 

426 

167 

66 

Kalingkonda 

H.S. 

341 

185 

43 

Lucli 

H.S. 

215 


8 

Minthangtaung 

HS. 

448 

162 

52 

1 Kallapat Trestle S. 

292 

251 

63 

Lddinislar 

T.S. 

33 

79 

45 

Mira Donger 

H.s. 

11? 


11 

Kalsiblianga 

T.S. 

377 

205 

17 

Lakar^vas 

H.S. 

83 


25 

Mirya 

H.S. 

120 

242 

11 

Ealsubai 

H.S. 

116 

220 

10 

Lakhinagar 

T.S. 

407 1 

132 

48 

M ohammadabad 

T.S. 

210 

110 

4 

Karnkhera 

H.S. 

213 


25 

Lambatach 

H.8. 

143 


22 

Mooltan Longitude 

8. 

32 


32 

Kanakhei’a 

T.S. 

301 


3 

Lotpataung 

H,S. 

437 

155 

66 

Morali 

HS. 

96 . 


26 

Kauheri 

H.S. 

128 

208 

7 

Linganapallo 

h.s. 

241 


9 

Moulmeiu Longitude S. 

441 


44 

Kanjamalai 

H S. 

286 

240 

9 

Lincmara 

H.S. 

330 


58 

Mugrala 

. H.S. 

61 

IS 

62 

Kankosvar 

H.S. 

114 


11 

Lohar«ai’a 

T.S. 

891 


16 

Murroe 

h.s. 

65 

. 71 

22 

Kunkra 

H.S. 

183 

61 

33 

Loi Hpa Lang 

H.S. 

433 

168 

72 

Murree Observatory s. 

451 


22 

Kannagar 

H.S. 

81 

10 

26 

Loi Hpatan 

H,S. 

434 

169 

72 

Mnssooi'ee Homo 

, H.S. 

161 

87 

6 

Karabgati 

H.S. 

126 

240 

49 

Loi Hsam Hsum 

H.S. 

436 

171 

72 

M yayaboingkyo 

. H.S. 

439 

153 

66 

Xaraobi Base S, 

S. 

14 

39 

82 

Loijing 

H.S. 

413 

166 

68 

Nngarkbuna 

H.S. 

411 

134 

52 

Karachi Longitude 

s. 

16 


22 

Loi Kiipma 

H.S. 

435 

170 

72 

Nagavkoil Longitude 8. 

283 


9 

1 Karachi Obsevvsitory S. 

17 

25 

32 

Lora 

H.S. 

327 


5 

Nag Tiba 

H.S. 

159 

38 

73 

Kaiuiija 

H.s. 

113 

218 

7 

Losalli 

S. 

197 

2 

25 

Naharmau 

H.S. 

225 



Karara 

H.S. 

312 

01 

5 

Lunki 

H.S. 

42 

17 

25 

Namthabnd 

B. 

261 


9 

Karaundi 

H.S. 

226 

197 

63 

Mach 

h.B. 

8 


t 

Natkalintaung 

H.B. 

445 

161 

52 

Kardo 

H.S. 

92 


26 

Madhpur 

TVS. 

376 

99 

6 

Naunangarbl 

T.S. 

351 

119 

20 

Karla 

H.S. 

340 

204 

68 

Madhnpur 

T.S. 

400 

129 

16 

Navalur 

HS. 

185 


49 

K oi’othol 

H.S. 

13 

24 

25 

1 Madras Observatory S. 

348 


54 

1 Nayinipiriyan Trestle S. 

294 

252 

63 

Katpulaiyam 

B. 

277 


9 

Mababaleswax 

H.S. 

119 


11 

Nidlamari 

H.S. 

267 


46 

Koulia 

H.S. 

3B7 


9iC 

Mahadoo Pokra 

H.S. 

858 


* 

Nil garb 

H.S. 

217 

176 

8 

Kem 

H.S. 

130 


•7 

Mahar 

H.S. 

863 


14 

Nimbagal 

8 . 

265 


9 

Kesri 

H.S. 

189 

27 

6 

Mabesari 

T.S. 

174 


6 

Nimkdr 

T.S. 

298 

111 

3 

Khamor 

H.S. 

87 


23 

Mahwori 

H.S. 

368 


5 

Nitali 

H.S. 

230 

207 

7 

Khankharia 

8. 

47 

13 

25 

Mairab-ka- Sbahar 

T.S. 

89 

20 

25 

Nob 

T.S. 

186 

29 

6 

Eh^pisura 

H.S. 

121 

210 

7 

Majala 

H.S. 

124 


49 

Nojli 

T.S. 

161 


6 


Obs. <= Obeeryatoiy. 


* Special Triangulation. t Old Balncbiatan Triangulation. { Ibayetino and Cape Negrue Series. 







173 


THB BAJBTH’S AXES AHD TEIANOULATION’. 


Hama of Station 


P*eh»pil«jais 


x«Bd>lngn3i 


P^miDpidi 

PifMnitb 


IHBEX TO DEPLIOTION STATIONS— 

»sr k .1 r=rni 


Name of Station 


Beference I 
Number o 

Table Table 
XCT XOIT 


231 

54 


46 

106 

19 


26 

112 

12 

247 

9 


Bam Thai , s, 

Eamuapur (old) T.S, 
Bangir (old) S. 

70 

296 

212 

219 

Bangrai a. 

Bangeanobo B. 8 , 

Banigarh H.s[ 

Ranjitgarb ‘T.S. 

899 

172 

67 


Betkamauk 


Bustamgarhi 


Southern Moseoe H.S. 

Spnrpoint CVIII) h.s. 

Bt.Thonia8’sMountTreB.S. 

Sultan-ka-Q-ot 

Surfintal 

Takalkiiora 

TeS. 

H.8. 

s. 

Talegaon 

Tanriunja 

Tanakarakulam 

s, 

H.B. 

S. 

Tarblian 

sJ 


I 

8 25 I Tuungpila 


Keferenco 


2J8 10 


AMTiwre 

JU.b. 

96 

219 

10 

Pitangdi 

Pathi^ 

Pilharankota 

B.S. 

T.S. 

fi. 

99 

383 

295 

217 

202 

253 

10 

58 

63 

Pikthirdi 

Pitna 

Pi^igifl 

T.S. 

T.S. 

H.8. 

' 814 
379 
101 

188 

20 

24 

10 

Pingada 

Piiia 

Peddapid 

H.8. 

H.S. 

B. 

266 

302 

244 


9 

3 

9 

Pjihawar Longitude S. 

18 


QO 


Thonbinzin 
317 I 15 I ThyolicJiiiig 
Tiki 

Tilabnni 
'J’inBia 

186 43 ^i'ii’uvendipumm 

8 2 Tonglu 

198 53 Toiisalgutta 


Tounsa 


Profile Longitude 

P*iin» Obaermtcrr 
Qiiett*Telee,apl,0'e 

BauhipurtiQQ 


279 249 


Kill 

> icrh Obi 

-^.0. ■ 

enatofT a i 

35 

203 

ail 

gatij 

i.s. ,1 

390 

121 

ft in 

in 

pJr 

ii,ad 

H.S. ! 

2o4 


liair 


b. 

TT 

291 

255 


Shulakarai 


SiDgawaram 


wnj Base, N.E., 


162 66 I Uiiiarkliel 
133 62 

20 I Uliamau 
23 


Vatiakonda 

H.S. 

^jjayu-pati 

^ijnot 

V'iraria 

s. 

T.S. 

H.S. 

yizagapatam Base, 
voi 

Waltair Bongituda 

N. S. 
a. 
B. 

Y<'ponetaung 

Terragunta 

Yettimalai 

H.S. 

h.s 

R 


69 28 
109 2 

58 

179 8 

216 29 
113 12 


183 

48 


9 

SB 

64 


62 74 


Qaetta Seoondaiy Series. 


t* Bo bat Triangulation. 









































Deflections of the Plumb-line 

in tenns of 

any Spheroid. 



I'HB EABIE’S AXES AKD IBIANOULATIOE. 

TABLE 

•i- 

Deflections of the Plumb-line 





— 4--^: 53-82 flLgLg5_r49 G is*;6-2 

183 A28 IS 18-30 ~ — 


21 DDHSb hr-F 8 rTt 8 islg-so - 

22 “5 Bultan-ka-aot T.8. "^5" T'*! '4 *8 of 

23 H Miini ~3oo — * ^ 

24 H DiowilB fisT — ig*” — *•'’ *? 

-55 fim G*8 20 i2-8» 

*o H BIudu T.S. 256 

“SS — ^*8 8 .;;*00 

26 H Vijnot T.S. 


3 9 
3 9 


I 52 50' I Tanispa B 0 33 


q- 28 IS 21-00 0 68 14 q-o6 

A 28 4 8*05 

^28 4 9-41 0^68 36 32»2.:t 

— ^8 34 ij;- 2 o 069 so 46 »qi 0 i 88 

0 28 20 i2*8y 069 go 3 o«68 0 28 49 2^^ 

— ^ 6 e;s»oo 069 17 HyqS 0 T 97 o 4 

^28 2 3.30 0695032-77 qIs 9 35 lio 


17 


18 


19 


20 

*"21“ 

— I '4 22 


Routi DOS 

+ 22-3 


23 

Ghundi D 0 3 

+ ia*2 


24 

Rhai DOS 

+ iS*i 


26 

Dewari DOS 

+ 10*5 


26 


♦ A«Agtronoinical Value. 

0» Triangulated or Geodetic Value, 


t Minus sign indicates Easterly or Northerly Deflection 


of Plumb-lii 
























































Serial No. 


DEELKOTIONS OF THE PIiUMB-LINB, 


^75 


XOV. 

in terms ot any Spheroid. 



it’o “ 


8rt«0’934, , 5i'=o*743» 


I • 29. rWe p. 2. 


Serial No. 












































XBB EABXH'S jLXES ANP TBIANGULATION. 

TABLE. 

t 

Deflections of the Plumb-line 


Observed et 



EVEBEST'S SPHEROID 


Height 

in Lfttitnde* 
feet 


Longitude* 


Azimuth* 


XT A (A— G)cot\ 

« forazimathor Meridian 

augiilar Elevation (^_mcosx Defleo- 

or PepresBion of J lon^ttide tionf 

observed Station otservationst 



J Dera Dm Panah S. 

490 A 30 33 

59-63 

A 209 21 14-7 


G 30 34 

I 87 Q 70 56 

7-29 G 20Q 21 7*3 



83 0 Ladiinsir 


84 40 A Yuauf 


J) 


D Chubli 


G Khori 


H Ohanga 


420 

A 30 10 56- 15 

G 30 10 58*70 

.A 71 26 22* J 9 
6771 26 27-39 

468 

A 29 21 39*83 

G 29 21 41-58 

Q-ii 59 19-71 



A 195 o 23*x Gaddun D 0 6 





G 24 46 19*67 

k 

G68 23 40*86 

A 141 22 40*1 
G 141 22 35*0 

R.M. 

T 1 


<^25 o *53 I ^ 69 


44 A 181 11 36*7 Amisha D 0 5 

G 24 50 10-79 ^ ^9 2® 25-56 G 181 II 34*6 



P Viiaria 


P Didawa 


P Khankharia 


48 41 E Hathria 


S88 

A 24 58 18-73 
G 24 58 23- 15 

G 70 39 42*32 

A 255 9 1*4 
G 25s 8 58-2 

Karebhit DOS 

5 18 

A 24 57 26-09 
G 24 57 26-28 

G 70 14 17-90 

A 254 1 46*8 
G 254 I 44' 8 

DharinderaD 0 3 

460 

A 24 56 32-64 
G 24 56 36’ 13 

G 71 2 58-81 

A 106 1 2 49-8 
G 1 06 12 46*3 

Karebhit D 0 1 

212 

A 24 $1 17-32 
G 24 51 19-36 

G 71 18 57-69 

A 72 32 16-7 
G 72 32 14*0 

Sohagi D 0 2 

13a 

G 24 46 44*68 

34 7-48 

A 244 27 47'6 
G244 37 43- a 

Dawal D 0 3 


362 A 24 36 58-17 
G 24 36 56*19 



G 24 36 56* 19 I <y 71 53 8*91 G182 015-2 


H.B. I 696 I 

G 23 27 14-85 G69 245*83 




Eunkava^ T.S. 621 Aai 39 10*31 A 161 5940-0 Mumaiya D 0 10 

G 21 39 11-96 G70 56 8-89 G 161 5935-5 


L Dangarvadi H.8. 96 A 20 42 52*01 

G 20 43 'o-53 G70 56 5-21 


Ingrodi T.S. 152 A 22 57 2-50 A 198 2644-5 Por DO 8 

G 22 57 7-58 G7i 48 34-12 G 198 26 39*4 

Chamardi H.S. 361 A 21 49 23 88 

G 21 49 a’6-65 G71 55 4*34 


Ganga Uhoti H.S. 9989 A 174 38 ii-i Eafirkhan B 1 7 

G34 4 3* ’37 G 73 44 52-15 61743824-0 



A 182 014-8 Kosia D 0 6 


A « Astronomioal Value. 

G«> Triangulated or Geodetio Value. 


t Minus sign indioates Easterly or Northerly Dedeotion of Plamb-line. 


Serial No. 


















































Serial No. 


DEFLECTIONS OF THE PLXTMB-LINE. 


177 


xov. 


in terms of any Spheroid. 



*5a-o’924, 5 &-o* 74.:?. Wb-O’^i, Wo—i' 29 , Fide p. 2. 


Serial No. 































































Serial No 


THE BARTH’S AXES AND TEIANGTJLATION. 

TABLE 

Deflections of the Plumb-line 


HVERBST’S spheroid: 


Observed at Height 

in Latitude* 
feet 


Longitude* 


h.B. 7350 A 33 54 37-35 

<3-33 54 57*35 ^73 aa 50.15 



anffular^KLavation azimuth or Meridian }| 
Azimuth* 3 

afofiAn longitude tionf g 

observed station ^bservationst » 



®74 37 '*'48 




a 


^75 5 34*90 




+ 0*5 

68 

G/- 72 59 28*42 

A 298 34 7-1 
G ^298 34 5*8 

Gajlani D 0 1 

+ 2’3 


69 

0^73 14 8*8o 




+ 1*1 

60 

S' 73 23 17-41 

A 171 53 3**3 
G 171 S3 33-0 

Habib DO 8 

- 1*5 

1 

61 



^ A248 53 38'4 Belka D 1 2 -i- 5*0 

0^73 46 39*73 0348 53 36*1 


^73 ^ ^ ^72 13 4*51 A121 43 10-7 Sitora D 0 8 j — 0*4 

G 24 30 38 '64 G 121 43 10*9 


*A» Astronomical Value. 

G -Triangulated or Geodetic Value. 


fjfinus sign indicates Easterly or Northerly Deflection of Plumb-line. 










































Serial No. 


DEFLECTIONS OF THE PLUMB-LINE. 


179 


xov. 

in terms of any Spheroid. 



♦ 8a»o*743i 5^>®*o'743> wo®**'*9* "p, 2, 















































Sheet No. 


THB BABTE’B AXES AND TBI ANGULATION, 



ObserTed at 


Ohaniana 


J Jetgarh 


TABLE 

Deflections of the Plumb-line 


BYE BEST’S SPHEROID. 


86* 

J 

Hijgarh 

Jtl.S. 


106 M DeoDoiigri 


Latitude* Longitude* Azimuth* 


443 -A. 24 15 21-15 At 72 ir 1-26 
13 ^72 11 4 - 8 j; 

953 A 24 625*59 

g 24 6 56*64 €772 52 10*66 


Name and (A-G)c(^\ 6 

.mtnlar Elevation 5 

or Depression of v i ^ ? 

observed station lonptude taonf | 

observationst to 




G 24 45 6* 1 1 


■^*44 39 '•$ 
Q 244 .18 s8 o 

Nanka UdSro 

BOS 


^ S -7 

A 115 SS 45-3 
Q US SS 4 * 2 

BiraiiiBir D 0 8 

+ S-8 


0^72 43 52*88 


A 25 51 14-99 

^ *3 5 J 33*79 J?_72 58 5I*75 


2 2-65 

2 8*40 G72 50 56*82 




208 

A 22 55 51*60 
G- 32 55 57-07 

» T- - 

^72 3 * 30*86 

614 

A 20 52 49*85 
G 20 52 56*8*^ 

G72 56 56 *42 

922 

G 22 52 15*70 

®73 53 22*34 

325 

A 22 52 8*05 

G 22 52 1 1 ■ 17 

G73 21 25 * 4 *; 

1721 

A 22 2J 39-95 

G 22 27 44-33 

^ 73 3 * 107 

169 

A 22 4 1 1 *77 

G 22 4 15*21 

^73 28 59*8 J 

848 

^ 21 34 50*45 
G 21 54 54- 15 

^ 73 30 9*20 

140 


A 21 0 28*56 



G 21 0 54* 15 

®73 3 49-79 

i *40 


G 20 45 18*44 

^73 56 21*^5 

1727 


A 25 26 43**7 
G 25 26 47*79 

G 75 32 16*99 


*^334 35 18 • I Mirzapur D 0 6 
y .334 35 *0*2 


A 549 o 27*5 Gainbhirgad 


+ iS-s 




- 7*0 98 


- 3 7 

103 

- s-8 

104 


A 'S> *6 SS '7 
G 15 1 26 50*4 

Dopari D 1 29 







* A •■Astronomical Value, 

Triangulated or Geodetic Value. 


t Minus sign indicates Easterly or Northerly Dedeotion of Plumb-line. 













































Serial No. 


DHPLEOTIONS OB’ THE PLUMB-LINE, 


i8i 


XOV. 


in terms of any -Spheroid. 



♦ 5ff«o»924, 8 &—o*743, V%de'p,2, 


Serial No. 




























































i82 


IHJ) BABXH’S AXB8 AND TBIANGIIIiATION. 


Latituda* 


Longitude^ Azimuth* 



TABLM 

Deflections of the Plumb-line 


EVEREST’S SPHEROID. 


Name and 
angular Elevation 
or DepreBsion of 
observed etation 


(A — O) cot A d 

for azimuth or Meridian ^ 
(A — G) cos A Defleo- ^ 

for longitude tionf g 

obserrationat ® 


0 / J, 

0 / // 

0 f 


■ 

// 

®75 56*60 

A 17334 2'7 
G *73 34 « -9 

Harnua D 0 9 


1 

'9 



A 288 527*7 Earanja E 1 7 
0288524*5 




73 3 14*5 EamandrugD 1 1 
O 73 2j^r8 


A 27 1 15 3*9 Dighi DO 66 
O 73 33 31*71 0271 15 7*8 


— 10*3 H 4 


-10*3 116 


+ 7-6 - 3'9 116 



1 Hajala H.S. 

2613 

A 16 46 ss -45 
0 16 46 56*82 

L 

Mavinhunda H.U. 

3582 

A i6 25 4-47 

0 16 25 4*19 

L 

M 

Karabgati H.S. 

1 nii<Li(ra/\n M 

2544 

G 16 7 34-87 

1 A . . .A 



3'5 


- S’ 


A 179 9 24*9 I Maviuhiinda 


tlangalora Long S. 


* A*»A8tronomical Value. 

O— Triangulated or Geodetic Value. 



- 5*6 

119 

- 6-3 

120 

- 81 

I2I 

+ 1*2 

122 



- 6*5 

131 

+ 3*5 

182 


t Minus sign indicates Easterly or Northerly Deflection of ,Plumib-line. 






































Serial No 


deflections of the PLUMB-LINE, 


xov. 

in terms ot any Spheroid. 



^ 5a- 0 924, 5i->o*743» wo-o-si, ^0-1*29. p. 2 . 
























































IHB BAETH’B AXES AND TEIANQULATION. 


TA BLB 

Deflections of the Plumb-line 





3 4-«8 _ 1 1 \ i*i;“ 

30 a8 36’9 i ff 78 o 53 '96 A aSo aa 46-8 Top Tibba B 1 7 

6937 A 30 a7 4-03 ° •** ; 

0303740-34 078 417-41 a Cole’s Satelite 1 

^ 4 * G 6 17 35*1 Station D 6 26 


23*3 


- *S*S 


-32*7 160 


-36-5 i61 


* A^AstronoxiiioBl Value. 

Q^Triangulated or Geodetic Value. 


t Mvmu sign indicates Easterly or Northerly Deflection of Plumb-line. 




















































Serial No 


UBFLEO'i'lONti OE I'UE PLUilB-LlNB. 


»85 

xov. 

in terms of any Spheroid. 



Serial No. 



































































on qoo^s 


THE EARTH’S AXES AND TEIANGHTIiATIQH. 


TABZM 

Deflections of the Plumb-line 


VBEBST'S 8FHBE01D, 


Name COt X 


Azimuth* 

Name and. 
angular Elevation 
or Depression of 
observed station 

■ 

0 / // 

A 14 24 59*9 
G 14 25 i 8 *o 

0 / 

Ralaawala 

D 4 38 

A 17 i9 3i-4 

«• '7- 59 49 I 
A 24 15 4*4 
G 24 15 21*8 

Dalanwala 

D 2 48 

Dalanwala 

D 2 26 


observationsf 


- 52*5 


- 53*2 163 




♦A. B Astronoimoal Value. 
a-Triangulatoa or Geodetic Value. 


t Mmu sign isdioats»EiiBt«'fy <» Hortherly D«aeotion o£ MuinWinei 








































DJULBOTIONS OB THE PIjUMB-LINE. 


187 


XOY. 


in terms of any Spheroid. 



* la wmQ,' 9 , 24 , ai - o • 743 » 1*0 “ o * 3 ^ 1 «'o ■■ i * * 9 - P* ^ 

























































THE EAETH’S AXES AND TEIANQDLATION. 


TABLE 

Deflections of the Plumb-line 


EYE EK ST *8 SPHIEOID. 



* A— Astronomical Yalue, 

G -Triangulated or Geodetic Value. 


t sign indicates Easterly or Northerly Deflection of Plumb-line, 

t Deriyed from group of etatious surrounding Kalianpur. 
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XOV. 

in terms of any Spheroid. 



*80-0*924, S8 = o"743, «(i-*o*3I, tPo-i‘ 29 * T^ideyi, 2 , 






















































XHU EAKTH’S AXES AND TBIAEGUIiATIOE. 


TABLE 

Deflections of the Plumb-line 





*•* A —Astronomical Value. 

G— Triangnlaited or Geodetic Valne. 


t Minus sign indicates Easterly or Northerly Deflection of Plnmb-line. 




































































Serial No. 


DEFLECTIONS OF THE PLUMB-LINE. 


xov. 

in terms of any Spheroid. 



• Jo-o- 924 , 8J-o'743, «o-o- 31 , «o-i**9. Videp.2. 








































































lUB BABIH’B AXSS AND IBIANaUIiATION. 


TABLE 

Deflections of the Plumb-line 


BVBBBST’fS SPHBBOID. 


Azimuth* 

Name and 
angular Elevation 
01 * Depression of 
observed station 

(A-G) cot A. 
for azimuth or 
(.4 — Of) cos X 
for longitude 
observationst 

Meridian 

Deflec- 

tiont 

0 f U 

Ai3*3S S7'* 
Q >3* 33 S9‘* 

^ 4 

Eottapalle D 0 15 

N 

- 6-9 

// 




* A—Astronomioal Value. 

G«t Triangulated or Geodetic Value. 


t Minus sign indioates Easterly or Northerly Deflection of Plumb-line. 







































HELMEKT’IS SPHEROID* 


€378200 metres, l;«*298-3 


















































THE BABTE’S AXES AND TEIANQULATION, 

TABLE 

Deflections of the Plumb-line 





* A —Astronomical Value, 
G«Triangulated or G^eodetic Value. 


^ 3ftA«9 sign indicates Easterly or Northerly Peflection of Plumb-line. 
















































Serial No 


DErLBCTIONS OF TUB PLUMB-LINB. 

xov. 

In terms of any Spheroid. 


FOE CHANGES OF AXES, FOE CHANGES OF OEIGIN. HELMBET’S SPHEEOID* 



* Sa-o- 924 , Jb=o-743, Wo-=o.3i, Wo-i-*9- ri<iep. 2. 
























































ObBerred at Height 


Kanakhera T.S. 416 A 25 51 25*97 
I .. . G 25 5! 20 ’Q5 QSo 25 31.6 



THE EARTH’S AXES AND TBIANGUIiAtlON. 

Deflections of the Plumb-linb 


E V B R E S T * S S P H E E O 1 D , 
Name and 


Jn Latitude* Longitude* Arimuth* w&«^BWion A “oefec^ 5 

or depression of + | 



*923 

A 23 29 46*30 



G 23 29 4i*j;3 

G80 

1627 

G 22 13 18*98 

G80 


' « ^ *S9 45 20*8 

G 22 13 18-98 0 80 3 3-98 G 159 45 20-3 

G-liSguSted ^'oe^etio Value. ^ '*^’”** indicates Basterly or Northerly Deflection of Plumb-line. 































































Serial No 


fijBTLKOTlOMS OV IHB FLITUB-LINS. 

xov. 

in terms of any Spheroid. 



^ 5a- 0*924, «J-o* 743 < Vide ^ 2, 





































































































tBB BABXHB AXBJJ'AHD TEIABatTLATIOH. 

TA 3 £1^ 

Deflections of the Plumb-line 





O84 10 26-42 


1378 A 24 2 16-74 A 128 18 i8- 

G 24 2 5 99 0842150*58 G 128 18 24 0 I 


+ 10-8 865 


- 12*8 +10-8 866 [ 


♦ A — Astronomical Value. 

Q ■■ TriAngulated or Geodetic Value. 


t Minus sign indicates Easterlj or Northerly Deflection of Plnmb-line. 






























































































Serial No 


DBHiBCIIIOJIIIS os' XHB SJjlTMB'LINl!. . 


199 

xoy*\ 'k -1 

in terms of any Spheroid. 



• Sowo-ga^, ;W-0'743, fOo*i*a9» rt(iep. 2, 
















































































































SASm’S ASS IBIANQIILAXION. 


TA Ma>:B 

Deflections of the Plumb-Line 





11815 A 27 12 4-30 
I G 27 12 40*86] 0^88 I 0*96 


* A*«A8tronoxtticBl Yalue. 
G-Trianffulated or Geodotic Value, 


t Mmtu eigu indioatee lastorly or Northerly Deflection of Plumh-line. 
























































































DEFIiBOTlQj£rS OF THE FLUMB'UHB. 


xov. 

tn terms of any Spheroid. 



*«a-o-v24 J4-0-743, W*p.2. 


Serial No. 













































































Sheet No. 


302 


THE EARTH’S AXES AND TEIANGDLATION, 


TABLM 

Deflections of the Plumb-line 





* A •- Astronomical Value. 

G *-> Triangulated or Geodetic Value. 


t Efimt* sign indicates Easterly or Northerly Deflection of Tlninb-line. 









































































DByLEOTIONS OE IHH fLUMB-LINE. 


ao3- 


XOV. 

in terms of any Spheroid. 


































































Serial No 


THX BABTE'S AXIS AND TBIAKaiTIATION, 



TAJBZJS 

Deflections of the Plumb-line 


lYBBBST’S SFidUUOiD. 


Latitude^ 


Longitude* 


or-J'>epreB8ion of VT^ 
obserred station 


obserrationet 


ACeridfan sS 
Deflec- 
tiont I 


A 12058 12*0 Pangkibot D 0 48 
G-120 58 i6*o 


^ , -^ 1^3 3 3 ’ 9 fcSirohifurarB 1 16 

0^94 43 46*98 Gii.n jt 7*3 


A 1 16 36 26* 7 Khambiohine 

0^94 36 48 01 


^ ^4 35 37*84 1 ^95 45 33 “ 7 * 


■ 563 

Q 21 49 20*78 

<792 8 16*02 

A 256 23 22*7 
Q 256 23 2Q* 2 

Lnraintong^ 1 84 



2819 A 20 14 51-83 
^ 20 14 55-91 


4 SS 


A 74 17 *9 6 Kongdong D 1 1 

^93 41 49*34 G 74 17 23 ‘3 


848 

G 23 253-30 

fl‘ 9 S 57 >8 -09 

456 

622 16 33*89 

® 9 S S8 15-79 


1582 A 19 47 37 33 
_G 19 47 38-33 


LoiHsamHsum H.S. 

6472 

Letpataung H.S. 

I 

3975 

Toupgoo S. 

■ 

MjajabeiiLgkyo U.S. 

1411 

Maajtaban h.8. 

*73 


418 


+1-8 419 



483 

4^ 

455 


486 

437 


488 


489 


5 1440 


a-K^gSStoa w"Q«»aetio Trine. ^ ***** Basterly or, Northerly Deflection of Plnmb-liiie. 
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xov. 


in terms of any Spheroid. 



* »o-o-9»4, *6-0*743, «#-o-3i, W(,-i**9. rWep. 2. 


































































XUB BAETfl’S AXES AND TEI ANGULATION. 


TABLE 

Deflections of the Plumb-line 


EVEREST’S SPHEROID. 


Name and n/r tS 

angular Elevation azimuth or Meridian » 

or Denression of H ^ Defleo- ^ 

observed Station tiont g 

observation st ao 




* « -TrSait^ oT G^^detic Value, ' Deflection of Plumb-line, 

well amig the^e^!” Xtevl^^r tZ U tp?earpro“b“b“e* woul a str^detei^na«ons 





































Serial No. 
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xov. 


in terms of any Spheroid. 



Serial No. 




























2o8 THH XAKTH’S axes and tbiangudation. 

To complete the statement of data concerning gravity values of the residuals, observed minuf 
^eorefaeal values we now given. These have been taken from Professional Paper No. 16 and for a 
Ml «plaMtion rrferenee should be made thereto. It is only necessary to explain that y., y,, - are 

on Helmert’s formula:^ 978 -030 (1 + 0-005302 sin^- 

0-000007 8m*2,#,) and assummg the corrections according to the Free Air, Bouguer and Hayford 
hypotheses respectively. ® 

TABLE ZCVL 
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TABLE XGVl. — (Oontinued). 




34 Hardmr .i. 
85 Hathras ... 

36 Henzada ... 

37 Hoshangabad 

38 Jacobabad ... 
89 Jalgaon 

40 Jalpaiguri .. 

41 Japla 

43 Jhansi 

48 Jubbulpore 

44 Kaliana 

46 Kalianpur ... 

46 Kalka •... 

47 Kalsi 

48 Katni 

49 Kesarbari ... 

50 Khandwa ... 
61 Khurja 

53 Kisnapar ... 

53 Kodaikanal 

54 Kurseong ... 

66 Lalitpur ... 

56 Ludhiana ... 

57 Mach 

68 Madras 

59 Maihar 

60 Majhauli Eaj 

61 Mandalay ... 
63 Maymyo ... 

63 Meiktila . . . 

64 Meerut 

65 Mhow 

66 Mian Mir . . 

67 Moghal Sarai 

68 Mogok 

69 Mohan 

70 Monghyr . . . 

71 Montgomery 
73 Mortakka . . . 


39 56 78 9 

37 37 78 8 

17 39 95 27 

32 46 77 44 

38 17 6« 37 

21 0 76 34 

36 31 88 44 

34 . 83 84 0 

35 37 78 34 

33 9 79 59 

39 31 77 39 

24 7 77 39 

30 50 76 56 

30 31 77 50 

23 50 80 26 

26 8 88 31 

21 60 76 33 

28 14 77 53 

25 2 88 28 

10 14 77 38 

36 53 88 17 

34 41 78 24 

80 55 75 51 

39 53 67 18 

13 4 8015 

34 16 80 48 

26 18 83 58 

23 0 96 6 

32 1 96 38 

20 51 96 63 

29 0 77 42 

22 33 75 46 

31 33 74 23 

25 17 83 6 

33 55 96.30 

30 11 77 55 

36 23 86 28 

30 40 73 6 

32 13 76 3 


l — fa— ‘Oil 


dynes 

-•117 

- -030 

- 031 

•000 
+ -008 
•000 



+ •017 
-•065 
+ •039 


-•071 
+ 083 
-•064 

+ •001 
+ -166 
--•on 

-•016 

-•053 

-033 


-•038 
+ • O.iO 
--•003 


- -040 
+ -063 
-•081 


dynes 
-•106 
+ •001 
+ -008 

+ •007 
+ -038 
+ •015 

-•091 
-•006 
+ -008 

+ -009 
-051 
+ -031 


-•087 
+ •010 
-035 

■+•038 

-049 

-•117 

-•015 

-•040 

-•103 

+ •016 
-•018 
-•071 

+ -006 
-•036 
+ -Oil 

-019 
-035 
+ 013 

-008 

-•020 

-•098 

- -031 
+ -Oil 
•000 


+ -010 
+ 037 
+ •009 

-•081 
-•009 
+ •003 

+ •019 
-•018 
+ • 038 


-004 


+ •036 
-030 


-•036 
+ •039 

-•016 


-086 
+ •008 
-006 
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tHB lAUTH’S AXES ANB TMAN OBLATION. 


TABLE XCVI — (Oontimied), 


No . 

Name 

Latitude 

Longitudi* 

Height 


1 

1 

s 

I -* 



o / 

o / 

feet 

dynes 

dynes 

dynes 

78 

Mukhtiara 

22 24 

75 59 

926 

- r .089 

.-^•029 

-•080 

74 

Multan 

80 11 

71 26 

404 

■^.•066 

-•039 


76 . 

Mussooree (Camel’s Back) 

30 28 

78 5 

6924 

+ •074 

.- r -()93 

+ •042 

76 

Mussooree (Dunseverick) 

80 27 

78 4 

7129 

+ •076 

-•098 


77 

Muttra 

27 28 

77 42 

■ 662 

-•015 

+ •007 

+ -004 

78 

MuzafParpiir 

26 7 

85 25 

179 

-•091 

r -.-066 

-•063 

79 

Myingyan ... 

21 29 

95 24 

248 

-:.*020 

+ -018 


80 

Mysore 

12 19 

76 40 

2601 - 

+.-003 

- -040 


81 

Nojli 

29 63 

77 40 

879 

-^•099 

rr .-087 

. . . 

8 a 

Ootaeamund 

11 25 

76 42 

7895 

+ -184 

— •016 

+ •001 

83 

Pathankot ... 

32 17 

75 89 

1088 

-.•175 

-169 

-•087 

84 

Pendra 

22 47 

82 0 

1996 

+.010 

.^.016 

-•003 

85 • 

Prome 

18 50 

95 14 

101 

• rr .-027 

.+ ‘011 


86 • 

Pyinmana ... ... 

19 44 

96 12 

409 

TT. 014 

.+ •014 


87 

Quetta ... ... 

80 12 

67 1 

5620 

+ -020 

:^.-123 

-•004 

88 

Raipur 

21 14 

81 41 

996 

^•013 

-•005 

-•014 

89 

Rajpur 

30 24 

78 6 

8821 

^.•051 

-•118 ’ 

+ -015 

90 

Ramchandpur 

25 41 

«8 33 

182 

- T .-031 

+-•006 


91 

Ranchi 

23 23 

85 19 

2167 

+.-040 

+ -008 

+ -019 

9 a 

Rangoon ... 

16 48 

96 9 

164 

+ '010 

+ -045 


98 

Roorkee 

29 52 

77 54 

867 

-•112 

. T ..-099 

-•055 

94 

Salem 

11 40 

78 9 

948 

-.•047 

.- r -.-088 

— -069 

95 

Sandakphu 

27 6 

88 0 

117 f )6 

+.-178 

.- T -.-125 

+ -087 

96 

Sasaram 

24 67 

83 59 

840 

-•025 

.+ •005 

-• 0 U 2 

97 

Saugor 

23 52 

78 48 

1757 

+ .-010 

.-•008 

•000 

98 

Seoni 

22 5 

77 2 w 

2082 

+ •041 

+ •014 

+ -025 

99 

Shahpur 

22 12 

77 54 

1286 

+ -006 

+ -004 

+ •012 

100 ■ 

Sibi 

29 33 

67 63 

484 

-•187 

— •109 

- -070 

101 ■ 

Siliguri 

26 42 

88 25 

887 

-■•160 

-•180 

— •060 

loa 

Simla 

31 6 

77 10 

7043 

+ •080 

- -lOU 


108 

Sipii 

25 26 

77 39 

1583 

+ •027 

+ •016 

+ -018 

104 

Sultanpur ... 

26 16 

82 5 

814 

rr -064 

— ‘084 


105 

Toungoo ... 

18 66 

96 27 

159 

-•on 

+ •025 

. « . 

106 - 

Ujjain ... 

23 11 

75 47 

1612 

-•013 

- -026 

- ^022 

107 

Umaria 

23 32 

80 54 

1409 

+ •016 

+.007 

+ -018 

108 

Yercaud 

11 47 

78 12 

4493 

+ -072 

-•027 

- -044 




SIX 



CHAPTER X. 


Deflections of the Plumb-line and values of “g” derived in 
Turkistan (Ferghana) by the Russian observations. 


1. The problem of the origin of the Himalayas has already been attacked from the geodetic 
point of view making use of the deflection results and gravity anomalies obtained in India. All 
these results relate to points south of the main chain. It is now possible to put certain results obtained 
by the Russian surveyors into the same terms : and it has accordingly been considered suitable to do 
this, so that all geodetic data closely related to the Himalayas wiU be conveniently available in one 
volume. 


2. Values of deflection can be found for Osh base, N.W. end, the starting point of the 
Russian triangulation which links up with the Indian Pamir triangulation. The Russian triangula- 
tion emanates from a base near Osh latitude 40“ 31', longitude 42“ 30' B. of Pulkowa. Latitude and 
azimuth were observed astronomically while the longitude of Osh was found by electric telegraph 
from Tashkent, and transferred from Osh to the north-west end of the base by chronometer. 
Presumably the longitude of Tashkent is in terms of astronomical longitude measured from Pulkowa 
(Poulcovo) which is 2'* 1“' 18" -57 of time E. of Greenwich {mdf Nautical Almanac). This converted 
becomes 30° 19' 38" • 5.5 which must be added to the values of longitudes expressed in Russian terms. 
Calculations of the Russian triangulation were performed on Bessel’s spheroid. Suppose the 
deflections at Osh are t) in prime vertical and meridian (positive if S. or W.). Then the geodetic 
elements are found by deducting i,= ^ sec ^ ^n ■«> from the f-stronomm values of 

the latitude, longitude and azimuth respectively. The Astronomic elements of the N.W , end Osh 


base are: — 


Latitude 40“ 37' 16’ *67 
Longitude 72 56 11 '17* 
Azimuth not stated. 


From this astronomic origin and a measured base triangulation was carried to a station 
Kukhtek of the Indian triangulation, the deduced latitude being 37° 17' 43" -94 and the longitude 
74° 69' 55" -53*. 


It is necessary to express these in terms of the geodetic value of Osh and the Helmert 
spheroid. This can be done approximately by means of the tables already prepared with reference to 
Kalianpur as origin. Kukhtek is 2° S' 44" -36 east of the Osh origin, and as the tebles prepared 
for Kalianpur are shown in absolute longitude the corresponding longitude required is that or 
Kalianpur increased by this i.c. 77° 39' 17"-57 + 2° S' 44"-36 =79° 43' 2" #79°-7. 


* This includes 30® 19' 88" *66, the difEerenoe of longitude of Greenwich and hulkowa. 





'JHB BARTH’S AXES ARD TBIANGULATION. 


8 . Suppose corresponding to changes Osh, changes to' occur at Kukhtek 

and that both are due to imaginary changes Ug, Vg, Wg at an origin O on the longitude of Osh and at 
the latitude of Kalianpur together with a change of axes from those of Bessel to those of Helmero 
for which So = + • 803 and SA = + • 739 (vide Appendix). 

From tables XVII-XX a change at O of Wg, 7-g and Wg causes changes of Wq, Vg -t *870 Wg, 
!• 20 Wo at Osh and from the axes change the further changes (from tables XXIX-XXXIV) at 
Osh are +*803 x 1-24!- *789 x 10-66, -808 x 0 + -739 x 0, -803 x 0 + -789 x 0 i.e.-6-808, 0,0. 
The tot^ changes at Osh accordingly are «o-6-808, Vp + -370 Wg,+ 1-20 Wg. The changes at 

Kukhtek, 2* 3' iV E. of meridian origin and latitude 37 ° -3 may he found in the same tables 
under longitude 79° -7. . 


They are Wo- '032 tOg 

+ •803x 1 -626- -739x9-033 
1-806-6-675 


which reduce to «'= Mo- •082 m»o - 5-8691 


^0 + -027 «o+ -284 Wg 
- -803 X 1-525 + -739 X -191 
-1-225+ -141 


Now at Osh 


Wg + • 045 Ko + 1 ■ 146 Wo 
-•803 X -762 --739 x -056 
-•604- -041 

w'= »o + • 027 mo + • 284wo -1-08 4 Iw' = Wq + * 045«o + 1 • 145wo 

1 --646 

M=s Ug —6-808, V=Vg + -870 Wg, W = l-2 ICg 


In terins of vertical deflection «= -,, »= -f secX, w= -f tan A which determine «o, '^o 
terms of f and Tj as follows o» o> o 

«o = — ^+ 6 -808,Wo= - I tan \,Vg= -f sec\+ -808 f tan X. when \ = 40° 87' 

«o =—' •7+6‘808 ,Wo=— ‘ 715 f, ®o= —1'817 f + -264 f = -1-058 f 

Hence u =-i) +6-808 +-023f -5-369, w'= -1-053 f +-027 (- 1; + 6-808)- -208 f —1-084 
/ . w' =-‘715^ + -045 (^17 + 6-808) --818^ --645 

= u =-1? + --023f + l-489,«'=-l-256 f--027 97 - -900, w' = -1-583 f - -04617 - -389. 

IT 1 1.x corrections which have to be applied to the Russian values of coordinates of 

Kukhtek, to bring them into terms of the Indian triangulation. 


The Indian values have to be corrected to bring into terms of the Helmert spheroid and the 
0 served values of the elements at Kalianpur, corresponding to »„= 81, »>n=0* w„s=l-29 

^^® by«-.v"w"the corre^ons ’at k^ht^ latituS 

37 • 3 and longitude 75'' - 0 are : — 


»*'='81x-999 + l-29x -043 
+ '924x1-590 — -748x9-032 
= •810+ -055 + 1-470-6-711 
= -4-877 


— -Six -086 + 1-29 X -282 
+ -924 X 1-980- -743 X -247 
-•011 + -364 + 1 -830 - -184 
+ 1-999 


- -31 X -058 + 1-29 X 1-144 ' 
+ -924 X -979 + -748 X -072 
= -•018 4 1-476 + -905 + -053 
= + 2-416 


The values obtained by the Indian triangulation for latitude and longitude of Kukhtek are 


37° 17' 82" -97 
«* -4 -88 

Values in terms of Helmert spheroid 87 17 28-09 
Values obtained by Russian triangulation are 

37° 17' 43" -94 


75° O' 12"- 19 
+2 -00 

75 0 14-19 

74° 69' 65*- 68 


and to bring these into accord with the Indian values it is 
•latitude and +18"- 66 to the longitude. 


necessary to apply —16’ -85 to the 
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The follcwin^ e<3[u8tions are formed giving the quantities f and ij at Osh • 

028 1+ l-439=-15-86 
-•02717-1-266 ?- -900= 18-66 = - 

whence v — -t '023 ?+ 17-29 

1-256 ? =- -027 17-19-66 

_- . 001 ?- -467-19-66 
20 08 ■) 

^ = "F257 [ at Osh. 

17 =17-29- -87= +16-92 J 

The values found by the Russian observers in terms of Tashkent vertical are 6*04 
and rf =&S'4j8, vide table XCVIII, 

4j. It is possible to bring these results into agreement with the values deduced from tho^ 
Indian side by supposing that the vertical at Tashkent, latitude 41® 21' and longitude 69® 18', ia 
deflected with reference to Kalianpur. 

Consider the efEect of changes Wq at Tashkent longitude and Kalianpur latitude, and 

from Bessel to Helmert spheroid for which 8fl= + “803, 8J= +’739. 

From tables XVII-^XX a change at origin of «o, Vq, causes changes of Wq, Vq +'87.2 
1*204 Wq at Tashkent and from axes clianges the further changes from Irbies XXIX- XXX IV at 
Tashkent are -7*962, 0, 0. The total changes at Tashkent accordingly are Mo-7*962, Vo+'872 
1*204 Wq* 

The total changes at Osh \ 40° 37', L 81° 17', -^ = 77® 89' + (72® 56'— 69® 18)^ 
calculated from the same tables are : — 

+ *998tto“’059M;o -6*791 t;o+ *062?^o+ •357w;o- 2*01 6| + *081% + l*197«ro-l’28^ 

The following equations are formed : — 

+ •998% -*069%, -6*791 =i(==6*5 (1) 

t;of '052% + *357w;o -2*015 =i;=9*9seeX =18*042 (2) 

+ *081%+l*197ie;o-l-283 =:w^=9*9tan\= 8*490 (3) 
in which the numerical quantities 6*5 and 9*9 are the corrections necessary to f and as determined, 
by the Russian observers, to bring them into agreement with the Kalianpur terms. 

Hence %= *059 %, + 13*318 (1) 

1*197 -*081% + 9*773 (3) 

== .- *005 1 ’079 +9*773 

or 1*202 Wq = 8*094 

or Wq = 7*23 

%= *427 +13*818 =13*76 (1) 

and % = -*715 -2*581 +2*015 +18*042 =11*76 (2) 

5. With these origin changes the corrections at certain degree squares have been computed 
from the tables and the results are exhibited in table XCVIL 

TABLE XOriL 













Serial No. 
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6. The results of the Russian observations* are now given first in terms of Tashkent and 
Bessel’s spheroid and then corrected to the Kalianpur vertical and Helmert’s spheroid. The stations 
are shown in chart No. VI. 

TABLE XCVIIL 


d 

OQ 

Station 

Latitude 

jongitndef 

Bessel’s Spheroid 
and ■ 

Tashkent Vertical 

Corrections 

Helmert’s Spheroid 
and 

Kalianpur Vertical 

Sreenwioh 

Terms 

Defleotioii 

in 

Piime Vertical 

OefleotiozL 

in 

Meridian 

~u 

•>10 cot X 

Deflection 

in 

Prime Vertioal 

Deflection 

in 

Meridian 


Tashkent ... 

0 

41 

21' 

69° 18 

// 

000 

// 

0*00 

// 

it 

- 9"9 

tt 

- 6-6 

1 

Ohodschenli 

40 

17 

87 

+ 13-06 

+ 3*83 

-6-94 

-10-12 

+ 2-9 

- 3-1 

2 

Earatsdhekum 


16 

70 5 

+ 8-71 

+ 22-52 

-6-89 

-1009 

- 6-4 

+ 16-6 

8 

Eanybadam 


19 

26 

- 4-63 

+ 22-66 

-6-88 

-10-06 

-14-7 

+ 16-8 

4 

Tschil-Maohram 


33 

83 


+ 2*36 

-6-72 

... 

• t* 

- 4-4 

6 • 

Begowat (south) 


19 

48 

... 

+ 42^82 

-6-80 

... 

... 

+ 36-0 

6 

Puntan 


44 

48 

... 

- 8*13 

-6-62 

... 


— 14'8 


8ary-Xurgan 


20 

71 2 

. + 9*47 

+ 30*84 

-6 77 

-lO-OB 

- 0-6 

+ 28-6 

8 

Pap 


54 

4 

... 

-20-89 

-6*68 

... 

... 

-.27-4 

9 

Begowat (north) 


38 

14 

... 

+ 8-92 

“6-60 


... 

+ 2-8 

10 

Karaiil-tjube 


81 

15 

+ 18-14 

+ 16-64 

-6*65 

- 9-97 

+ 8-2 

+ 10-0 

11 

Warsyk 

41 

7 

16 


-26-87 

“6-40 

... 

... 

-33-3 

12 

Katput 

40 

16 

20 

... 

+41-18 

-6-76 

... 

... 

+ 84-4 

18 

Gurt-tjube 


60 

28 


^ 4-18 

-6-61 



-10-6 

14 

Xassan 

41 

15 

86 


-20-30 

-6-31 


... 

-26-6 

16 

Ohalmion 

40 

11 

39 

... 

+ 49-41 

“6-76 

... 

... 

+ 42-7 

16 

Namangan ... 

41 

0 

41 

- 2-94 

- 9-78 

-6-41 

- 9-88 

-12-8 

-16*1 

17 

Hartelan 

40 

28 

47 

+ 8-53 

+ 82-66 

-6-65 

- 9-99 

- 6-6 

+ 26-9 

18 

BjAlaja 

41 

4 

60 

... 

-13-08 

-6-37 

... 

... 

-19-6 

19 

Kara-tjube ... 

40, 

87 

50 


+ 17-17 

-6-67 



+ 10-6 

20 

Bblyktschi ... 


53 

52 


- 1-87 

-6-46 

tee 

... 

- 8-8 

21 

Utsch-Kurgan 1 

41 

6 

72 8 

... 

-10-68 

-6-38 

... 


-17-0 

22 

Utsch-Kurgan II 

40 

14 

4 


+ 41-68 

-6-70 



+ 84-9 

28 

Kuwa 


31 

4 

-f *0-42 

+ 28-40 

“6-68 

- 9-94 

-’9-6 

+ 21-8 

24 

Tasch-tjube 


40 

10 

... 

+ 18-97 

-6-61 

... 

... 

+ 12-6 

25 

Techumbagy sch 


64 

18 


- 0-88 

“6-41 



- 6-8 

26 

Isbasken 

41 

2 

21 


-12*86 

-6-84 



-18-7 

27 

Miu-tjube ... 

40 

29 

22 

- 6-84 

+ 33-74 

-6-65 

- 9-94 

-16-8 

+ 27-2 

28 

Andisoban ... ' 


47 

24 


+ 12-63 

-6.43 



+ 6-2 

29 

Kisyl- Kurgan 


20 

24 


+ 32-39 

-6-63 



+ 26-8 

80 

balb-tjube ... 


38 

34 

... 

+ 25-86 

-6-50 

... 

... 

+ 19-4 

81 

Massy 

41 

6 

39 


-15-71 

-6-27 



-22-0 

82 

Chodeoha-Syrjan 

40 

48 

48 


+ 11-49 

-6-88 



+ 6-1 

S3 

Tjolka-tjube 


18 

46 

... 

+ 32-71 

-6*69 

... 

... 

+ 26-1 

84 

Osh 


81 

49 

- 6-04 

+ 23-43 

-6*60 

- 9-90 

-16-9 

+ 16*9 

85 

Chasret Ujunys 


46 

66 

t*. 

+ 13-70 

-6-38 



+ 7-3 

36 

Mady 


84 

66 


+ 22-80 

-6-47 



+ 16-3 

87 

Dschalabad 


56 

73 1 


+ 4-38 

-6-32 

... 

... 

- 1-9 


♦ c.f. Oomptes-EendoB de L’ Aasooiation Qeodeaiqne Internationale for 1898 (Annexe A IIo, p. 268) 
t Oon verted from Pulkowa Longitude by applying +80® 20' (more accurately 80* 19' 88'^* 55). 
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The following description is extracted frona Compies-Rendus (U V AssociaUon Geodesique 
Mernatimale for 1896 (Annexe B XI p. 309): — 

» The researches recently completed on the deviation of the plumb-line in Ferghana (Turkistan) 
are of special interest. This Wiley lying between 40" 15' and 41° 15' in latitude and 89" 80' and 
4a° 45' in longitude, east of Pulkowa is a deep depression the walls of which are pierced in their 
western part by the narrow bed of the Syr Daria. The bottom of the valley has an approximately 
elliptic figure with its major axis 250 km. long following the direction of the parallel, and its mnor 
axis 110 km. that of the meridian. On the north the valley is enclosed by chains of mounts rf 
an average height of 2500 to 3500 m. and on the south are the Alai, the Trans Aim, the Pamurs md 
the Hindu Kush. Such a position leads one to expect considerable deviation particularly in ktitode 
and explains the investigations which have been made in order to verify this supposition _ To this 
end 87 determinations of latitude have been made of points equally distnbu^ over the di^ct and 
10 of longitude at points nearly on the same parallel. Taking Bessel’s Elhpsoid, and the ^int 
Balyktschi as zero, we obtain for the deviation in latitude values for A- G W - 25 on the nor* up 
to 4- 51' on the south of the valley, in longitude the deviation of opposite sign amounts to 25 . 

7. A table of gravity residuals in the same district* is also given for the sake of completeness. 

TABLE XOIX. 



No. 

Station 

Latitude 

Longitude 

Height 

in 

Metres 

^ro-7o 

Om 

10-3 )c 

TURKISTAN 

1 

2 

8 

4' 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

Pamir Post 

Kala-i-Wanj ... 

Sar-i-pul 

Kala-i-Chamb ... 

Rabat Ak Baital 

Rabat Maskol ... 

Kara Kul Lake 

Irkeshtan Port ... 

Ak-bossaga 

Sufi Kurgan ... 
l^araul Kishlak. . . 

Gultsha 

New Marghilan 

Langar 

Osh 

Andijan 

Tashkent 

Wysokoji BJiojand 

Chodient 

Namangan 

38 ld-0 

38 22-2 

38 24-5 

88 27-3 

88 29-7 

38 42-0 

89 6-4 

39 41-9 

39 48-6 

40 1-5 ' 

40 2-2 

40 19-0 

40 23-7 

40 24-6 

40 31-4 

40 45-8 

41 19-5 

42 30-9 

40 17-1 

40 59-7 

.i 

73 58-2 

71 27-0 

70 5-5 

70 46-6 

73 51-5 

73 31-7 

73 31-2 

78 55*5 

78 18-7 

73 300 1 

72 6-0 

78 25'7 

71 46-7 

73 5-7 

72 46-6 

72 20 6 

69 17-7 

70 33-9 

69 34-7 

71 38-7 

8700 

1795 

1600 

1345 

4100 

4200 

8920 

2850 

2876 

2115 

1800 

1583 

581 

1686 

1021 

530 

478 

1060 

820 

440 

- 30 
-177 
-100 

-152 
+ 74 
+ 169 

+ 36 

- 56 
-128 

- 91 
-157 
-126 

-159 

- 67 
-106 

-185 

- 50 

- 1 

-140 

-178 


* c. /, 0. E. 1911 — Volume III pp. 166-168. 
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APPENDIX. 


Various Determinations of the Axes of the Earth. 


For convenience of reference the principal values of the elements of the figure of the earth 
obtained from time to time are given below, expressed in units of 1000 feet and kilometers. It 
is to be observed that the datum of height in different continents is .only in the same terms on the 
assumption that the geoid is identical with the spheroid. The quantities determined really refer to 
the several concentric spheroids through these sea level datum points. 


1. RADIUS OF THE BARTH OONSIDBRBD AS A SPHERE. 


h 

r 

Authority 

Date 

Radius 

Data used 

in 1,000 feet 

in kilometres 

I 

Eratosthenes 

250 B. C. 

24370 

7428 

Arc from Syene (Upper Egypt) to Alexandria. 

2 

Posidonius 

80 „ 

23190 

7069 


3 

Richard Korwood... 

1637 A. 1). 

, 21038 

6412 

Arc from London to York. Mean Lat, 52® 42^ SCK', 

4 

Jean Picard 

1669 „ 

20906 


Arc from Paris to Amiens. Mean Lat. 40® BCK. 


2. AXES OF THE BARTH CONSIDERED AS A SPHEROID. 
Jean Riolier (d. 1696) pointed out that the Earth was not a sphere. 


Authority 

Date 

Radius or Cubvatuhb is 

USAN LATXTUDSI OF ABC 

Dxducbd ’ 

in 1,000 feet 

in kilometres 

in 1,000 feet 

e 

J. and D. Oassini ... 

1684.1718 

20860-2 

6860*8 



J. and D. Oassini ... 


20919*4 

6876*1 



Bouguer and De la 






Oondamine 

1786-1761 

20796*4 

6838*3 > 







20988*6 

216*82 

Manpertuis and 




(=e397*3km) 


GlaixauLt 

1736 

21088*4 

6412-4 J 



De Lacaille 

1762 

20897*4 

6869*4 




Data used 


Are from Paris to 
Duzdcirk. 

Mean Lat. 4®° 66' y'. 

Arc from Paris to 
CoUioure. 

Mean Lat.46'’40'42'^ 

Arc in Peru. 
Mean Lat. 1“8P0" S. 


Arc in Plnland. 
Mean Lat. 66®I9'3y'. 

Arc at Gape of 

|M^LS?l3»18'3(y' a 


The immediate! 
inference was that| 
the degree dimini- 
shing with the in- 
creasing latitude, 
the Earth must hej 
a, prolate spheroid. 


Bougner, Delal 
Condamine, Mau- 
pertnis, Claixanlt. 
De Thuxy and Del 
Lacaille proTodl 
t^t the lEarthl 
was an oblait and| 
not a prolate tphe- 
roid» 




2i8 


THE EARTH'S AXES AND TRI ANGULATION. 

OF THE EARTH CONSIDERED AS A SPHEROID DETERMINED FROM A GROUP OF ARCS, GRAVITY ETC. 


Quantities given by authority named are shown in roman fignree; deduced quantities are in italics. 


h 

Authority 

Date 

1 

M 

s 

Axis (=etj ' 

SnKi MmoB Axis (=6) 

1 




in 1,000 feet 

in kilometres 

in 1,000 feet 

in kilometreB 

e 

Data used etc. 

n 

10 

Laplace 

1799 

mi9*768 

€876*840 

90869*899 

6855*935 

812*20 

Arcs in Peru, India, Prance, 
England, and Sweden. 

11 

Everest 

1830 1 

n »»*8i096 

77*976 

„ B8-S8403 

„ 66*076 

800-8017 

Arc from Domaxglda to Kalianpur 
Mean Lat. 21° 13". 

12 

Airy 

1 

(,.22*93180) 

... 

(„ 6S.*87468) 

- 

... 

As expressed by Everest in terms of 
Indian Ju-foothar A (=9* 99996668 feet). 

1880 

,,28*718 

76*649 

„ 68>810 

„ 66*936 

299-33 

14 meridian arcs and 4 arcs of parallel. 

13 

Bessel 

1841 

„ 9S*»87±*70$ 

„ 77*897 ±*214 

„ 63*996 

.,56*079 

299*15 

Prom 10 meridian arcs. 

14 

Clarke 

1867 

26*348 

„ 78*346 

„ 66-283 

66*669 

294*26 

Arcs : Anglo-Gallic, Russian, Indian, 
Prussian, Peruvian, Hanoverian, 

15 

16 

Pratt 

Clarke 

1863 

.. 26*189 

„ 78*997 

„ 56*316 

„ 66*696 

295*26 

Danish. 

Semi axes andellipticity of the Mean 
Figure of the Kartn. P'rom a com- 
parison of the Anglo-Gallic, Russian 
and Indian arcs &o. 

1866 

„ 26*062 

„ 78*968 

„ 66*121 

„ 66*686 

294*98 

Arcs : Anglo- Gallic (rejecting 21 lat. 
stations), 2nd Indian, Russian, Peru- 



17 

Clarke 

1880 

,.26*202 

„ 78^801 

64*896 

„ 66*871 

298*47 

vian. Cape. 

18 

Olarke-Besaei 


26*202 

„ 78*d0f 

,, 66-969 

C„ 66*980] 

299*15.. 


19 

Olarke-Bessel 

... 

„ S6>839 

„ 78*190 

» 66-888 

[„ 66*869] 

209*16 

From Clarke’s value of 1866 with an 

20 

Darwin 

1899 






old conversion factor. 

21 


„ 2(S*S29 

„ 78*085 


... 

206*4 

. From consideration of precession. 





1, 65*381 

„ 66*716 

290*16.. 

(1*0001) X Bessel’s value: adopted hy 
the Central Bureau, Inteimtional 



22 

Hayford 

(O.andG.S.) 

190« 

„ 26^144±-m 

„78*28S±.034 

„ 66*886 

., 56*868 

297*8±0*9 

Geodetic Association. 

28 

Helmert 

1907 

„ aB*871 

„ 78*200 

„ 66*791 

.. 56*818 

298*3 

From gravity determinations. 

24 

Hayford 









(O.andG.S.) 

1909 

„ 96*4SS±*069 

„78*388±*018 

„ 66‘019 

.,56*909 

297*0±0*6 

Adopted for International ^ map. 

26 

Helmert-Hayford 


„ ae'436 

78*372 

„ 56*976 

.. 56*896 

297 






Ohtained by S. Wallisch taking 
Helmert s value witli weightcsmiity 












modified Hayford values 

26 

International Map 







with weights 4. 


Committee 

1809 

„ 26*002 

» 78*24 

„ 64*874 

„ 56*56 

[994*9] 


27 

E.W, Brown 

1914 


... 

... 

... 

298*7±0*8 

r^m Lunar theory. The value will 
make the observed motions of 

28 

Nautical Almanac 

1911 






p^geei and node ag^ree with, the 
theoretical values. 

29 

Crommelin 






297 

. Adopted in the conference of 
ifautxcal AlTnn.-nfi^ directors. 

1 







294*4±1*6 

From Moon’s parallax at Greenwioli 
and C^6,^ Obtained hy a hundred 
or simultaneous observations 

I 








at the Cape and Greenwich Obser- 

1 








vatoriM by a comparison between 
tneontical and observed values of 









the Moon’s pn-rfl-lla w, 



VARIOUS DETERMINATIONS OE THE AXES OF THE EARTH. 2ig 

4. AXES OF THE BARTH CONSIDERED AS AN ELLIPSOID. 


o 



Equatorial Axes 

Polax Axis 

Lonsritude of 

Data used 

is 

Authority 

Date 

» 1 

& 

e 

m^ axis 

B. of Greeuivioh 

1 



in 

1,000 feet 

in 

Idlometres 

in 

1,000 feet 

in 

kilometres 

in 

1,000 feet 

In 

Idlometres 



80 

Sobubert ... 

About 

1860 

20927* * 397 
(S272671 toises) 

6878*666 

20925*044 
(3272808 toises) 

6877*948 

20855*759 
(3261468 toises) 

6856*880 

41® 4’ 1 

Area: French, Enghdi, 
BuBslan, Indian, Gape, 
Prussian and Peruvian. 

81 

Clarke 

1860 

„ 26*629 

78*431 

„ 26*105 

,,77*966 

„ 58*477 

.,56*489 

16® 34" 

Arcs: French, English, 
Indian, Russian, Prusdan, 
Peruvian, Gape. 


2 . 

8 . 

4. 

5. 

6 . 

7. 

8 . 

9. 

10 . 
11 . 
12 . 

18. 

14. 

16. 

16 . 

17. 
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10-57183 „ Vide Bncyclopcedia Metropolitana 1848, Art. ^ 3 ^tre 
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